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    g 1. We begin with some notations and definitions :

   Let {ipn(x)} n =1, 2,･･t, be the system of Rademacher functions, i. e.

       gso(x) = I-l[lli [ll [?),2i/iill, gso(x -i- i> =: oo(x), ipn(x) = gso(2"･x),

and let

       ¢n(x) =1 for n=O, and
       9bn(X) == ojn(i)(X)¢n(2)(X) ''' ipn(r)(x) for n == 2"(1) -F 2't(2) + ... +2it(r)

where n(1)>n(2)>･･･>n(r)>O.
   The functions thus defined are called the Walsh functions, which form

complete orthonormal system over the unit interval. For basic properties

Walsh functions, the reader is referred to N. J. Fine [2].

   Following A. Beurling, g(x) is called a contraction of f(x) if

                lg(x) -g(x')l$lf(x) -f(x')lfor x, x'ff(O, 1).

A sequence {an} is called a contraction of a sequence {cn} if

                    iam-an];:$;icm-cnl for every m and n.

A denotes a positive absolute constaRt not always the sarne.

   We have previously proved the followiRg two theorems (see [5]):

   Theorem l. Let

                                 oo
                          f(x) -- E cn¢N(x)
                                fl=:O

and

                             oo                       g(x) rs-Xanipn(X) E L(O, 1).

                             n=ptO

a
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Suppose that

              S: [g(x i h) - g(x)12dx$f: If(x + h) - flx)12dx

for any h, and suppose that there exists a positive sequence {rn} such that

                                    oo(i) Icni;:Slr. and ]Z)r.P<oo
                                    )l==O

(ii) teq.11¢-3P/2(ll.!v2rv2)P/2+tW,.,lnmP/2(.IEOO...].+lr2y)P/2<oo,

then

                              co                             IE]laniP< oo
                             n--e

where 2!3 < P SI 2.

   Theorem 2 Let
             .

                                co                         .IC<x) -v X Cngbn(X).

                               71=O

For a given {an}, if an-O and

                   co oo                   Xlam(n,i')-an12;SlXicm(n,j') - cnl2 for every integer 1'

                   il=O J･l==O

where m(n, 7') = n+ 2j, and if there exists a function r(x) such that

(i) ]f(x)l;;ll7(x) and r(x)ELP(O, l)

(ii) f: x-3pi2( ig t2r2(t)dt)Pf2dx + S: x-p/2( il r2(t)dt)Pf2dx < oo

where 1;s{P;:S2, then there exists a function g(x) belonging to LP(O, 1>

such that

                               co
                         g(x) -- = an¢n(X).
                               J･t==O
   '

   Theorem 2 is the dual for Theorem 1. The case P==1 of Theorem 1 was

first- proved by prof. C. Watari [8]. For the corresponding results for Fourier

series, see also [1] and [4]. Prof. G. Sunouchi [7] proved the following pro-

posltion 1:

   Proposition 1. For 1;S.P<2, the convergence of the series
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i.i;,..i n-3P12(#.iv2av2)P/2 is equivalent to the convergence of the series

ilili..1i nmP/2 (#.n a2v) P/?

    Hence the hypotheses of our tlteorems may be rnodified.

   Now, N. J. Fine [3] introduced the generalized Walsh function

                           ¢Y(X) = ¢[,i](X)¢[X](Y)

                                                                 .where [x] = the greatest integer in x. Then for each z, we have ¢x(y + z)

 m¢x(y)ipx(z)a.e.y. Further, by syrrirnetry, we have ¢y(x)= ipx(y).

   If flx> is integrable on (O, oo), then jts Walsh Fourier transform is defined

by

                                  .oo                     ftY) rc 7177(Y) -- 1,f(X)ipy(x)dx.

It is well-known that the following facts are true;

                                -A(10) (T.f)(x>=f<x+z)-T(Tzf)=¢z･f
                               AA(20> f:sbz=Tzf
(3o) Plancheral theorem.
We refer the reader to N. J. Fine [3], R. G. Selfridge [6] and C. Watari [9]

for detailed properties of Walsh Fourier transforms.

