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                           1. Introduction

   Theories of analysis of trusses by matrix methods have been developed and

applied by many authors. The present method is one of displacement methods,

in which the relation between joint displacements of a member and its member

force is determined by a geometrical equation of deformation and then the

unknown quantities, that is, joint displacements are determined by the joint

method of truss anaiysis. This method can judge whether the structure is

stable or not and can solve all the cases whether the structure may be statically

determinate or not, plane or space, simple or compound or complex type, and

under various loading conditions, that is, joint loads, heat loads and so on. So

this method can be said to be a general one in truss analysis.

   First the equations of this theory will be derived and then typical numerical

examples of plane and space trusses under various loading conditions will be

explained in this report.

                    2. DevelopmeRt ef the Method

   This method can be appiied to both plane and space trusses and here for

concise explanation, we'11 develop about plane trusses. We assume the positioR
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Fig. 1. A Member of a Truss.

x

* Professor of Mechanical Engineering. 'k:k Graduate Student.



10 T. MlyAiRi and O. KoBAyAsm No. 27
of each joint i, 1' of an arbitrary member i-1' in a truss to be (xi, yi), <xj, yj)

respectively <Fig. 1). The x-y axes are located as shown in the figure. Assume

the member length to be li,･, then ,

                                                '                                             '                   l2,,･ ==: (x,･-x,)2+(yi-N,)2. <1)

Differentiating this, we have

                                              '
           21,f `U,,= 2(x,･ - :t,)(dx,- - d:v,> + 2(yi - y,)(dyi - dyP, (2>

or

          dli,- == (xj - xi)<dxj - dxi)/li,･ + <yj - yi)(dyj - dyi)/li,-. (3>

Here expressing the displacement in the x direction zt for dx and in the y dire-

ctionvfor dy, we obtain ･

                                                    '          dl,j = (cj - x,)(tt ,･ - u,>/l,,･ + (yj - y,)(vj - v,)/l,," (4>

We again assume the sectional area and Young's modulus of the member to

be Ai,･ and Eib respectively, then fgom Hooke's Iaw, the relation between

member force Fii and member deformation dlij becomes

                          dl,,･ == F,,･l,,･/A,,･E,,･. (5)

From Eqs. (4> and (5),

         F,i = A,,･E,,･/l,,{(xj - x,><tt,･ - u,>/l,,･+ (yj - y,)(vj - v,>/l,,･}. (6)

   There are as many numbers of FiJ･'s as that of members in the whole

structure and we express this greup of Fi,･'s by the column matrix {F}.

Similarly there are as many numbers of joint displacements as the double of the

number of joints and we express these, using column matrix, {zt}. The relation

between {F} and {tt} is expressed in matrix notation,

                         {F} -= [S]{u}, (7)
in which[S]is determined by Eq. (6) and of the order of rows equal to the

number of the members and of columns equal to the double number of the

joints. External joint force at each joint, including reactions at supports, is

resolved into Pi.:x component in the i-th joint, and Piy:y component in the

i-th joint. These external joint forces are greuped into column matrix {P}.

   The equilibrium equations at the i-th joint by the joint method are

                   Pi. == -ZFiJ･ cos eij-, <8)
                          j'

                   Piy ==-ZFi]･ sin OiJ･. (9>
                          ti

These equations are expressed in rnatrix notation
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                  {P} == [A]{I7}. ･ (10)
Substituting Eq. (7> into Eq. (10), we have

                   {P} -:-:- [A:/{F} -= [A][S]{u}- ['JKKu}, (11)

where [K] =: (A][S].

   Joint displacements {u} are partitioned into {zt,,} and {ufi}, where {".} are

unknown joint displacements and {t{,e} are known joint displacements, that is,

constraints. Correspondingly externaljoint force {P} is grouped into {P.} and

{Pfi}, where {P.} are known joint forces and {Pp} unknown reactions at the
supports. Co' nsequently the e!ements of [K] matrix are interchanged so as to

be consistent with the original matrix equations. C hen Eq. (11) are rewritten

as fellows :

                   (-P,-i]='ff;iill,ll:;iiil:--;-], . <i2)

                         ttt

from which

                   {P.･}=[Kl,.]{u,,}+[K.s]/{up}, <13)

                   {Pis}=[Ktea]{Z{,r}+' IKsp]{Up}･ (!4)

From Eq. <13) we obtain

                   {Zgtr} :[Kaa-'i]({Pti}-[Kcrs]{Utg})･ (15)

   In inverting [K.,,'], if the structure is unstab!e, EK..] will be singuiar and

[K..'"i] cannot be obtained, frora which we can know whether the structare is

stable or not. Substituting {u..} in Eq. <15) into Eq. (i4) we have unknown

reactions {P,g}.

             3. Fabrication Errers and Temperature Change

   When some of the members undergo temperature change jt 's or fabrication

errors ili7s, Eq. (5) is rewritten as follows:

                   dli:= FiJ･liJ･/AiJ-Eij･"aiJ-At.liJ･ -t- filih (5')

                   FiJ･ = EiJ･AiJ･/liJ･(dlij･ - (vijdt.liJ･ - t}liJ･).

The second and third terms on the right hand side of above equation are

summed into tiiJ･ and

                   FiJ･ =: Eij･Aijdl,J･/liJ･ - AiJ･EijAiJ･/liJ･.

Substituting Eq. (4> into the equation above, we have
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        F,,･ =:: E,jA,,･/l,,{<xj - x,)(uj - zt,)/l,,･ + <Nj - y,><v,･ - v,>/lij}

                                       - Ai,･EI)-Ail･/liJ･･

Expressing Eq. (6') in matrix notation, we have

                   {FiJ -- [S]{za} - {]}.

