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                                Synopsis

   It is known that the function defined by Waish series with monotone coef

ficients is very delicate in a neighborhood of the origin. The purpose of this

                                                 --note is to prove Integrabi!ity theorems for Walsh Fourier ser!es.

               '                             I. Intreduction

    Let the Rademacher functions be defined by

              ip.(x) == 1(O ;s{lx< i12), ¢,(x) == - 1 ('f2 ;${x< 1),

               g5.(x + 1) == g5.(x), g5n<x> =: g6.<2".x) (n = 1, 2, ･･･).

                                         '
    Then the Walsh functions are given by

                   gl,o(x) =- l, gbn(x) -- ipn(1)(X)en(2)'''din(t')(X)

for n == 2n(i) + 2n(2) +･-･+ 2n(r), where the integers n(i) are uniquely determined

by n(i+1) <n<i). As is weli known, {¢n(x>} form a complete orthonormal
 system. Every periodic function f(x) which is integrable on (O, 1) can be expa-

                      -- nded intoaWalsh Fouyier series . .
                                    oo'

  (1) f(X) 'vXan¢n<X>                                   k-O
                                        '                                  '                                             '
 w?2e)re the.c: effiCifntS.arae. /;tVse,,nf(xb)Yip.<x)dx (n .,. o, i, 2,- )･ ', ' '. '.''i' ,i

 If f(x) has <1> as its WFS, we shall set '

                  sn(x) =' sn(x;f) i tt' a,¢,(x)'(n !' i, 2,,i....1>1

                                h=e
                                                                    '     The "Dirichlet kernel" of WFS is defined by' '' "'

                                                                    ' * Lecturer of Mathematics, Faculty of Engineerihg, S'hinshu Unlversity, Nagano. '



  (3) ' ･ ' 'Dbe(X) =' ¢e(X) + ¢i(X) +'''"'+ ¢n-i<X)･

    The size of D(x) is given by

  <4) IDn(x)1 <2/x.
    We write

  (5) lh(x) =: Sg¢.<t)dt <n =: o, 1, 2, ････-･>.

    For basic properties of Walsh functions, the readers are referred to N. J.

Fine (3>. A denotes a positive absolute constant that is not always the same.

                        II. Preliminary theerems '

    To prove main theorems, we shall sta'te the necesisary theorems;

                                                          co    Theorem 1. (S. Yano <5)). If cn;k c..i -> O and the series Z] cnipn(x) con-

                                                         n =O
                                                                 ooverges, save for x=O, to an integrable function f(x), then the series ]Z]cnojn(x>

                                                                n=e
is the Fourier series of .lfkx).

    Theorem 2. tN. JFine (3>). Let

                                   oo
                            f<x) t･- X ak¢k(x)･
                                  k ttO

   Then

                           S,"f<t)dt -- ,X.,aklk(X)'

   Theorem 3. (G. Sunouchi (4>). If f<x)lllkO, s>Oand !:.f<t)dt == F(x), then

                      S,OO(-F--.(M))xm`dx :-}S,cof<x)x'`dx.

   Theorem 4. Let f<x) be a non-negative function defined for x2}iO, and let

be P>1, s<P-1. Then if .f<x) is integrable over (O, oo) so is {x-iF<x>I}Px`,

where F(x)=SX,flt)dt. Moreover, ., .

                . !,CO (FY)]'xsdpu g.(p.. .g- i)'!,oof)(x)xSdx･

   This is due to A. Zygmund <6).

   Lemrna 1. (N J. Fine (3)). If n<x)=!X,¢k(t)dt, then
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                                     oo                 11(x> =: 2-("+2)(¢le,(x) - .X=i 2-rsb2"'r+k(x))

where k =: 2" + k', o ;S kt < 2".

   From the lemma above, we obtain

  (6) l.11,(x)l <i!,.
Lemma 2. Suppose that ai }t}.- a2 )t.-. ･･･ -£F O and

                           oo
                     f(x> = ]E]an¢n(x) e L(o, 1).
                          n=t1
     '
Then we have

                      a2i :whEg 2F(-llTl), l=: 1, 2, ･･････,

where F(x> =!",f(t)dt

Proef

It follows from Theorem 4 that

                     F<x) = !;f<t)dt = Z,oo-.,akfk<X)･

Thus

            F(-liT,) = liOIOI..laklk(-liT,) =- X.,iakJk(-llT,)+,t9.,,"kfk(it)･

By the properties of Walsh functions, we get

                     1)e(-liTt) == -liT, for o ;$ le s 2t - i

                     Jk("llT,)= O for 2i ;$ k< oo.

