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An Approximate Analysis of Linear Viscoelastic Bodies
by Using Legendre Polynomials

Yasushi Mirsui

In this paper an approximate method is presented for the analysis of viscoelastic
bodies and its numerical examples are shown., The linear viscoelastic problem is
converted into the elastic problem based on the Elastic-Viscoelastic Analogy. This
equivalent elastic problem is numerically solved by using the finite element method,
And the final solution is obtained by the approximate inverse Laplace transform
developed in Legendre polynomials.

The analytical method presented herein is quite simple in comparison with the
time-incremental method, and the calculation is produced only by repeating the usual
analysis of correspondent elastic continuum several times, The total computer time

required is only about ten times as much as that needed for a single elastic solution,
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Table 1 Comparison between Approximate and Exact Solutions
for Longitudinal Strains

Approximate solution Exact solution Error

0 0.33819E-02 0.33824E-02 0.2
1 0.43997E-02 0.43997E-02 0.0
2 0.50093E-02 0.50094E-02 0.0
3 0.53764E-02 0,53764E-02 0.0
4 0.55980E-02 0.55979E-02 0.0
5 0.57319E-02 0.57318E-02 0.0
6 0.58128E-02 0.58128E-02 0.0
7 0.58618E-02 0.58619E-02 0.0
8 0.58915E-02 0.58917E-02 0.0
9 0.59096E-02 0.59097E-02 0.0
10 0.59206E-02 0.59207E-02 0.0
11 0.59273E-02 0.59273E-02 0.0
12 0.59314E-02 0.59313E-02 0.0
13 0.59339E-02 0,59337E-02 0.0
14 0.59354E-02 0.59352E-02 0.0
15 0.59363E-02 0,59361E-02 0.0
16 0.59369E-02 0,59367E-02 0.0
17 0.59372E-02 0, 59370E-02 0.0
18 0.59373E-02 0.59372E-02 0.0
19 0,.59374E-02 0.59373E-02 0.0
20 0.59375E-02 0.59374E-02 0.0
21 0.59375E-02 0.59375E~02 0.0
22 0,59375E-02 0.59375E-02 0.0
23 0.59374E-02 0.59375E-02 0.0
24 0.59374E-02 0.59375E-02° 0.0
25 0.59374E-02 0.59375E-02 0.0
26 0.59374E-02 0.59375E-02 0.0
27 0.59374E-02 0.59375E~02 0.0
28 0.59373E-02 0.59375E-02 0.0
29 0.59373E-02 0.59375E-02 0.0
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BN 7 ) — P a v 75 4 7 v AC (D), Cxlt) THE-2 bGII-EE, FEHEEIR
BT oED L 5 IFEREND.
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Laplace ZE8#t {oy(s)} 1z ED X 510 .
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(s = =+ s 2y 4®)

fo 2 U{Ho}, {Hj} % Legendre £IHR O SINCBIT 5 B e =7

Laplace 22fco 267 {(di2r+7)}(j=0, ---m—1) %ﬁé&bﬁ:%ﬁ%& [H#kEic Laplace &
28fCD s =17, 3, (25 — Uy CRIGT BER {09257 + 1)} (=0, -, m—1)HK (47)
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TERATBE,

r{og(y)} = {Ha},
s=3r 2#RATS L,

1, - 2
{yog(r)} + 1—5{H1},

rlog ()= 5
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Sij = 0ij —§5i1' OKK> (52)
1

€ij=¢&ij ——3—51'1' EKK- (53)

= 22 0ij 1X Kronecker @ deltatdh 5. & (50), (51)
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Table 3 Comparison between Approximate and Exact Solutions
for Stresses
Irr 760
t e D Ne
r/b Approx@mate Exact Error Approx@mate Exact Error
Solution solution (%) solution solution (%)
0.6 ~0. 81004 -0, 80493 0.6 0. 077956 0.081733 4.6
0 0.7 -0.68491 -0.68731 0.3 -0, 034919 -0, 035886 2.7
0.8 -0,61122 -0.61097 0.0 -0.11211 -0, 11222 0.1
0.9 -0, 55294 -0.55864 1.0 -0. 16110 -0, 16456 2.1
0.6 -0, 84249 -0, 83684 0.7 -0, 098758 -0, 095245 3.6
0.5 0.7 -0,73571 -0, 73846 0.4 -0, 101360 ~0.19362 1.2
: 0.8 -0.67541 -0, 67462 0.1 -0.257152 -0, 25747 0.1
0.9 -0.62473 -0, 63084 1.0 -0, 29646 -0, 30124 1.6
0.6 -0, 86969 -0, 86344 0.7 -0, 24673 -0, 24280 1.6
10 0.7 -0. 77836 ~0,78111 0.4 -0, 32241 -0, 32513 0.8
: 0.8 -0.72938 -0, 72768 0.2 -0, 37889 -0, 37856 0.1
0.9 -0, 68506 -0.69104 0.9 -0, 40999 -0, 41520 1.3
0.6 -0. 97466 -0, 96679 0.8 -0, 82127 -0, 81602 0.6
50 0.7 -0, 94679 -0, 94679 0.0 -0.83403 -0, 83602 0.2
' 0.8 -0, 94000 -0, 93381 0.7 ~0. 85355 -0, 84381 1.2
0.9 ~0,92340 -0, 92491 0.2 -0, 85505 -0, 85790 0.3
0.6 ~1,00187 ~0,99425 0.8 -0.97511 -0, 96837 0.7
10.0 0.7 ~0, 99446 ~0. 99082 0.4 -0,97441 -0,97181 0.3
' 0.8 -0, 99620 -0, 98859 0.8 -0.98121 -0,97404 0.7
0.9 ~0. 99034 -0, 98706 0.3 -0, 77808 -0, 975656 0.3
{x=1/po)
Table 4 Circumferential Compressive Stresses for Various
Terms (r/b = 0,6)
: m 2 4 6 Exact
0 0.12214 -0,075131 -0, 077956 -0. 081733
(49.4) 8.0) (4.6)
0.5 0.21431 0. 098726 0. 098758 0. 095245
(125.1) (3.7 (3.7
1.0 0.20771 0.24544 0.24676 0.24280
(22.6) (1.1) (1.6)
3.0 0.55914 0.63255 0.63193 0.62722
(10.9) (0.8) 0.8)
5.0 0.73439 0. 82261 0.82127 0.81602
(10.0) (0.8) (0.6)
10.0 0.95963 0.97361 0.97511 0.96837
0.9) (0.5) 0.7)