Substituting Eq. <7') into equilibrium equation {P} ==-i [A]{F}, we have

            P :: : [A]<[S].]{u} - {A}) -rm- (J-A][S]{u} - [A]{g}

                                       -T. [K]{tt} - [AI.I{d},

or

                   {P} + [A]{A} -- [K]{u}.

{zt} can be determined by this equation in the same way as before. After

determined, {u} ls substituted into Eq. (7'> and member forces {F} ean be

determined.

                       4. Illustrative Examples

   To show how the method is applied to actual trusses, four numerical

examples will be illustrated here.

4.1 A PIane Truss

   A plane truss shown in Fig. 2 undergoes following ioading conditions.

1> a1 kip load at joint 2 2) a1 kip load at joint 4

3) a 1 kip load at joint 3

4) a fabrication error in member 2-5 of 1/8 in. too long

5) a settlement of the roller support at joint 6 of 1/4 in.

                           2 (5) 4
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Censtruction of l''S" l matrix

 basic equation, from which the equation {F}=: {SKz{} is derived, is
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shown here again, that is, Eq. (6>:

         F,,･ =z-:- A,,･E,,･/l,,･{(x,･ - x,)(ui - z{,)/l,i + (y,･ - y,>(vj - v,)/l,,･}.

If we put Ai,･Ei,･/li,･ into ki,･, (xj - xi)/li,･ into 2i,･ and (ptj - yi)/li,･ into stiJ･, Eq.

<6) becomes

                    Fiy･ m leiJ･{2ii(uJ･ - ui) + ptiJ･(VJ･ - Vi)}

Applying this equation to all the members in the truss, we have [S] matrix

as shown in Table 1. The numerical values of Table 1 are calculated and shown

in Table 2.
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       P4y
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2` ,,/.l,>F46
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  Diagram at 4

          Pi. = Fi2(- cos ei2> + Fi3<- cos 0i3),

          Piy == Fi2(- sin 0i2> + Fi3<- sln ei3).

And again from the equilibrium equation at joint 4 (see Fig. 5), we have

          Pt. =: F2{ cos o24 + F34 cos o34 + F4s(- cos 04s) + F46(- cos 046),

          P4. = F2, sin 02, + F3, sin 03` + Fss(- sin 0`s) + F`6(- sin 046).

From the equilibrium equations for all joints, we can make I A] matrix,

is shown in Table 3.

which

Tabie 3. [xtl] matrlx
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   [A] matrix can be constructed more systematically from another point of

view : from the equilibrium condition, [A] matrix was constructed rowwise in

the preceeding way. Now a member force Fi,･ is associated with the equilibrium

equations of joint iand i IR Fig. 6, Fi,･ has such component as
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For example, the

that is, -coseiJ･,

respectively. This

a computer.

   The numerical

      - cos0ij･FiJ･ in Pi. direction

      - sin ei,･Fi,･ in Piy direction

       cos0iJ･Fii in PJ･. direction

       sinOiiFij in Pj. direction ,
column of Fi,･ in [A] matrix has four non-zerb

-sinOii, cosOi,･ and sinOiJ･ in Pi., Pi,. Pi. and

 latter method is more convenient in making [A]

values of [A] matrix are shown in Table 4.

  Table 4. Numerical valttes of [A] matrix
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   (c) Construction ef [K] matrix

   After constructing [S] and [A] matrcies,

multiplication of [A] and [S]. The result of

Table 5.

[K] matrix is obtained by matrix

matrix multiplication is shown in

Table 5. [K] matmx (kip/in)
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Table 7. {P.} matrix (kip)
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[K] matrix is partitioned

in Table 6.

   (d) Calculation of {u}

   {P.}, {up} and {A} are

given above. Using these

equat!ons :

                   {Ua}

                   {F}

into [K..], [K.p], [Kp,,] and [Ksp], which are shown

and {F}

shown in Tabies 7, 8 and 9 for the loading conditions

data, we can obtain {u} and {F} from the following

=: [Klra-i]({Pa} rm [Klip]{"P}),

 : [S]{as} - {A}.
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E
i

1
1
i
1

+

-O. 198

 O. I19

 O. 202

- O. 086

Hk
 o. 054

-O. 252

-O. 270

-e. 482

-O. 396

 O. 237

LC3

-O. 641

 O. 385

 O. 631

-o.2g6

-O. 148

 O. 461

 O. 108

-O. 344

-O. 032

 e. olg

LC4 LC5

L

1
'
I

  5. 147

 -3. 088

  9. 924

 13. 62

-17. 55

-12. 41

  4. 355

  1. 689

 le. 29

-6. 176

i

l
I
i
i

1
I
i

1

I
!
I
･

I
I

l

i

 13. 73

 -8. 241

  2. 189

 18. 12

- 16. 47

 -2. 736

 -6. 599

-19. 79

 27. 47

- 16. 48

l

l

I

l
l
l

The results are shown

4.2 A PIane Truss

   A 1000 lb. Ioad ls

assume the sectional

l2'

'

in Tables 10 and 11.

applied to a plane truss at joint 5 as shown

area A to be 1 in2. and Young's rnodulus E

     2tr ie' -Is-p=iooeib

         34

1

`
6'

Fjg･ 7
.