Hence we have

            F(t/)=2iEitakfk(ii)=:2tT.Ittak>.rA-ilf/L-21#.ii

                  .,, .t.22}i..(2i - 1)kth-;i-a2t-

Lemma 3. If f<x) is positive and decreases in (O, 1>, and an are Walsh

3
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 co(eifficients of f<x>, then rtli 21a3VFe (-;l,) (n E' i;2, ..`･-･>

  (ii) f(&);.Ss2" (n -;O, 1, ･-････)

                            n-1 where F(x) ==!;f<t)dt and sn == iil.llolaM･

Proof '
Since

                111           an "= S, .f<t)ipn(X)dX == Si' f(X)ipn(x)dx + !s..f<x)¢n(x)dx,

                                    'we get

           lanl ::l!11'f<x>dx +Ijl}. f<x)gbn(x)dx

  (7)
              nts F(-ili-) -tm I SI,h.-f<x) gbn (x) dx 111.

                            /.
By the second mean theorem, we have

     Sl:. flx) ipn<x)dx - f(;;)ili¢n<x)dx - f(-ii-) ((n<e) - ]i (-ji-)) (-il- ;s{ g $ i).

                                                '                                              '
Hence we obtain by lemrna i

             [1  (8) lSs..IC<x)ipn(x)dx :$;f(-jli-)(( lln(e)I + [ lh(-jll-)l):sg-ll-f(-jli-).

en the otker hand,

  (,) F(.ii.) .,. S:-'i f<.>d. ;.i,, -;i-f (-il-).

    '
             '
By (8) and (9), we have
                                           '

                         1[
  (iO) iS.i/i.f<x)¢n(x)dx ;s{ 2F(-jl-)･

Therefore, it follows from (7> and (10) that
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                        l an + $- 3F(-ill")'

If we set s2n == tt' ilakl, then we obtain

             h=O

                                        tt
            li2-iak =: ii/--i ! i f(x>¢, (x> dx - !i f<x> ('tLg¢,<x>)dx

                                  1.                == !:f(x)D2n(x)dx == 2" S2,-,--zf(x)dx '

               i,;i;-2"f(Si.) !i't dx - f(;,i,)･

Hence

                  f( i,Ii);Ell S2n.

                         III. Main theorems

 TheoremA. Suppose that ai 2. li;it a2 ). ･･････-> O and

                        eo                   f(X) == il,l..li andin(x)･

 Then for: (i) P}.i.!-..1, (ii) 1--P<r<1;x-r{f<x>}P EM LP (O, 1> i£ and only if the series

                    oo                   X nr+P'2a.de
                   n=1

 converges.
 This theorem is the Walsh-analogue of results due to Y. M. Chen ((1), (2)) and

  G. Sunouchi (4).

  Proof of Theorem A.
  First we shall prove the case P == 1 ln Theorem A. If x-'f<x> Ei L(O, 1), then

  f(x) EN L(O, 1).

  We now set

              F(x) =- S: f(t)dt, H(x) -= !",if(t)ldt.

  Then we have by lemma 2

        co oo 2n+lml co 211+1
       ,X,."inr-'ian=]I,lll=ohlE.]1-2.kr"iak.<]i,ll.]oa2'tjX,..,2.fer-'i



                  oo oo  (11) :-E{: A,l,EI.. ],2't ra2n;ligAil, ll.,, l2"rF (lli.) --e AS) f<x>{dx

              ;I;l Ai,ii..l,2nrH(S}.) + A ili f(x) l dx.

On the other hand, we get

                           ±-  a2> !;[Lg.-X-']x-rd;v-;,IIial,!tXli("Y')x-rdx

and

             11  <i3) !i.iii.i..1(HY)lx'"rdx ki H(S.T)St/li`ll;,:x-rHidx ;.k A2nrH(;.).

