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   Let f=k'{fn, &,t; nil 1} be a martingale on a probability space (9, W, P),

wltere &ic&2c･･････ are sub-a-fields of W. Denote dn= fn -fLt..i (nli2), di =: fi,

and Sn == wwi ( fl + ･ ･ ･ ･ ･ ･ -Y f;i). We defiRe the so - called "Littlewood - Paley" operators

A(f) and ff(f) by

                        2(f> == til.), (fit 7, S'i)2 (1)

and

                              oo                        n(f) "= ]Z)(fnk-Snk)2 (2)
                             k==1

                                                 nle+1where ni< n2< ･ny･ are positive integers such that 1<qi ;s{                                                    ;${q2 (fe == 1, 2, ･･･)
                                                 7Tk
with constants qi and q2. Tsuchikura ([2] Th. 2.4) showed that if
                                            11E[suPldnl] <oo and one of the expectations E[R(f)'i] and E[r,(f)ri] is finite,
   n
then lim Ai exists almost surely. In this note we show that the above theorem
    7t-'co
of Tsuchikura is valid without the assumption E[suPldnl]<co.
                                           n
   Burkholder and Gundy [1] introduced more wide class of operators on

martingales. Let aJ･le be a ghmi-measurable func. tion, and for all le lll; 1,

                             co                        Ci l5{ X ajk2 J:S C2

                             d--1

where Ci and C2 are positive constants. Then an operator M:

                  M(f) =- (tW., (liiy,-.gup te.,ai, d, )2]nii (3)

is called to be of matrlx type. Let f" ={f"i, f"2, ･･･} be a martingale fstoppecl

at n, that is f"fe= ffe(kSlhn), =.fii(le>n). It was shown ([1] Th. 6. 1) that if

sup E[M(f")]<co, then lim "t exists aimost surely, where M is of matrix type.
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   Theorem. Let f=={.fli, Wn; n l; 1} be a martingale.

Ille E[1(f)l]<oo or E[n(f)t]<oo, then lim fl,t exists almost surely.

                           Il-.oo   Proof. Note that

              2(f)- i,il]=, (ii i, S2i)2 - tlli.l], +, (iil.,lei, 1 d,)2

                     ==S <Sle --, i d,)2.

                       n==2 fe =2 n2

We put

                    1 if ]' -- fe :1,               a,.,=I fg(le-1) if 2gfe ;:g j,

                   Ko otherwise
in (3), and denote the resulting operator of matrix type by A(f):

         A(f)= [di2 ÷tll.lil,( iii,n,r.gLup Il£,imoij (fe - i) dfe i )2]S

            =[di2÷tff.ig,ltt...,d-;(le-1)dkl2]tl-

Now,

       A(fn) = I(dn,)2 +teg., i ill.ll,j'-g (k - 1) dn,i2] t5'

           =- [ d,2 + te.i, I e,=, j-3 (k - i) dle l2 ÷ ,.X.,,., l te., 7Lg (fe

           $( di2 + l=2 <iiS.l2 7Lg (fe - 1) dfe)2+i, (tt/2 (k - 1) dk) 2] r2L

           =r{di2 + 2(f) + (k - sn)2}'S-

           :il;ldi1+ 2(f)'} +1.Lz - Snl

But by Lem. 2. 3 [2], suP EUh - s. I] ;:s; c.E[R( f>"] where c is

                flstant. So,

         sup E[A(f")] $;E[[diI]-pE[2(f>l]÷ suP E[ljli -snl]

         $E[1flM -F (c + 1)E[z(f)S].

              1Therefore, if E[2(f)7]<oo, then suP E[A(f")]<oo, and by
                         ltof Burkholder and Gundy we can conclude that lim fli exists

                                 7Z-+co

No. 35

- 1) d,l2
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a posltlve con-

  the theorem

almost surely.
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Now we turn to r(f). Because

               rr(f) ==X,:, (Ltk - snk) 2 -- ,#i (tlll/ll}i k7-ij idk) 2,

we put in (3)

                       1 if l' ww- fe m l,
                 "jle =( 6Z'-i(le ww i' lfth2,ili.ig'si:i, '¢"

and denote the matrix type operator from these aife's by U(f):

           ll(f> == [di2 + tli.ll,( iim.m..gup ]"2/iii"nii (fe - i) dki]2],,+

               == [ di2 + tY.,l ii.ll, nii(le - o dk L2] -2i'.

Then,

    flr(fn) " [ <dn,)2 + tff.}2 (il.ll2 nii (k - 1> dnle) 2] -'2-

         =:(di2+'t,£i./git(tll/iil2nii(k-i)dk)2+,,;,lll,.>.(n.2n,-i<k-i)dk)2]'2L

         $(di2 -l- T(f) +,.,,X,j> ..(iiZi. (.Lt- Sn))2] rv2'-

         ;${ldiI+ rr(f)Mi +(q,2ql' 1) Ui' 1lz - snI･

Note that {n(ii-sn), gn; nl: 1} is a martingaie, so, by the

inequality,

          E B .11i - sn 1 ] == -iltlrE [n l fl,i - sn l ]:S;-illE [nA Lik - siik l ]

                                         -1.                   $q2E[ I .fiik - s.k 1 ] :imE{g q2E[fl(f> 2]

where nfe-i<n;!Snk. Therefore

            E[ll(fn)];:SE[ld,l]+(1+ qiq2 ,)E[.(f)e].

                                (q,2 - 1)"2-

           .1So, if E[rr(f)]2<oo, then suP E[ll(f'i)]< oo and lim fn exists almost

                     }t ft-'oo
                                              1   We give an example of a martingale L such thatE[2(f>2]< oo and

9

submartingale

surely.

q. e. d.



      .1un
E[7,(f)2]<oo, but E[smpldnl] == oo. Let 9 = (O, 1], & be a family of all Borel
                     n
sets on 9, P be a Lebesgue measure on &, rvn be a a-field generated by the sets

(O, ill,i,]} (li,iit, 21-i], (2,i,-i, 2,l-2],･･･ <e, i]. we define d.'s by di !ll o,

                  2n       2n
d"=nd nntII(o,i,t]+nnvll(&., t".,](n ll; 2)･ This gives a desired example.
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