 8t

 4t

Plane

6'

7777

Truss

6

m

in

to

Fig.7. We

be 30(lo)6
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psi. for all the member in the truss. In the･Same way as 4.2 we obtain [S]

matrix, [A] matrix, [K] matrix･ and [KL,.] matrixi which are shown, in Tables

       '12, 13, 14 and 15. Singe in tfilgl c'as'e zii, vi, u6 hhd vE af6' 66bst'Yi'{'i'6'd', ,'{"tt'L'>"]''{up},

                       '                                t tt t/                                            tt                 t. t . t t.-         .' Table l2 [S] matrix (kip/ft)

Ul

'L',l -sssl2

Fig -18oo

1;h, o
Fle4 o
F3s o
L, o
Fl, o
4sE . o

Vl

-2352. 9

-24oo.

 'o
 "o
   o
   o
   o
   o

Zt2

   A
 888. 2

   e
-36oo

-3230. 7

   o
   o
   o
   o

V2

2352. 9

  o
4800

1846. 1

  o
  o
  o
  o

U3

   o
'1800

 ,3600

   o
-3230. 3

   o
   o
   o

V3

   o
 2400

-4800

  'o
-1845.9

   o
   o
   o

U4

   o
   o
   o
 3230. 7

   o
-36oo

-18oo

   o

V4 u
,
s
.

   o /..Q

   oo
   oo
-1846. 1        o
   o      3230. 3

-4800      3600
   '''24oo ･' b'

   o     .r 588. 2

V5

  o
  o
 'o
 lo

1845. 9

4s09.

  o
2352. 9

U6

 ･o
  o
  o
  o
  o
  o
1800

58& 2

Ve

Table 13

 ,, .o

   o
   o
   o
   o
   o
-24oo 1'

-2352. 9

[A] matrix

Pix

Plpt

P2x

PL,y

P3x

Pay

P4x

Pgy

Psx

Psy

P6x

P6y

L,

-O. 242

-O. 970

 O. 242

 O. 970

 o
 o
 o
 o
 o
 o
 o
 o

Fis

-O.6
-O. 8

 o
 o
 e.6
 O. 8

 o
 o
 o
 o
 o
 o

Ib3

I

E

 o
 o
-O. 6

 O. 8

 O. 6

-O.8

 o
 o
 o
 o
 o
 o

.Fle4

 o
 o
Lo. s6s

 O. 496

 o
 o
 O. 868

-O. 496

 o
 o
 o
 o

E,,

,

 o
 o
 o
 o
-O. 868

-O. 496

 o
 o
 O. 868

 O. 496

 o
 o

L:n

 o
 .o.

 o. i
 oi
 'o I
ol

:glg I

 o.6 I
 o.s I
'o I
'o I
     i

FU6

 o
 o
 o
 o
 o
 o
-O. 6

 O. 8

 o
 e
 O. 6

-O.8

Fts,

 o
 o
 e
 o
 o
 o
 o
 o
-O. 242

 O. 970

 O. 242

-O. 970

Table 14. [K] matrix
l
l''

I

Pix

,Ply

IJP2x

IP2y

IP3x

Ip,J
I
IP4x
'

Ip,.

Psx

Ps)

Pox

IP6rv

2St

 1222. 6

 2010. 6

-142. 6

-570. 6

-1080

-1440

   o.

   o
   o'

   o
   o,

   o

Vl

 201e. 6

 4202. 6

-570. 6

-2282. 6

-1440

-1920

   o
   o
   o
   o
   o
   o

U2

-142. 6

-570. 6

 510Z 7

-3912.2

-2160. e

 2880
-2805:O

 1602. 9

   o
   o.

   o
   o

'ofn.

-570.6

-2282. 6

r3912. 2

 7038. 6

 2880

-384e

 1602. 9

-915. 9

   o
   o
   o
   o

U3

-1080

-l440

-2160. 0

 2880

 6044. 7

 l62. 7

   e
   o
- 28e4. 7

-1602. 7

   o
   o

V3

-1440

-1920

 2880

-3840

 162. 7

 6675. 8

   o
   o
-1602. 7

-915.8

   o
   o

U4

   o
   o
-2805; O

 16e2. 9

   o
   o
 6045. 0

-162. 9

-2160

-2880

-1080

 1440

v4

   o
   o
 1602. 9

-915. 9

   o
   o
-162. 9

 667s. g

-2880

-3840

 1440

-1920

us

   o
   o
   o
   o
-2sw4. 7

-1602. 7

-2160

-2880

 5107. 4

 3912. 0

-142.6

 570. 6

V5

i

   o･

   o
   o
   o
-1602. 7

-915. 8

-2880

-3840

 3912. 0

 7038. 5

 570, 6

-2282. 6

UG

   o
   o
   o
   o
   o
   o
-1080

 1440

-142. 6

 570. 6

 1222. 6

-2010. 6

VG

   o
   o
   o
   o
   o
   o
 1440
-lg2o l

 s7o. 61

-2282. 6i
-2oio. 61

 4202. 6i

    l
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Table 15. [K..] matrix

No. 27

P2x

P2y

P3x

Psy

P4X

P4pt

Psx

Psy

dy

 51e7. 7

-3912.2

-216e. O

 288e

-2805.0

 1602. 9

    o

    e

v

-39rz2
 7038. 6

 2880

-3840

 1602. 9

 -915.9

    o

    o

-2160. 0

 2880

 6044. 7

  162. 7

    e

    e

-2804. 7

- 1602. 7

vs

 2880

-3840

  162. 7

 6675. 8

    o

    o
- 1602. 7

 -915.8

u4

-2805. 0

 1602. 9

    o

    o

 6045. 0

 -162.9

-2160

-2880

v4

 1602. 9

 -915.9

    o

    o
 -162. 9

 6675. 9

-288e

-3840

ag

l
i

    e

    o

-2804. 7

-16e2. 7

-2160

-2880

 5107. 4

 3912. 0

V5

    o

    o
- 1602. 7

 -915. 8

-2880

-3840

 3912. e

 7038. 5

{P.} and {Pp} become

{Ua} ==

{Pa} ":

as

.",2

vU33

'

vu:
i
j
g
i
:
,
l
'
)
P3pt

p,.I,

P4y

Psm

Psyl

we

feliows :

{up}

{Pp}

From these equations have joint
(Tables 16, 17>.