By <11), (12) and (13), it foliows that

               co co              ,1=,n'-ia. ;:S A,:,II..], 2"rH(;.,) + A S: if<x){ dx

                             1
                     ,sAi,l;.gs///tt,1`{glY'i>}x-rdx+As:if(xxdx

                     ;$Ail(I･l-.<-X->]x-rdx + A!) f(x) i dx < oo,

and so the necessity of the condition is established.

To prove that the condition is sufficicient, we observe that

     lf(x>I :stt/tak -}- L.-£rr,.,akipk(x)l :gs.'i` +4xElt't, (s.' == Ili.l],ak).

Then we get

                                 11                 i f(x) I ISI ASn*, fO' . + i'S X <TJI"

Hence we have by Theorern 3

                           11                        oo --- oo           Sg x-;' if(x) j dx == thl.ll-, jllll,,, ,x"r if(x> j dx i!S Ail,l..], sn 'tcilil..-,x"rdx

No. 24
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                        oo co                    ;SllA]E) s.*((n + 1)r-' - n'-i) ;I-sg A]E]nr-2s.*

                       n=1 nMl
                    ,. A}I,li..lnr-t ( S,",* ) == A S,m,nr"ian < oo･

If we use Theorem 4 in place of Theorem 3, the remainning case is proved by

the similar method to the proof of the case P =: 1 in Theorem A.

The following theorem is the dual for Theorem A.

Theorem B. If f<x) is positive and decreases in (O, 1), and a. are Walsh-Fourier

                                                            cocoethcients of .f<x), then for : (i) P 2- 1, (ii) 1-P < r < 1 ; the series X n"P'2 I a. IP

                                                           n"1
converges if and only if x-'flx)P Eii L(O, 1).

Though our method of proof is essentially the same that is used in Theorem

A, we shall prove this theorem for the convenience of the reader.

Proof of Theorem B.
We shall prove the sathcient condition. If･we put F<x) == !:f<t)dt, then we get

by Theorem 3

                    s; [F£X)) x-rdx == -il} S;x"" rf<x)dx.

Therefore, we have by lemma3

                                    i
             oo > !:F(x>x-!-"rdx = Il,ill. ,Si'i-;i'F(x)x--t-rdx

                                   i'-

                          ..1wo.
               }.ir:,Ii].i.l,F(-il;-)!";ix--i-rd.

                          T

               =>=--A;,li..l, F(-ill-)(nr - (n - or)

               k. Al,ew2F(-ill-)nrmi kL A tli.lll nr-" a. I ･

Next we shall prove the necessary condition. If we set

                 a(x) == la.i for n- 1:-s;:x<n(n : 1, 2, ･･･)

                 s(x) = !: a(t)dt,

then the finiteness of #,=inr'iia.l impii,es the finiteness of ioO"xr'-ia(x)dx.
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 By using Theorem 3, we obtain

                             '                                    '                                          t/t
  (14) !,co(S(i)lxr-idx == llrS,Oea(x)xr-idx<oo.

                    '                                    /
                                            /

                   '                                     '            !r( S(xX>]xr-ldx m jocos(x)xr-2dx 2i.l SIO' Os(x)xr-2dx

                            co 2n+1 oo 2n÷1 '  (i5) ' ･ . == ill.l)oS2. s(x)xr-2du llii;,ll.,,]os(2") Si.. xr"2dx

                                                  '                         .x.>,.ww..A;l,ll..,2,22".rs(2n).

On the other hand, since flx) is monotone and s2'i ;SAs(2"), we have ,.

                            11            !:x-rflx>dx=t2.l],ji.il.iiixmrflx)dx:ig;,l}=,f(tt)Sti'x-7dx

                            2 ptn
                     ;:g;Ai,il..1,-2,-:Lf(l;.,)gA.zOO..],-g,'Ls,n

                                               '                     ;SiAII,ii..i,--g-II-s(2n).

By (14), (15) and (16>, it follows that

                                                       '
            S i x-rf(x) dx :$AS,OO(E-?t)lxr-idx ;s;{ASoooa(x)xr"idx < oo.

Hence the case P== 1 of theorem is proved. The remainning case is also done

by the same method.
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