   The purpose of this paper is to prove tke Walsh analogue of theorem on

contraction of Fourier transforms (see [4]). The anthor thanks prof. C. Watari

for his valuable sug-gestions and encouragements in the preparation of this paper.

   Our result is as follows:

   Theorem 3. Suppose that F(x) E! LP(O, co), where 1;gSP:ES2, and that its

Walsh Fourier transform is f<x). Further, suppose that g(x) is a contration of

.f<x), that is,

              I,OOIg(x l h) - g(x)I2dx$frlflx l h) - flxM 2dx for any h,

satisfying either, for the case P = 1,

                               lim g(x) =O
                              X-o3



or, for the case 1<P<2,

                            g(x) EG L9(A, oo)

where A is a positive finite real number and q =: P/(P-1).

If there exists a function r(x) such that

(i) IF(x)l;$IIr(x) and r(x)ELP(O, oo)

<ii) t2r2(t) EI L(O, ti) and r2(t)eL(O, oo) for any o">O

(iii) fooox-3p12(IoX t2r2(t)dt)P/2dx < oo or fecoxmp12(I.OOr2(t>dt)P12dx < oo,

then g(x) is Walsh Fourier transform of a function G(x) which belongs to

LP(O, oo ), where 1 g:i{ P ;Sl 2.

   As this theorem is proved along the line of [4], its proof is somewhat more

tedious.

    g 2. We begi'n with the equivalency of the convergence of the two integrals

of the assurnption (iii) in Theorem 3.

   Theorem 4. For lcSP<2, the convergence of the integral

                            Sooox-3bi2 ( IoX t2r2(t)dt) P/2dx

is equivalent to th6 convergence of the integral Iocox-p/2(li.'r2(t)dt)Pf2dx.

   Proo£ First, we shall prove the inequality

            foOex-3p/2 ( SoX t2r2(t)dt) P/2dx is A foOOx-pf2 ( f.eOr2(t)dt) Pi2dx.

By dissecting the range of integration and using Jensen's inequality, we have

         leO'X-3P12( SoX t2r2(t)dt)Pf2dX == ..Z. ]com.. Iil'ix-3P12( Io" t2r2(t)dt)P12dx

                              ;:il A .=£O-O .. 2-"(3P12 rm i) (k te. co 22 fefi:'ir2(t)dt) P/2

                                    co n                              ;Si;l A .-ndIZ- ).. 2-'i (3P/2-i)k m]Z. ]co 2kP ( fli" ir2(t)dt) P12

                              $A k.=.O-e .. 2fep ( f22kk'ir2(t)dt) Pi2 tff.k 2-n(3p/2-i)

                di
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       ,wws{g A fe .X.OmO oo 2kp.2-h(3p12-1) ( f:kr2(t)dt) P12 = A h..XOmO co 2mk(P/2ml) ( S:,r2(t)dt) P/2

       :-sg A k=ZOe ]-.. I22kkr.,xmpi2( S:r2(t)dt) Pi2 dx = A S:x-p/2 I:r2(t)dt) Pf2 dx.

   Concerning the converse inequallty, we proceed with the same method. In

fact, we have

       I:X-P12( l:r2(t)dt)P12dX ;S ..]Z.O-]O co SI'.'"'X-P12dX( S .r2(t)dt)P/2

     ;S A . .X.Oi .. 2 -"(P/2mi) (ii.lll.2-2k S22ftk" !t2r2(t)dt) P/2

     g A . .X.O-O ce 2 -"(P/2ml) #. .2 -" kP ( S22kk" 't2r2(t)dt) Pf2

     ;:;g A k .X.O-O .. 2- fep ( I2ok"t2r2(t>dt) Pi2 . .:.E]km .. 2 -n(pi2-i)

     iSl; A k .X.Oi .. 2 "k(3pf2-i) ( f:k' it2r2(t)dt) P/2

     ;SS A k.].Z]oo-.. Siilix-3pf2( SoX t2r2(t)dt) Pi2 dx == A IoOOx-3pf2( Ig t2r2(t)dt) Pi2dx.