Table 16. joint displacement {u} < ×10-'ft)

=:fyi).,

l
#
g
i

-f£l:

-
1

   P6x

   P6y

.

displacement {u}

Table

and member force

17. {F} matrix (kip)

{F}

Joint 1

Joint 2

Joint 3

Joint 4

Joint 5

Joint 6

u

o

 tt. 880

 7. 707

 6. 907

10. 32

o

v
I

 o
-2. 041

-O. 897

 3. 552

 O. 664

 o
E

Ie

Imember
E o

1-21-32-32-43- 5
4-54-65-6

member force

- 193. 2

1171. 8

 468. 7

-377. 9
1133. 7

-156.2
-390. 6

-450. 9

l
l
i
]
]
/

I
1
i
i

l
ii
t

...1
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4r.= 4t ..  ...".
.. "

4

l

'

I

3
3'

)i
                   yl
                        ;
                        l 2.
                        I
                        ･l
                      4' l
                        I
                        i
                        l
                        t' "'                        l ...'                        --.-.
                        6
                           Fig. 8.

4.3 A Simple Space Truss

   A simple space truss shown in

and attached to the vertical wall.

Loading conditions are as follows :

    1) a load P == 1 kip is applied to

   2> the temperature of whole

We assume Young's modullls E to be

cient a te be 6. 5(10)-6(in/in)/OF and

   For a space truss, we use the

obtaining [S] matrix, that is,

         Fii = AiJEi.,'/liy'

where zi and zj are the positions of

wj are the displacements in the 2 '

    Similarly in obtaining [A] matrix

ctions must be considered. The '

be 2ih ftii, vij then

                           Pi,x "

                           Piy =: ww

                           Pi= ='

l

Applying these equations to all the

matricies are obtained, which are

Space

I

l
I
l
ii
z

 5

truss

lXhh..

P

           Fig. 8 is composed of panels l234 and 1256

            The panel 1234 is in a horizontal plane.

            Jolnt 1.

        structure rises 500F uniformly.

            30(10)6 psi. and thermal expansion coeM-

           sectiona! areas all to be l in2.

            extended equation instead of Eq. (6) in

{1(xj - u,)(pti - u,)/l,,･ + ( vj - y,)<vi - v,)/l,,

            + (x, - zi>(w,･ - zvi)/li,･} (18)

            joints i, 7' in the z-coordiBate and tvi and

         direction.

            , the equilibrium equations in three dire-

       direction cosines of member i-7' are assumed to

          - Z] 2iJ･Fi ,･

             j
            Z lt,,･F,j

             j
          - Z vi iFi.i
             j
            members of this truss, thus [S] and [All

          shown in Tables 18 and 19 and their nume-
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    Table 18.

o.

[s.]

KOBAYASHI

matrlx

Nb. 27
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l Wl
'

ap2
l
I

V2

       l
-k12pt12 li

-k13st13 [

       t- fe14ptt4 l

- falsstls l

       l
   o ･I
   oi
       l
   o l/'
       l･

-feIL,1>1"-

-le13V13

rv
 le14Y14

- lei5V15

   o

   e

   o

   )5,i,R,,

    '    ･o

iOI･ o
1,i -lef4224
I
I -fe2s22s
F

I･ wwk2.a22e

i
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l
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E
E

o
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Table 19. [A] matrlx
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I
i

Plx

PIY

Piz

P2x

P2y

P2x

P3x

Pspt

P3=

P4x

Pev

P4x

Psx

Psy
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P6x
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E
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-pt24
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  o

  o
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l

l
i
;

1
l
I
l

I

I
･
I
･

I
I

[
I
l
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/

l

!
I
I
L

I

l

I
i
'

I
I
I
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1
1
･

i

1

I
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  o
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Table 20.

'General Solution of TrUs'sl)s .

Numerical values of [S] matrix (×le" lb/in)
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'
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1
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'Table 21. Numerical values of [2tl] matnx
I
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l
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l
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l
l
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l
i
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I
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l
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[
I
i
l
l
l

l
l
i
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I
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Piy

Piz

P2x

P2y

P2x

P3x

P3y

P3x

P4x

P4y

Pljx

Psx

Psy
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P6pt
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 O.8
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  o
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  o
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Table 22. [K] matrlx (× los lb/in)

Pix

Ply

Pix

P2x

P2y

P2x

P3x

Psy

Psz

P4x

P4y

P4z

Psx

Psy

P5=

P6x

P6y

P6x

Ul

 11. 933

-2.4

-2.4

 o
 o
 o
-8. 333

 e
 o
-1.8
 2. 4

 o
-1.8

 o
 2. 4

 o
 o
 o

]

, u4

Pix

Ply

Pl=

P2x

P2y

P2.

