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                     1. Definitions and Notations

   Let f(t) be a Lebesgue-measurable function sttch that the integral

                       l,OOe-xxcrf(x)LS,cr)(x)dx, ev>-1 (1)

exists, wltere LS,cr)(x) denotes the nth Laguerre polynomial of order a.

   The Laguerre series corresponding to tkis function f(x> is

                                 oo                           f(x) -- ]X a.LS,a' (x) (2)
                                Jt=e

in which

                 an=r(. +i i)Af, I:emYy"f(y)LS,cr) (y) dy , (3)

and

                          A)at .: (iZ;tFa) ... na.

   LetlZ]a. be a given infinite series and {s.} the sequence oi" its partial sums.

A sequence {s.} is said to be summab!e by harmonic rnealts, i) i£

                           ,llasi,},ite.,,s.n-f

exlsts.

   Let {P.} be a sequence of real constants such that Po > O, P. I211O and let us

wrlte

                 Pn =: Po + Pi -i" ''' + Pn, P-i " P-i == O･
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   Tke sequence-to-sequence transformations :

                       Tn = 1;; tt/,Pksn-k(Pn S O) (4)

defines the sequence of Ndrlund means of the sequence {s.} generated by the

sequence of coefficients {P.}.

   The series Za. is said to be summable (N,P.>i)to the sumsif limT.
                                                               n--.co
exists and is equal to s, and further is said to be regulari) if it sums every

convergent series to its ordinary sum.

                                  1
   In the special case in which P.=:n+1, the Ndrlund mean reduces to the

harmonic mean stated above.

                           2. IntrotfuctieR

   Recently B. S PaRdey has proved the following theorem.

   Theorem A 2) For - -ll- > a 2i). -g, the series Z a. LS,cr) (x) is su mmable to

                                            ?t
sum s by harmonic means at the Point x=O, Provided,

                     t                    f ]g (y) Idy == o(tcr+i) , as t -> + o,

                   nO

                   I ey!2y-a/2-314lg(y) ldy =o(n-cr/2-i/4)

                   w
and

                         a                        f eyf2 y-i13lg(y) idy = o(1),

                        J･e
where

                            1
                   9(Y) -rm rmr (. + 1) e-or -[f(y) -s]･ ya.

   In this note we shall prove a theorem concerning Ndrlund summability

which includes, as a particular case, theorem A stated avove.

                        3. Tke main theorem

   We establish the following theorem which includes, as a particular case,

the theorem due to B. S. Pandey.2)

   Theorem. we write

                             1
                                 e-y -[f(y) - s]･ Ycr,                    9 (Y) -=
                          P(a+1)
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and let eyf2ywwi13g(y) be Lebesgue integrable over (1, oo).

   .ILif'

                           I'lgo (N) ldy == o(ta"i) (s)

                            o
as t --. + O, and

                   n                   S ey12y-cr/2-3f4ig(y) idy=o (n-a/2-i14) <6)

                   to

                   15 .as n- oo, then for - i>ak--6- Laguerre serzes

                            oo                            Z a.L,(,a' (x)

                            7t=:O

is summable to the sum s by regular ATbrlund means (N, P.) at the Pointx=:O.

                       4. Prelimimary }emmas

   Lemma 1.3) Let a be arbitrary and real, c and to be fixed Positive constants.

   Then for n- oo

                                         if -9- E{! x K to,                        x-af2-if4 O (naf2-i/4)               L5,a)(x)-(o(..) if o"g.g-s.

   Lemma 2.3) Let a be arbitrary and real, to>O,O<rp<4. YPre have for

n- oo

           max e-xi2xaf2+i/4tLs,a)(x) 1A.(:lilll:, iof]C WxtLtX.:rE{i;(4-V)7Z,

                       5. Proof of tke Theorem.

                                               oo
   Let s. denote the nth partial sum of the series £a.L5,cr)(x) at the point
                                              n==tO
x==O, and T. denote tke N6rlund means of the sequence -[s.}.

   In order to prove the theorem, it is sufficient to demonstrated that

  ･ r.-s=o(1), as n- oo.
   Since the integral in the left side of (6) increases with the increase of n,

                      1
we kave obviously a < um J l7･

    Now we have



                           oo          S":== ttf, i" (.i+ i)ne Ai., L£cr) (o) S,e-blyaf(y) L£a)(pa) dy

           == r (.i+ o l,coe-yyaf(y) L£ex'i)(y) dy.

  Hence by the definition (4)

              Tn - S == J. te.oPk <Sn-k-S)

                 =: iB;, ,II'III-i pk (sn-k-s) +ffl: (so-s) .