Therefore this completes the proof of Theorem 4.

    g 3. To prove Theorem 3, we collect here various preliminary results

which we will need.

    Proposition 2 [3]. If f(x) is integrable on <O, co), then

                   }i.M..?(Y) = ,1,ige.. I:f(x>¢y(x)dx -m o.

    Proposition 3 [6]. If O<a<2", then

                       Ii"f(.)d. = finf(. i .)d..

    Proposition 4 [9]. If the function X[e,2")(x) is the characteristic functions

of the interval [O, 2':), then we have

                2[o,2")(y) == S,cox[o,2")(x)ipy(x)dx = 2nz[e,2-n)(y)

 where n is every integer.



    Proposition 5 [6]. If F(x) eE LP<O, oo)(1<PS2), then there is a function

f<y) E Lq(O, oo) such that

              f<y) - i･./'mZ).m. Ig F(:v)gby(x)dx and ]l f[E a$ il F EE p

where 1/P + 1/q == 1.

    The following lemma is of particular importance in the proof of Theorem 3.

    Lemma. Suppose that the function F(x) belongs to L2(O, oo> and .f<x>

==

 1･./'i].rr,ifoOF(y)ipx(y)dy. If the function g(x) is a contraction of a function .f<x),

then there exists a function G(x) belongiBg to L2 <e, Qo) for any positive

number e such that

                     i;:Zi.m. ( I:" g(x)(ipi(x) - o¢y(x)dx]

                      =-G(y)(dii(y) - 1).

Moreover, this function G(x) satisfies the following inequality:

            fg xfiG(x)I2dx ;sl A(Ig 1F(x)l2･ x2dx -i- t2 IrlF(x)I2dx].

   Proof. Since g(x) is a contraction of flx), we have, by PIancherakheorem,

            l:lg(x " 2j) - g(x) I2dx is{ l:]f<x " 2j) - flx) I2dx

                                                      '

                                 = I,co l F(X)(¢j(x) - 1) [ 2dv < oo.

Hence we have

  (*) S,eOIg(x"2i)-g(x)l2dx<oo for every integer IL

                         Gn(y) == li"g(x)¢y(x)dx.

Then, using proposition 3 for n>7', we obtain

                I2," g(. I 2,･)¢,(.)d. ,. i:" g(.)¢,(. ; 2i)d.
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              cr Ii'i .g<x>dr,(x>di,<2i')dx == ¢,<2i> Ii" g<x)¢,(x)d:if

              :- o,(y) fi'i g(x)¢,<x)dx == ¢,･(y)G.(y).

Thus we have

            Gn(y)(ip,'(y) - 1] == f,2n {g(x g- 2i) - g(x)}di,(x)dx.

Therefore, by (:tc)

            1:11-):,.m. [Gn(JJ>(¢j(N) - 1>] =l;:i/i.m. [fi" g(x)¢,(x)(ipj(y) - i)dx]

which we can write as follows

                          ve G(j)(y)(ptj(pt) - I), say,

where G(j) <y) is defined for almost all N beloRging to the set

   Ej -- {ylk+ (2v-1)/2i'iSy<k+ 2v/2j'i; v == 1, 2, ･･･ 2j, k == O, 1, 2, ･･･}.

Since

            ipi(y) :=: Oj(y) = -1 for y gii EiAE,･ (i,j -- 1, 2, ･･･>,

we have clearly

            G(i)(y) == G(j)(y) for almost all y E Ei n EJ' (i =i= j)･

As the union of the sets Ej is (O, oo), let us define the function G(y) on

open interval (O, oo) according to the followin.cr rule:

                 G(y) = G(i)(y) for y Ei Ei'(1' = 1, 2, ･･･).

Thus G(y) is well-defined almost everywhere in the open interval (O, oo).

It is clear from the definition of the function G(N) that

            lliZ/l..m( Ii" g(x)(ipj(.) - 1)ip,(.)d.] ,= G(y)(dij(y) - 1),

            1;:Z?com( li" G(y)(Oj(y) - 1)¢.(y)dy] == g(x -l- 2j) -g(x)

and

l7

the



               G(y) G L2(e, oo) for every positive number 6.