P3x

P3pt

P3z

P4x

P4y

P4=

Psx

Psy

Psx

Pex

PGy

Pe=

-L8
 2. 4

 o
-8. 333

 o
 o
 o
 o
 o
10. 133

-2.4

 o
 o
 o
 o
 o
 o
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Vl Wl
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-6. 25

 o
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 o
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 o
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l
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o

o
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o
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rical values are

   [K] matrix
Table 22.

   For loading

aRd

{Pa} "=

shown in

 is then

condition

Pix

Piy

Plx

P2x

P2y

P,.

for loading

{Pa} =

Using these

in Tables 23

8
･

)

  General Solutien of Trusses

Tables 20 and 21.

obtained by [A][S], the

1, {P.}, {up}, {A} are

l
, {up} ==

condition 2,

i';l;i //O,)

,j ]pi. J ol

Lp,. Z lo'
[P.:i. (8

data and from

and 24.

tt3

x
:z
iwt
  }tt5 (

x
:
:
･
i
)

{uB}:= {1 O 1},

f
E

-L

l
･

(

o

o

o

o

o

o

o

o

o

o

o

o

'

{A} =

Eqs. (l6) and (17), we

result

{A} -=.

ti12',

   'disl
Au i/

   :
:li ili ,..

   I
li,sI

A26/i

 have

of which is

,i O

g
I
g
lo
i

kx O

AE
l

{u}

'

O. O1561

      lo. oii7i

O. O195l
      'o. olgs l.

      r
O. Ol17

gl g?gg,i

and {F}

25

shown in

as shown

Table 23. Joint displacements ( × 10-` in) Table

Joint

Joint

Joint

Joint

Joint

Joint

Joint

1

2

3

4

5

6

24:... ..Member forces (lb)

LCl
u

8. 597

o

o

o

o

o

v

  5. 050

  g. 334

g
l･o

w

37. 70

 1. 398

o

e

o

o

LC2
u

126. 3

ll7. 0

 o
 o
 o
 o

v

-116.7

  55. 83

   o

   o

   o

   o

w

-l49.0

- 188. 3

   o

   o

   o

   e

･:::--- --･
  t-tt"'h.t.

MembeFNt

1

l

1

1

2

2

2

-2
-3
-4
-5
-4
-5
-6

LC 1' LC2
 ･- 44. 73

  716. 4

   55. 92

- 1250

   o
   71. 61

 -55. 92

l
 i033. 9

  775. 4

- l292. 4

    o

    e
- 1655. 0

 l292. 4
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4.4 A Space Truss of Square Pyra-,r･' ''.

   mid''Type' ,' '-' '''' '' .'
   The statically indetermiRate
ball-jointed space truss shown''in:''-.'･ "

Fig. 9 has the form of square pyra-

mid with dimensions a = 10 ft. and

h =:= 16 ft. , joints 2, 4, 6, 8 being mid

                                   ttt22,k"g,x.Oftke,Zd,;･;.S.is,5ig,'.2'SegP2b- ;-･z

kips, acting paraliel to 3-s, is applied I3'
=1,,.t!-1

at joint 1 as shown. Bar' 4-8 has a a
length error equal to -O.Ol ft., ,.
that is, the bar is too short. Ali the

bars have the same cross sectional area

E =: 30(10)6 psi.

to all the member of this truss, we have [S]

<19), we have [A] matrix, from which [K]

are in this case

                       '           '          t.
          lvi i8i'' '- ''''

          S:;l g '' f::), gx

{pa}=

i'll/l/ll)==''･it'{""'=:iiltli[li,,ilr'.'==.'ii'

SBbstituting these data into Eqs. (16) and (17),

are shown in Tables 25 and 26.

'Oi KOBAYA'S' }II

 i

'8

P

h

2

  =ua=7=

 a
Fig. 9.

   y

 9

---.--;----n

'--f
   Square

4

=5

                                                  pyramid

                               A=4 in2. and the modulus

                                '
The procedure of analysis is quite the same as that of 4. 2. Applying

                                      matrix and again

                                   matrix is obtained. {P.},

                                                ' a12

                                                du

                                                zl:

                                                z::

                                      [, ,,,.. ,i･i･i ･L

                                      (. zi:W

                                                A4s

                                                As6

                                                A67

                                                A6s

                                                z::

                                      we have {zt} and

      No. .2'7

6'

   .. z-
--;i -7
 /a1

     3.

 ef elasticity

    Eq. (18)

applying Eq.

   {up}, {g}

    o

    o
    o'

    o

    o

   o
   o
   o
   o
   o
   o
 -14. 1

g

   O'l   ol
   o

 {F}, which
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Z-a.ble 2s. Jo{nt disp2acements

General Soi.ution.ef

(xlO-2 -i.n..>....･ .

Trusses

Table 26. Member forces ( × 103 lb>

27

Joint 1

Joint 2

Joint' 3

Jolnt 4

Joint 5

Joint 6

Joint 7

joint 8

Joint 9

l
l

 ,u

 5. 353

--- 2. 469

 o
-S. Il6

 o
 3. 808

 o
 4.454

 o

F'"'

l
l

I

  v

 o
-2. 469

 o
 4. ij-54

 o
 3.808

 o
-3. I16

 o

  w. ･'･

'"'''''"-"manyN r'

-1 082･

 o. 7 r)7

 o
-3. 743

 o
-O. 079

 o
-2. 070

 o"

l
I

I

i
i
l
/

l
I
l
!

