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Let f=1{fu T =1} be a martingale on a probability space (2, &, P),
where FiCHFCoveree are sub-o-fields of §. Denote du= fn — fu1 1=2), dy = fi,
and s":}l’[( JZ5 SRETe +fu). We define the so-called “Littlewood-Paley” operators
Af) and =(f) by

o PRY
=L &
n=1
and
ﬁ(f):2<f71k — Sup)? @)
Nlest

where n; <1y < -+ are positive integers such that 1<g; < <gs (k=1, 2,-)

7,

with constants ¢; and ¢».. Tsuchikura (2] Th. 2.4) showed that if

E[sup|ds|] <o and one of the expectations E[A( f)'%] and E[x( f)'é'] is finite,

then lim fn exists almost surely. In this note we show that the above theorem
o0

of Tsuchikura is valid without the assumption £ [sup|d.]]<co.

Burkholder and Gundy [1] introduced more wide class of operators on
martingales. Let @;, be a §,-;-measurable function, and for all 221,

= Z 2, G,
=1

where C; and C. are positive constants. Then an operator M:

M(f) = {i‘, (lim sup
=

[amdd

é ajy dy [ )2}% 3)
k=1

is called to be of matrix type. Let f? ={f", f", .-} be a martingale f stopped
at n, that is f"%,= f (A< n), = fu(k >mn). It was shown ([1] Th. 6. 1) that if

sup ETM(f*)]< oo, then lim f, exists almost surely, where M is of matrix type.
n oo
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Theorem. Let f={fu, Fu; n =13 be a martingale.
If E[2(f)¥]<co or E[a(f)t]<co, then lim f, exists almost surely.
Proof. Note that

Af)= E(fn Sn)? _Zn (kZ}

n=1

7lk 1

3
2

:Z dy).
=2

k=2 7

We put
1 ifj=Fk=1,

aj=1{ i k-1 if 2<k<),
0 otherwise

n (3), and denote the resulting operator of matrix type by A(f):

A(f)—{dl —l—E{hm sup IZ] z(k"‘l)dkl} }%

Viaad==1

oo 7
=l + 2] 1 e —1d, 12
j=2 k=2
Now,

A ={i@np + 31 3= nan

={as +E|Ef JOREPALED S D 3TE IRIPADE

j=n+l k=2

<[t + DT HE-D a5 k- ayft

7=2 k=2 k=2

={d® + N f)+ (fu— Sn)z}%
_.—<=|d1|+ Z(f)}’? +|fn — Su}

1

But by Lem. 2.3 [2], sup El | fu—sal]<c+E[A f)7] where ¢ is a positive con-
stant. So,

sup ELA(SMIS ELId: |1+ ECH )R]+ sup EL|fn = sal]

< ECIAIT+ (e + 1) E[ANHT

Therefore, if E[A(f)¥]< oo, then sup E[A(f")]< o, and by the theorem
"

of Burkholder and Gundy we can conclude that /im f. exists almost surely.

oo
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Now we turn to =(f). Because

co co j k—*-l
Tf(f):Z (frg — Snp) 2 = E(E —d,)?,
: = =1 &=
we put in (3)
1 if j=F=1,
a;, = { niik—1) if 2k n,
0 otherwise,

and denote the matrix type operator from these a;,'s by /[ (f):

() = [ di+ 3} tim sup S e na, )
j=2\ s—oo k=2
= e+ g;gnj—x(k —~ nd, ).
Then,
w Nj |
H(f") = { (dm)e + jgz}(gnj—i (k—1) d"k) 2}—2,

13

= :
={ae+ 5 (Sne—va)+ 3

pmi>n k=

ERE 1)dk>2}'5‘

<{ae+an)+ 3 (% (Fumsi))

jinj>n

sldil+ =)+ (g 1 =l

Note that {#(fu — Sn), Tn; 2 =1} is a martingale, so, by the submartingale
inequality,
E[| fu—sal 1= Bl fu — Sal IS EDty | fig = Sy ]
1
SGE[ fuy — S| 1< o ETR(S)?]

where #nr.y <n < n, Therefore

ECH(fI< ECldy ]+ (L+ —22 ) E[x(£)%].
(g% —1)2
So, if E[#( f)]';‘<oo, then sup E[I1(f")] < e and lIim f, exists almost surely.
g.e.d.
1
We give an example of a martingale f, such that E[2(f)*]< « and
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E[n(f)'%]<oo, but E[sup]dnlj = oo, Let 2 =(0, 1], § be a family of all Borel

setson £, P be a Lebesgue measure on &, $Fax be a o-field generated by the sets

1 1 1 1 1 1
0zl Gw Snid Gamp gamsd o (5o 1 We define du's by d;=0,
n ')12
- gy 1. 2 11 1 > is oi i
dn n—~1[(0’ 2,,]—%%__1[(.271, Z_Fl](% = 2). ‘This gives a desired example.
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