   To prove the inequality in the Lemrna, the proof proceeds in two steps.

   The fi'rst step. As the proof of this step is similar to that used by Y. Oku-

yama [5], we give here a proof for the sake of completeness. Since g(x) is a

contraction of flx) and

            l;l-ii..m( f:'i F(x)(ipi(x) - 1)¢y(x)dx] == f<y - 2i) - .1(1(x),

we have

             l,OO lG<x)(gs,(x) - 1) i 2dx =:: l: Ig(x " 2i) - g(x) I 2dx

            i;{ f,OO If(x l 2i) - f(x) 1 2dx == f,OO 1 F(x)(ip,'(x) - 1) [ 2dx.

Hence

            j,OO 1 G(x)(dij(x) - 1) l 2dx ;:g f: g F<x)(ipj(x) - 1) 1 2dx.

Therefore we obtain

            Sili-, IG(x)(Ok(x) - 1)I2dx ;:il Sl-,-, lF(x)(f;le(x) - l)l2dx

                                 + S,OO 1 F<X)(¢k(x) - 1) 1 2dx.

By the definition of Rademacher function, we have

        ¢fe(x> --1 (O;slx<2-k'"i), ¢fe(x> -- -1 (2-k-i;:Slx<2-'k>.

Thus we obtain

            fil,km, l G(x) I 2dx $ Ii.,-, 1 F(x) 1 2dx + i,OO l F(x) l 2dx

                         = I.illl=, i;--. I･-, l F(x) I 2dx + ff l F(x) l 2dx.

If x=:2-k, then we have

        ig-kl2 l G(t) l 2dt -:: l=, SI"l -. ,t2 l G(t) l 2dt $ l..,2 -2j l;Il.-, 1 G(t) l 2dt

       SA(l.., 2-2j X,.-k, f;--'.1-, I F(t) l Zdt + i.., 2-2j Ir1 F(t) l 2dt]
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     ;i$; A[trp., (i. liimi + i.Sw,) 2-2i iili, m, I F(t) i 2dt + teq., 2-2i･ iie I .F"(t) l 2dtl

     =< A(2--2h S)m, i F(t) 1 2dt + l.., l-,2-- 2J' fill-, l F(t) 1 2dt + S..., 2-2j' i:I F(t) ] 2dt)

     :-fl; A[2'"2le Il-, ] F<t) 1 2dt + l.., S;Ii. ",t2 1 F(t> I 2dt + 2-2h Srl F(t) I 2dt]

     ,.. A( Ii-" t2 1 F(t) I 2dt + 2-2le l,oom, I 17(tX 2dt].

Next, we suppose that

                  2-h-i < x < 2-k.

Then we obtain

        ll t2lG<t)12dt ,-E{; fZ-kt21G(t)i2dt

                ;s A( fZ-k t2 l F(t) l 2dt + 2-2k f,OO-, l F(t) ( 2dt] .

                  ttOn the other hand, we have

        Ii-kt21F(t)I2dt ,= Sg t21F(t)I2dt -i- Si-kt21F(t)l2dt

                ,:$ f,X t2 I F(t) i 2dt + 2-2hSi-k 1 F(t) l 2dt.

Thus we have

        S,X t2 ] G(t) i 2dt ;S A ( f,X t2 l F(t) l 2dt + x2 f.OOJ F(t) l 2dt .                                    ]

Hence the case O < x ;:S 1 is proved. We must prove the case 1 =< x < oo.

  The second step. Since g(x) is a contraction of f(x), we have clearly

        f,OO I G(t)(¢.(t) - 1) l 2dt =- f: jg(t -l- z) -g(t) 1 2dt

       ;5111 j: If(t l z) - f(t) I 2dt = S: l F(t)(¢.(t) - 1) l 2dt.

        l: I G<t) i 2<¢.(t) - 1)2dt $ I,OO i .Pl(t) 1 2(ip,(t) - 1)2dt.

19



We integrate both the sides of this inequality with respect to z within

limits [2m"k-i, 2"h) and we obtain

(1> fili-,d2 I,OO IG(t) 12(ipz(t) ' 1)2dt$ S:Ii", d2 l,OO i F(t) 12(¢z(t) - 1)2dt.