I

l･I･/･[
  'L,1-1
I

li

Fl -.2

Fl-4

L-,
Fi-s

.Fle-.3

E2 .. 4

F2.s

Fle-s

E2 -- g

l

I

I
:
l
i
E
E

 14. 4･O

-l4. 40

 -3. 090

  3. 090

 -8. 224

- 12. 93

 14. 55

- 12. 93

 14.55

I

'
1
l

,l

l
l
ilt
t

8

Fl-,

L-a

A-,
"Fts-a

FU.,

Fb-s

.Fh-g

JFkH.e

- 14-. 40

- 12. 93

 18. 29

 14. 55

-25. 72

- 12. 93

 l4. 55

  3. 090

12

z
t

l6 k
a7 ll

15
a

6 le

''
14

a

y
l
l

5
l
3
7
7
!
J
l

z

1 !
x

le
  Fig. 10. Tower

Table

4.5 Three Story Tower

   A three story space truss of tower type

is shown in Fig. 10, to which a horizontal

force P == 1 ton is applied at joint 1 as shown

in the figure.

    This truss has as many as l6 joints and

39 bars, but the procedure of analysis is the

same as those of 4.3 and 4.4. In this example

just a joint load is applied, so we use follo-

wmg equatlons :

           {U(v} = [Kva-1]{Pa},

           {F} == [S]{u}.

{u} and {F} obtained are shown iR Tables

27 and 28.

27. Joint displacements (10-imm)

Joint

Joint

Joint

Jeint

Joint

Joint

Jojnt

Joint

1

2

3

4

5

6

7

8

"
I
] v l

l

l
f

i
i
l

o

4. 284

IO. 59

17.99

o

 1. 95l

5.981

10. 82

 o
-O. 047

- 1. 197

-3. I60

 o
-O. 291

-1.417

-3. 160

w

I
l
l
L
l
I

t

o

o.71e

O. 97S

O. 758

e

l. I95

l. 879

2. 099

i
l

I

I

joint 9

Joint le

Joint 11

Joint 12

Jeint 13

Jo{nt 14

Joint 15

Joint 16

l

l
E
i
/

l
i
I
i

u I v
l
'

w
l

o

2. 2i9

6. 225

1L 04

o

3. 598

9. 880

17. 25

F

I
I
l
I
l
I

I
.

o

I. 951

3.100

3 l,59

o

2. I95

3.321

3. I59

l

 o
- 1. 195

- 1. 879

-2. 099

 o
- 1. 662

-2. 883

-3. 615
J
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Tabie 28. Mernber forces (ton)

No. 27

I

l
1
1
/

i
lIi
'
1
i
l

l
I

L-,
Fl ..14

Fb-s

Fle-s

jFle"e

"Fh-io

,Fle-J3

,FU-1i

Fk-,

Flem6

 O. 745

 1. 017

 O. 282

 O. 397

-O. 256

-O. 035

-O.719

 1. 052

-O. 23i

 O. 362

l

l
,

fibm7

Fi..,,

jFla-.1s

,Fl]m16

E,-,

a",
L-,2

L-,,
jF}, -.G

i%-7

l
I
l

-O. 23l

-O. 035

-O. 744

 i. 087

 O. 327

 o
-O. 327

-O. 769

 1. 255

 O. 718

FU-,

,r b-io

a-,
L-ie
jF:I"ii

JFb-n

Iiig"12

Iilj-･iO

Fio-ti

Fto-i3

-O. 397

 O. 281

 O. 231

-O. 362

 O. 256

-O. 326

 O. 231

- i. 254

-O. 718

 O. 397

I

I
l
i
I

I

ao-14

Rlm12

al-14

Ll-ls

a2-15

a2-16

Fl!3H14

a4-15

Ls-ie

-O. 256

-O. 231

 O. 362

-O. 23l

 O. 327

 o
- 1. 745

- 1. 282

-O. 769

    5. A Problem about Stability

    In general for a space truss to be stable, it is necessary

ints at the supports in at least six or more

directions exist.

    The truss shown in Fig. 11 has only five

constraints under the loading condition given.

From mathematical point of view, [K..] ma- P
trix is singuiar for an unstabie structure iike 1

                                              Flthis and [Kl,,,"i] cannot be obtained and hence

joint displacements cannot be found, from                                              F 7.s･ + st

which we can know the struc#ure is unstable.

    In fact iH numerical caiculation, joint di-

splacements were obtained, but their order of

magnitude were 104NI05 times as large as the

dimensions of the structure and we could verify

this structure unstable.

   6. Conclusion

    For the purpose of truss analysis, many

kinds of matrix methods have been introduced and our

Here we used {F}== [S]{u}:the relation between mernber

displacements, and we are sure that using this

to derive this theory so briefly. Applying the equilibrium

method to this, we have joint displacements {u}, member

reactions at the supports {Pp} successively. As illustrated

various conditions can be tal<en into account in each

systematicaliy. A computation program based on this

authors and all numerical calculations in the examples

I

that the constra

            8'

--
            8f

i-----mel.