But,by (1)

             so = r(.i+ i) I:ie'yyaf(y) Lga")(N)dy

                      oo               =: r (i+ 1) I,e-"ycrf(y) dy

               =:O (1>, for a> - 1,

and hence, by the regularity for N6rlund means, we have for a> - 1,

                £t!! <se-s) == o(1), as n- oo.

                 Iz
  Therefore we have

                      oo       T" - s = ili} ,i'lli r(.Pfii i) J,e"ypa" {f(y) -s} L;1",')(y) dy + o(o

                  co           - iii:. lg., pk f, g (y) Ll,a-',i)(N) dy + o (i) .

  We now divide the integral into four parts such that

         co        i, 9 (Y) Li,cr-',i)(N) dy

         =- ( l[/('i-fe' + I:,,.-,, + flt-fe + f,oo,-,l g (y) L5,ama",i' (y> dy

         == Ai + Bi + Ci + Di, say.
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  Furthermore we .set

           rn -S == iliil. ISo Pk (Ai + Bi + Ci + Di) + O(O

              ==A+B+C+D+o(1), say.

  In the estimation of A, we use Lemma 1 and our hypothesis (5>, then

            i A i :igi iil;;, 11Iilii, p, I:i('i-'") i g <y) i L,(,am+,i)(y) dy

              = itisl. IS.i pk o (n-fe) cr'i o (n-k) -(ex+i)

              == o(1) , as n -, oo.

  Similarily, by Lemma 1

         I B I :iill ii15:. )#., Pk i,ld/(.-,J 9 (Y> l L,(,a-'i,') (Y> dY

           "= jliJ:. 1#.o Pk I,to!(.-hy' ("+i)i2-ii` I g (N) i O (n- le) ("+i)i2-i/4 dy

           == ilsl. ISe PkO(n-fe)exf2+i/4 flOf(.-kjg(y) ly-ai2-3/4 dy. (7)

  Next, by integration by parts and hypothesis (5> we get

 S.tu1(.J)g(Y) lYra!2-31` dN "{<P (Y)Y-crf2'3f`},"io,-,)a- ( -i; -i- -l}> I,tu/e{Z,)ff(,7))y-a/2-7f4 dy

               .,= K + o (nC-k) a/2+i/4 + I:f(.mfe)o (ycri2-3f4) dy

                                        1               .,. K+ o(n - k) -af2 ny i14, as n -, oo, ct < - -l7, (8)

where

                   <p (t) -= i3p(y) i dy.

                  i  Hence we have for a<--2-
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by

                     K. IwAI

       l Bl ;Sl ilvl. Iimopk O (n ww k> ai2'i/` {K+o (n-k) -ai2-v4}

         =o(1), as n- cx),

(7) and (8).

In the estimation of C, we use Lemma 2 and hypothesis (6), then

       lCi :li{ lilsl. )#.,PkJl'-kl 9 (Y) 1 L£,cr-'ki) <Y) dY

         $ p-K. )#.opfe Jli-k E g (y) E ey/2y- (a+i)i2-i/4 (n-k) (a+i)/2-i/4 dy

         = pKin. IX.o pk Il`-kI go ()') 1 ey/2sJ-cr/2-3i4 (n - le) cr!2+y4 d y

         ;;ll l-S. 1#.oPk (n-k) cr/2"if` o (n-k) -ev/2-ii4

         = o(1), as n- oo.

Lastly we shall estimate D.

By hypothesis on g(t) we get

           j,O,O ey/2 y-1!3lg(y) Idy=ro(1), as n. oo.

                              '
                         15Hence we use Lemma 2, then for -- 2->a}ll--6-,

      lDI Si. IX.,pk S,O,O-,ip(y) ILfi"," ( y) dy

         == iiliil. IZ.oPk [O,O-fe I q (y) l ey/2 y-(a+D/2-"Y4 (n-k) (a+i)/2-i/i2 dy

                     '
          = iisl. IX.oPk lil,l-kl go (y> : ey/2 y-cr/2-3/4 (n-k) cr/2+s/i2 d y

         -- -B.Ili, Pk <n-h) af2+5/12 Il-kl 9(Y) 1 eY/2Y-lf3 yaf21sl12 dY

         ;#;l iiil. :1rm-iPk I,O. S,-k i g (y) 1 ey/2 y-i/3 dy
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                 ro(1>, as v¢- oo.

    Collecting above estimations we have

                          T. -s == o(1), as n. oo.

    This completes the proof of our theorem.

    The author takes this opportunity of expressing his gratitude for Prof.

T. Tsuchikura for his helpfu1 suggestions.
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