Using proposition 4, we see that

     S:I:-, @z(t) - 1)2dz = 2illi.., (1 - ¢.(t))dz =: 2･(2-fe-i -fili-,¢,(z)dz)

      ==2･(2-h-i - IoOOZ[2Hkri, 2-.k) (2)ipt(2 ) dz > ==: 2･(2-k-"i - "Z[2J-k-i, 2-k)(t>)

        O, OSt<2k     == I il:)i･,,?k, ft. IC 2gli

Hence we have by (1)

(2) lii"i [G(t) l 2dt ;:l{ A fil,i lF(t) l 2dt ==: A( IilI F(t) 1 2dt + I,oo.1 F(t) ] 2dt)

                           .. A()., I;l'i I F(t) 1 2dt + f,ee. [ F(t) 1 2dt].

If x == 2", theR we have

       IZ"t2tG<t)l2dt = ji t2tG<t);2dt + til'l]i-ijik,"'t2lG<t)l2dt = Ii + I2, say.

According to the proof of the first step, we obtain

(3) Ii :::i: t2lG(t)I2dt ;g A(i,' t2lF(t)I2dt +,O,Ol)F'<t)I2dt]

                     $A( S:"t2 1 F(t) 1 2dt + 22nf,OO.I F(t) ] 2dt] .

On the other hand, we have by (2)

         f, = tAli Iii+'t2 1 G(t) 1 2dt ,:i{ A(tL'l;mi 22k j:2+i l G(t) I 2dt]

           sA(:'..i 22le ,"x.=-,' Iij'i 1 F(tM 2dt + III.iil, 22le I,OO.i F(t) l 2dt]

 34

the
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        :wwSg A(iSl;i--i S;l]"! i F(t) i 2dt a,.., 22fe + 22n f,Oe.I F(tX 2dt)

(4) $A(i.lii.. i, 22]' fil["!iF(t)i2dt + 22n f,eO.L F(t)l2dt]

        ;sl A()lfl.ii, f,2'i'"Et2 l F(t) t 2dt + 22n f,OO.t F(t) l 2dt]

         = A( ii"l2i F(t) i 2dt + 22'i f,OO,,i F(t) I 2dt]

         ;sl A[ Si"t2 l F(t) 1 2dt + 222! J,OO.I F(t) i 2dt].

Combinlng (3) and (4), we have

       fi"t2 i G(t) I 2dt :iK A( IZ"t2 l F<t) j 2dt + 22n f .1 F(t> l 2dt].

Finally, we suppose that

                 2ii < x < 2ii +1.

Then we obtain

       Sl t2]G(t)l2dt ;$; I:"'it2IG<t)i2dt

              ;:s A( ii""'t2 I F(t) i 2dt + 22(n+i) l:..,1 F(t) 1 2dt].

On the other hand, we have

       f:""'t2 ] F(t) I 2dt ,= S,X t2 m(t) I 2dt + IZ"'it2 I F(t) l 2dt

               ;$ll Si t2 1 F(t) I 2dt + 22(Ti+i) SZ""' I F(t) i 2dt.

Thus we obtain

       Sg t2 1 G(t) i 2dt ;slll A( II t2 l F(t) l 2dt + 22(n+i) I:l F(t) l 2dt]

              ;:i{ A[ Sl t2 i F(t) 1 2dt + x2 f:1 F(t) 1 2dt] ,

21

Q. E. D.



    g 4. Proof of Theorem 3. Now we are in position to prove our Theorem.

We may suppose that 1;SllP<2. By the assumption of Theorem 3, we have

            F(x) Ei L2 (e, oo) for every positive number E.

Hence
            F(x)(diJ(x) - 1) E P2 (O, co) for every integer i

Since g(x) is a coRtraction of f<x), we have, by Plancheral theorem,

                               '            I: lg(x " 2j) - g<x) l 2dx ;Sl i: lf<x i 2j) - f(x) ] 2dx

                                 = I: 1 F<x>(e]･<x> - i> i2dx < oo.