    4t

5'

,,JT

20'

           Fig. 11.

        method is one of them.

              forces and joint

geometrical condition enabled us

            conditions of joint

              forces {F} and

             in the examples,

         equation and treated

          theory was made by

          above were done by
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  .uslng this program.
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   E

   F
 {F}
 [K]
[Kaa])

[Krp] ( ww

[Kisa](

[Kfip]i

,.I

{Pa}

 {pp}2
S
.
i

 {u.}

 {up}

    :

,Y

 []

              (I)

cross sectional area

statlcs matrlx

Young's modulus

member force

column of member
stiffness matrix

 Appendix

List of Symbols

forces

partitioned stiffness matricies

member length

column of external joint loads

column of extemal joint ioads at the free joints

reactions at the supports

member stiffness matrix

column of joint displacements

column of unknown joint displacements

column of known joint displacements

joint displacement in x direction

joint displacement in y direction

joint displacement in z direction'

column matrix

matrlx
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(gl) Computer Program

   A computer program of truss

here.,- First,. notations "sed in this

written in ALGOL will be shown.

analysis based on this theory will be shown

program and then fiow chart and prQgram

   (II-1)

N
m
NCT
F
11

C[i]

B[i]

D[1, i]

D[2, i]

ko

E
L, LI

sl, s2, s3

H
s

K
tw

KAB
IE

tl
-)

]1,

PA
ua
ub

U

]'d 1

t2
-:

12,

dd 2

]'d 3

del

FO

t3

13

 Notations

･･････ Total number of joints

････`･ Total number of rnembers

･･････ Total number of prescribed joint displacements

･･････ Total number of free joint displacements

･･････ Total nttmber of joint displacements =: 3"IV == F + NCT

･･････ Joint number and its component of prescribed joirit displacement

･････- Joint numbers with which i-th member is asisociated

･･････ One of B[i]

･･････ The other of B[i]

･･･-･･ AE/l (used for other notatioRs later>

･･････ Young's modulus

･･････ Member length and its reciprocal

･･････ Direction cosines

Iii:l sA mMaattrllX) (oniy non-zero eiements are stored)

"'･･･ Kl,. matrix

ny･････ A part of K matrix

'''''' KL,p matrix

････t･ IE == 1, problem with initial strain, heat load etc

   IE :== O, problem without initial strain, heat load etc

･･････ x, y, z coordinates of one Joint of i-th member

･･････ x, y, z coordinates of the other joint of i-th member

･･････ P matrix     a
-･････ u matrlx     a
･･････ up matnx

･･････

 u ==: (Uu;l

･･････ Number corresponding to x component at the ith joint

    (Total number of loading conditions done with after sorne

    repeated loops, later)

･･-･･･ Nttmber corresponding to y component at the ith joint

･･････ Number corresponding to z component at the ith joint

･･･d･･ A matrix

-･････ F matrix
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  <II-2) FIow Chart

General Solution of Trusses

START

Readinputdata:

Numberofmembers

Numberofiointsetc

Loopi;lNm

Readthesizeof

amember

Makeapartof

AandSmatrix

Loopi=1-N

Maketheelementsof

Kmatrixby3rows

Wrtte.theelementsof

KmatrixonM.T.

Loopi=1-N

Getbackthee]ements

ofKmatrixfroniM.T.

Assemb]ageofKaaand

Kdimatrix

InversiQnofKaa

'matrlx

Read Pa and ufi

Read IE

IE=1?
No

Yes

Read A l A=iOl･

Pa=Por+A'A

Pa=P"-Kqs'ufi

ua"Klat ' Po i

l'rint F

No
   jdlr NLC ?

     Yes
   STOP

31
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   <II--3) Program (Space Truss Analysis)

begin integer n, m, NCT, F, IVLC, N;

     Readinteger(N); Readinteger<m); Readinteger<NLC);

     n: :IV*3; F: := n-A℃T;
begin procedure' INVERT(M, A) ;

valtte M; array A; integer M;

 begin integer i, 1', k; real pivot, temp;

 for le : =1 step 1 until M do

 begin pivot: = 1. 0/A[k, fe];

  for 7' :･ = 1 step 1 until M do A[k, 1'] : == A[fe, 1']* pivot;

  for i: == 1 step 1 unti! M do

   begin temp:== A[i, k];

    if il le and temp FA O.O then

     for 1' : =1 step 1 until M do

      A[i, ti] : = A[i, 1'] - A[k, 1- ]" temp ;

     A[i, le]:=: - pivot" temp

   end i;

 A[fe, k] : -- pivot

 end h

end INVERT'
            ,

No. 27

Readinteger(NCT) ;

integer i, 7L l, q, r, le, v, zv, L 1'dl, 7'd2, pt3, IE;

real AR, L, LI, sl, s2, s3, il, i2, i3, 1'1, i2, ]'3, ko, E;

array KT[1:3, 1:n], H[1:3, 1:m], S[1:m, 1:3], K[1:F, 1:F],

     KAB[1:F, 1:IVCT], FO, del[1:m], PA[1:F], ua[1:F], ub[1:NCT],

     U[1:n];
integer array B[1:m], D[1:2, 1:m], C[1:NCT];

for i: =1 step 1 until iVCT do

begin Readinteger(C[i]) ; Ci,[i-] : == (fi×(C[i]/100) - 1>"3 -i- C[i] - fix(C[i]/100)'"loo

end; Readreal(E);

for i: =1 step 1 until fn do

begln Readinteger(B[ill) ; Readreal<AR) ; Readreal(il) ; Readreal(i2) ;

 Readreal(i3); Readreal(]'l); Readreal(7'2); Readreal(1'3); L: == sqrt((il - il)i2

 + <]'2 - i2>t2 + (]'3 - i3)t2) ; LI : =: 1. 0/L ; feo : =: AIe'SE*LI; sl : =: (]'1 - iv*Ll;

 s2: == (]'2 - i2)*LI; s3: :-] (1'3 - i3)*LJ; D[1, i]: =:= fix(B[i]/100); D[2, i]:::Bl' i]

 - D[1, i]"100; fl'[1, i]: ==: - sl; H[2, i]: == - s2; H[3, i]: == - s3; S[i, 1]