(x~1/po)
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Table 5 Radial Compressive Stresses for Various
Terms (r/b=0.95)

N 2 4 6 ExacT

0 0. 61866 0.53618 0.53492 0.53844
(14.9) (0.4) 0.7

0.5 0. 65896 0.61039 0. 61042 0. 61395
(7.3) (0.6) (0.6)

1.0 0. 69543 0.67327 0.67389 0. 67691
(2.7) (0.5) (0.5)

3.0 0. 80974 0. 84058 0. 84023 0. 84092
(3.7) (0.0) 0.1)

5.0 0. 88636 0. 92364 0.92305 0.92147
(3.8) (0.2) (0.2)

10.0 0. 98484 0.99090 0. 99155 0.98648
(0.2) (0.4) (0.5)

(x"4/py)

WENKELYUTTHD. BUOBEEDE LT AHMFS B 50 2 AULET OREREE

SN X WFETe O TR s E bR .

= ot

{1z Legendre £IHIC K1 HHE

% 6 TH FCER LT 5O CRE OMGHAEREREO F. E. M. ST FIEE 6 B EL
THWBI LT s,

Table 6 Horizontal and Vertical Displacement

ZDOREDOR

along the Hole

W CITE O REERES BT TE B &\ 5 Z LK

BOBREOBN EERFTHIDOL
HBih 5. Zienkiwicz (L A
N PAECE E. M. BT LTk b,

T2 e 4 6 e L RUEREIRG 4 % 011
0 0,010188 | 0.07786 0. 077544 L, BOREENEt=10.0 B
0.15248 | 0.11654 0.11605 201 100 step BALETH S &
0.5 0.11401 0.099762 | 0.099760 LTwb., KL g 4~6 step
0.17063 0.14930 0.14930 TETLTHhA I ERID.
1.0 | 012409 | 0.11840 | 0.11856 2 ECEHLOREE L #EFED DR
0. 18706 0.17720 0.17743 BAMAMEE TEDME VDT &%
3.0 | 0.15040 | 0.16839 | 0.16832 $Mﬁﬁbf&5-§4’&6@@
0.23855 0. 25201 0. 25190 Hmu 2, 4, 6L LBEDILT
'/;'J:‘L‘:_; B D EAA =] 2
5.0 0.18246 0.19348 0.19332 C*uvﬁbfﬂi@%m%ﬁt%
0.27307 | 0.28957 0.28932 DTHB. FAlL oo BT HL D
Y27 s W S oD A b:06
10.0 | 0.21210 | 0.21396 | 0.21414 féo‘mgﬁﬂ ﬁ%“”
0.31743 | 0.32021 | 0.32048 @@mfﬁytt%@ﬁﬁé-()
HNOP(EIZEEREZR LI DTH
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Table 7 Computer Time (sec) 5. 2RCATRAORELH D,
t=101C7e % LBEI DT D.
" ¢ time 1 ¢ time/m T b LIS DR E < BY
2 13.3 1 6.7 PR 7e N E RNk E e B DR, 2
4 20.8 5.2 HTLEEBXEFEIAERLTEERL
T 77 L6 Tw5, AEDOBAVIILT OHERES

NS BB A BRI e & A EEEIL T
Wh Dl D, 6T RIFCEE
THDH., ES5Eorr CEITHLDTrb =095 CHEELELDTH B, COBSIT4E
LCh IVHEE 2 LS. BMUUSICBE L TR 6 B CHoERCE LELBETH
B, FEONBABMNAETHHACHETS &, ¥ FROEM®, v TOWTOEKED
WRARIcLOTHD. COBELIRTTEREEE, 45, 6HEOEINITEALRALRY, 6
L CHosREE W2 5.

7T IEECHT BEENEA 2L O TH B, 1KY 5 ~6HTHELTHEDM
D, ERAPHRIC BT SR TEBE Tt - Tw 5.

6 & 5]

AP RE R R D B T A GE R O W/ R ORI 3 5 ik L 3, T fifie ke
BHEERRLICODTHS.  "FRIHTHEME MR B 2500 HRE" 2G50
Laplace #Z# DS Legendre 2N OREIS A/ L CHE Laplace 4 ils
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Db ) TH5.
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