Thus we have

                   Secolg(xl2")-g(x)12dx<oo . for every integeri

Therefore, by Lernma, we have a function G(x) which is weii-defined almost

everywhere on the open interval (O, oo). Now we shall show that this function

G(x) belongs to LP(O, oo>.

   We put

                         gp(x) mJ,X lt1pgG(t)1pdt.

By H61der's inequality and the lemma, we have

            gp(x) IEgl xi-p!2( Il1t121 G(t)12dt) P/2

                 ;s{, Axi-,P/2( f,X l F(t) l 2t2dt + x2 f.OOl F(t> 1 2dt]'i2

(5) ;ss Axi-pf2[f,X r2(t)t2dt + x2 f.Oer2(t)dtle/2by (i)

                 ;:iS t4xirmP12( ioX r2(t)t2dt)P/2+ Axi+pf2( i.OOr2(t)dt)P12

by Jensen's inequality.' '
By the assumption (iii) and Theorem 4, for each a EiE (O, oo) we obtain

                        '                       A l ficrxm3p/2( fo" t2r2(t)dt))/2dx
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                         z i2ax-3.pi2dx( Iat2r2(t)dt)Pi2

                            aO
                         = Apai-3pi2( Igt2r2(t)dt)Pf2 .

Hence

(6) (Io"t2r2(t)dt)Pf2=o(x3p12-i).

Aiso

                       A ll; i:i2x-Pi2 ( I:r2(t)dt) P!2dx

                         l f:/2X-P12dx ( f:r2(t)dt) P12

                         m Apcri-p12( I:r2(t)dt)P/2 ,

and hence we have

(7) (f:r2(t)dt)Pi2,,. o(xpi2-i).

Combining (6) and (7), we have

(8) gp(x) == O(xP).
   Now we can show that this function G(x) belongs to LP (O, oo);

that is,

                I:IG(x)1Pdx = [x-Pgp(x)]T + i,cox-P"igp(x)dx

                           =Ki+K2, saY

where Ki is O(1) by <8) and K2 is, by (5)i less than ,

            A iecoX-PMi･ xi'P/2( SeX r2(t)t2dt + x2 J.oor2(t)dt]Pf2dx

           $A( f:x-3p/2 ( SoX t2r2(t)dt)P12dx + foOOx-pf2( f.03r2(t)dt)P72dx]

which is finite because of the assumption (iii) and Theorem 4.

Therefore we see that G(x) belongs to LP(O, oo).,

23



    Using proposition 5 aRd the definition of Walsh-Fourier transform, we

define the Walsh-Fourier transform g"(y) of G(x) in the following way respec-

tively:

               g*(y)= l;,l,gk.I:"G(x)¢.(x)dx, f., 1<p<2

and

               g"(y) =m j:G(x)ip.(x)dx,                                                for P= 1.

Since G(x)(Oj(x) - 1) EN L2(O, oo), we have

            g*(y -L 2i) - g"(y) = 1;,///).m. Ii"G(x)(¢]･(x)-i)ipy(x)dx.

On the other hand, we get, by Plancheral theorem

            g(y -i- 2i) - g(y) == l;,///).m. ii"G(x)(ipi･(x) - 1)ip,(x)dx.

Hence we obtain

               g"(y + 2j) -g*(N) == g(y + 2j) - g(y) a. e.

For the case P= 1, by proposition 2, we have

                   lim g"(y l 2j) =O and lim g(y i 2f) = O.

                   1'm-oo 1'--.ee
Therefore

                         g"(y) ==g(y) a. e.

   For the case 1<P<2, we have to recall the facts that

               g(y) (!E Lq (A. oo) and g*(y)ELa (O, co).

Take any finite interval (a, b). If yE (a, b), then y+ 2j E(2j-b, 2i'+b). Thus

we have

            S: Ig(y) - g"(y)1 qdy =: I: Ig(y l 2j) - g*(y i 2j>lqdy

                            $ f:III: 1g(y) - g*(y) i ady

which tends to zero as ]'- oo. Therefore we have
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                             g(y) -g"(y) = O a. e.

which completes the proof of Theorem 3.
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