 : = - sl*feo ; S[i, 2] : == - s2;Sko ; S[i, 3] : == - s3"ko ;
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end; REWIND(2) ;

for i: == 1 step 1 until' N d'o

 begin for i: = 1 step 1 until N do

 begin 7'd3: = j"3; 7'd2:= ]'d3 - 1; 1'dl: =jd2 - 1;

  for zv:=1 step 1 until 3 do

   begiR KI[w, ddl]:== Kr[w, id2]:=-r KI[w, id3]: =O.O end;

  for v: == 1 step 1 until m do

   begin if i -- i a'nd <D[1, vj == i or D[2, v] = i) then

    for zv: =1 step 1 until 3 do

     begin Kl[w, dd3]:== KT[w, dd3] -F H[w, v]'"S[v, 3];

           KT[w, ]'d2] : - KI[w, tid2] + H[zv, v];ptS[v, 2] ;

           KT[w, 1'dl]:=: KT[w, 1'dl] + H[w, v]*S[v, 1]

     end else if D[1, v] =:i and D[2, v] =:j or D[1, v] ==j and D[2, v] =i

    for w: =1 step 1 until 3 do

     begin Kl[w, ]'d3] : == KI[w, 7'd3) -H[w, v]ij`S[v, 3];

           Kl[tv, fd2]:=: K7[w, 7'd2] - H[w, vl"S[v, 2];

           KIr.w, ddl]:=: KI[w, ]'dl] - H[zv, v]*S[v, n

     end

   end

  end; PUTARRAY(2, Kb
 end;

33

then

REWIND<2); w: =;-L Oi

for i: =L- 1 step 1 unti! N do

begi'n GETARRAY<2, KI) ;

 for fe:=1 step 1 until 3 do

  l)egin v: ==: 3*i-3+k; for 1: == 1 step 1 until NCT do if C[1] == v then ge

   to ENDI; zu : -- w -i- 1; r: -- O;

   for ]': == 1 step 1 until n do

    begin for q: im- 1 step l until NCT do i£ C[q] -- 1' then

     begin KAB[w, q] : =: KT[le, ti]; go to END2 end;

     r: --r+1; K[w, r]: -- KI[lk, j'];

    END2: end'
              '
  ENDI: end
 end;

INVERT(F, K);
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J'dl: == O;

CALC : CRLF<8>; Space(20) ; Printstring(`LOADING CONDITION') ; 1'dl : = idl

  +1; Printx<jdl, 1); CRLF(3); Space(10); Printstring(`DISPLACEMENTS');

  CRLF; Readarray<PA>; Readarray(ub>;

Readinteger(LE); if IE == 1 then

begin for i: ==1 step 1 until m do

 begin Readreal(del[i]); if del[i] #, O.O then

  begin Readreal(AR); Readreal(il>; Readreal<i2); Readreal<i3); Readreal(]'1>;

  Readreal<j'2> ; Readreal(7'3> ; L : == sqrt((1'i - il)t2 + (1'2 - i2)t2 + (d3 - i3>t2> ;

  del[i] : =: del[i]/L"AR:geE

  end

 end; r: == O;

 for i: == 1 step 1 until N do

  for k: =1 step 1 until 3 do

  begin l: == <i - 1)'S3+ fe ;

   for 1:=1 step 1 until NCT do if C[f] ==l then go to END3; leo: L- O.O;

   for ]' : == 1 step 1 until m do if D[1, 1'] == i then ko : = ko + H[le, j']:Sdel[1']

    else if D[2, 7']=i then ko : -- feo -H[k, 7']"del[7'];

   r: =r÷1; PA[r]::= PA[r] + leo;
  END3: end
end else for i: == 1 step 1 untii m do del[i]: == O.O;

for i: == 1 step 1 until F do

 begin ko: =:: O. O; for 1': =1 step

  PA[ilm, : == PA[i] - ko

 end;

1 until ArCT do feo : = ko + KAB[ i, ]']*ubtW];

for i: =l step 1 until F do

 begin feo : = O. O;

  for j' : = 1 step l until F do ko : == feo + K[

 end; q: == O;

for i: := 1 step 1 until n do

 begin for f:=1 step 1 until NCT do if i=

 begin U[i]: =ub[f];go to END4 end;

  q:=q+1; U[i]: == ua[q];

 END4: end'
           '

i' ]' ]"

C[1]

PA LI ]' ]

then

; ua t[i]: == ko
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for i: ::-" 1 step 1 until n do

 begin if fix<(i - 1)/3) - (i - 1)/3 -- O. O then

 begin Printstrlng(`JOINT') ; Printx(entier((i - 1>/3) + 1, 2> ;

  Space(5> ; Printstring(`X:=') ; Printreal(U[i], 7)

 end else if fix(<i - 2)/3) - (i - 2)/3 == O. O then

 begin Space(5); Printstring(`Y=='>; Printreal(UEi], 7); end else

 begin Space(5); Printstring(`Zx'); Printreal(U[i], 7); CRLF end

 end;

CRLF(4>; Space(10); Printstring<`FORCES'); CRLF;

for i: == i step 1 until m do

 begin FO [i] : r O. O;

 for ]': ua- 1 step l until 6 do

 FO[i] : == FO[i] + <if ]'>3 then -S[i, 1' - 3]*U[D[2, i]*3 -6+ 1']

                       else S[i, 1']'tsU[D[1, i]"3 - 3 + j']) ;

 Printstying<`MEMBER') ; Printinteger(D[1, i]) ; Printstring(`-') ;

 Printx<D[2, i], 2) ; Printreal(FO[i] - del[i], 7) ; CRLF

 end;

 if ]'dl ¥NLC then go to CALC

end

end;


