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                         1. INTRODUCTION

  The slope-defiection method was first proposed by W. Wilson in 1915, and

has been widely used for the analysis of rigid frames. It usually ignores

the member elongation, and only the bending behavior is transmitted through

nodal points by assuming the rigid connection. Tkis is suthciently coryect

for simple structures such as portal frames, but complex structures with

many bays or stories should cal! for further scrutiny.

  The prevailing procedure of the method is first to exhibit a system of

equilibrium moment, and shear equations, the Qrder of which iRcreases with

the number of bays or stories. F. Takabeya gave a systematic tabulation of

the simultaneous equations which is widely adopted for use in Japan. In

order to solve it, however, the iterative procedure has been usually recom-

mended, so that time and labor rapidly increases with complexity in

strttctures.

  The present paper shows an operational procedure for topological configu-

ration of structures by introducing the concept of sections or uRits, wherein a

recurrence formula can be derived and no simultaneous equations are neces-

sary.i) This can be attained merely,by a clue rearrangement of rows and

columRs of th.e large size coethcient matrix of simultaneous equations, which

results in a tridiagonal matrix. However, no exhibition of the tridiagonal

matrix is necessary, and hence it will be not given herein. The approach

proposed then will result in saving time and labor for treating xigid frames

consistiRg of many bays or stories. It is to be added here that the orthodox

*

'if'i;

Assistant

Nagano,

Professor

Nagano,

of Civil

Japan.

 of Civil

 Japan.

Engineering,

Engineering,

Faculty

Faculty

of

of

Engineering,

Engineering,

Shinshu

Shinshu

University,

Universit}r,



l4 N. YosHuAwA and B. TANi",!oTo

operational procedure, allowing the member elongation, as well as its

£an be formulated directly for rigid frames by beginnlng with general

for goverRing differential eqttations.
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                         2. BASIC CONCEPTS

  A part of aplane rigid frame is shown in Fig. 1, wherein several symbols

of physical quantities to be adopted for use in the subsequent discussions

and the forces at mernber ends and their positive directions are illustrated.

By the usual assumption of iRextensibility for members, the prevailing slope-

deflection equations2) are as follows:
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 For the vertical member (Y.,>:

        [illl,] i, - k,vs[ li ll ][g'll Jl' S] + fe;'s[ l ]gb, + [ [i ,] i,･

[g,]i,::L- [:,]i, - -3khtl'-s[l l][9s;.i's] - :g-khl'{ 11 ]e, - fi;[ 11

 In these equations, the following symbols are used:

                             h                                         v                      le fr's ": t'A' rh'V'i, le ll,. .,, tts,

                   Kk's =- t2'-,?S･ Klls =" i';'･ Kb =: {i･

        gr-i,s := 2ErK6er-i,s, grs r- 2EKbers, gr,s+i ::=:

                           93r uarm -6EKhRr.

  Here kfi.,, kf., ::= the rigidity ratios, K,h.,, K,"., =- the member

 =the standard rigidity, I,h.,, IS, = the momentsof inertia, ls,

lengths, E:=Yo.ung's modulus, 0r-ks, 0rs, 0r,s+i == the

member rotation angle, Mle,, Mllg, M,".,, Mil.: =2- the end

S,V.,, SY.g ==the end shears, Ce.,, C','g, CY.,, C,V.g=:the load

moments, and V,h.,, Ve.g, Vi{,, Vjtg ==the load terms for

provided the primed quantities represent end x = ls or hr,

quantities end x =: O.
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<3)

(4)

(5)

(6>

2EKher,s+i, (7)

                  <8)

       rigidit2es, K6

     hr = the member

 slope angles, Rr :='=- the

  moments, S,k･,, Sil3,

      terms fo'r end

     shearing forces,

    and the unprimed

                   3. EQUILIBRIUM CeNPITIONS

 A three-span multistory rigid frame will for example be treated. In Fig. 2

is shown a part of suck a system. The concept of the unit will be introduced

iR the subsequent discussions, vgrhich is composed ef nodal points on the hori-

zontal line, intervening horizoRtal inembers between these points, and vertical

members connecting their lower ends with these nodal points. The rrioment

equations at nodai points of the (r-1)-th unit, and the shear equatioR for the

upper portion of the structure cut out by the r-th plane can be put into the

following matrix equation:
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or

               L'r-2Xr-2 + iVl'r-IXr-1 + N}'Xr + Kr-1 = O.

Here, the following constants and matrices are to be defined:

 Nodal constant:

    1'r == 2Z](rigidity ratios of members connected at the r-tk node).
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 Story constant:

     fY- = -Z-Z(rigidity ratios of vertical members of the r-th unit).

 Load-matrix:

           - C;ILi,o+ C,h･-i,o+ C,V･o-DZr-i,e -
                 c4'-Li,o -f- CY:i,i + CILi,i + CY･i - E!]lr-i,i

                 cSfL,,, -t- c,"-L,,2 -t- cS･Zmi,2+ c:2 - Ml,nti,2
     Kr-1 ==
                   c4.'Li,2 + cY･Li,3 -p C:3 - EDtr-i,3

           --}[(co + c'o + Ci ' CL' 1,,C,2,'.CVZ ". Cv'2 '. CVg)'li + h,･p,･] -

 Eigenmatrix:

                     Xr == {rpe 9! 92 93 ip},-･

17

(12>

(13)

(14)

                       4. SHIFT FORMULAS

 In virtue of Eq. 9 or 10, the eigenmatrix of the r-th unit can be repre-

sented by the eigenmatrices of tke two lovLrer units as follows:

                 Xr =tr-2Xr-2+Mr-Xr-1+F?Kr-1, (l5)

in "rhich Lrne2 and MrHi are designated as the "shift operators, " and F･r as the

feed operator to the eigenmatrix Xr, since the eigenmatrices Xr--2 and Xrmi

are to be shifted to Xr by the shift operators, and the load-matrix Kr-i is

to be fed to Xr by the feed operator, respectively. They are given as follows:

                        Lr-2 == nv N,1 iL;-2, (16)

                       fVlr"i ==-N,1 itVl;-,, (17>

                           Fr ==: ww NFi. (18>

Here the matrix N.rmi is square and nonsingu!ar, and its inverse is given by
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                        fv                    1-- 1 1                                           1                                                   -1
                        2ko ･

                       1 1-f 1 1 -1
                               2fe1
                2          -1        Nr =em'J'?. i i i-s2tE i -i' (i9)

                       1 1 1 1-i -1
                                            2k3

                      -1 -1 -1 -1 l,
  In this way, the above operators can be evaluated.

                 5. LOWEst BO{JNDARY CONDITION,

  The lower boundary condition is given by the shear equation at the first

unit. Assuming that all the lower ends of vertical members of the fiyst

unit are built in a rigid foundation, the shear equation of this unit becomes

     Lko ki k2 k3 fll{coo soi go2 sD3 sb}i

                                +LO O O O IJK,=O, (20)

provided the ioad-matrix Ko is in this case given by

       Ko == Io o o o -l]- [<co + Cro + Ci + Cfi + C2 + Cr2+ C3 -t- Ct3)Z

                               - h,(Vb +･ Vi + Ii2 + Vb)X + h,Pi]l (21)

Then the order of the eigenrnatrix Xican be degraded to 4-by-1 as follows:

                                          '
                         Xi =:= Ui9+ptiKo, (22)
in which

        -f oo o-v -o ooo o-                                     -9o-

Ui == }'/1 O O f O ,£ == :l , Fi ==-- O O O O O
                                      J

                                    I-g3-i 1
          -feo -kl -fe2 -k31 OOOO --
                                                                (23)

v

1
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                      6. SHIFT OPERATIONS

 Eq. 15 holds for three arbitrary consecutive units in a structure, and is

called the "recurrence formula, " or the "shift formula. " By the yecurrent use

of this equation, al! the eigenmatrices of the structure can be completely

represented by the current-matrix 2 as follows:

                    Xi r Uia ÷ FiKo,

    X2 = MIUI 2 + MIFIKo + F2Kl ::= U22 + LVo Vlj 2{Ko Xl},

                       ------f

Xr == [Lr-2U7'-2 -i- Mr-IUr-1]2

   + [Lr-2Vr-2,o 'l- Mr-IVr-1,o]Ko -i- [Lr-2Yr-2,1 rrirm Mr-IVr-1,1]Kl + ''

   + [Lr-2Yr-2,r-3 ÷ Mr-Nr-1,r-3] Kr-3 + Mr-IVr-1,r-2Xr-2 + FrKr-1

   == Ur2 + LVo Vl ''' Vr-IJ., {Ko Kl "' Kr-1},

                       ------}

   Xm-1 == U,n-12 + LVo Vl "'Vin-2j,n-1{Ko Kl '''KnE-2},

X,n rm Um2 -i- LVo Vl '''V,n-2 V,n-dvn{Ko Kl '''Kin-2 Kin-1}･

(24)

(25)

<26)

(27)

(28)

                 7. UPPER BOUNDARY CONDITIONS

 The upper botmdary conditions of the present system ai-e given by rnoment

equations at the top nodal points, (m,O), (m,1), <m,2), and (m,3), which can

be put into one matrix equation

                m 90 . h .- 90                            -YmO le ,nO O O fti me-feo o o o              Ov
 o ki o o o 9i le;s,, ]･.,, leii,, o le:,, 9i
 o o fe2 o o S02 +' o le,i;,i i.2 lei;,2 le;t.,2 902

                   S03 h.v S03 O O O fe3 Om                                        le m2 fm3 le m3-                              oo
"" -sb-in-1 -
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                           c.".'o + CAiio - E})t"to

                       Cl;o + C?"i;i + CfzZti - EI]}l?ni

                                              =O, (29)                    +                       C;j;i -l- C#I2 + Cf;,2 - set.2

                          c5S;, + C9,l3 - El)t.3

or

                    L'7n-IXm-1 + tVl'?nXin + K,n =O. (30)

Substituting from Eqs. 27 and 28 into Eq. 30, the current-matrix 2 can be

determined as follows:

                  '
     2 == mu [L'}n-IUvn-i+lva'mU,n]-i× [L'm-iLVe Yl'''Vm-2 O OJm-1

          -l- Mt., LVo V! ･･･ Y.,mi OJ., + LO O ･･･ EJ]

                               ×{Ko Kl'"K"z-2 Km-1 Kjn}, (31)
or

       2 = LGo Gl ''' G7n-2 G?n-1 Gmj

                           ×{Ko Kl'''Kin-2 K,n-I K,n}, (32>
or

                           2=: LGJ{K}. (33)
  The first factor on the right side of Eq. 33 is called the "geometry matrix, "

which can be evaluated from the geometrical configuration and material

properties of the $tructure. Thus, the solution can be obtained in the･desirable

form in which the load-matrix is separated from the geometry matrix.

   For the practical application of this method, it will be recommended to

consolidate the solution of the system considered in the form of Eq. 33,

since the evaluation of physical quantities can at once be obtained from the

geometry matrix.

                   8. MODIFIED SHEAR EQUATION

  Taking the portion Bear the nodal points of the (r-1)-th unit as shown in

Fig. 3, the shear equation is given by the form

                   33
                   £[Ss]"r- ]E] [SsVLi mi- Pr-i=O, (34>
                   s==O s==O
                                                                  '
in which Pr-i == the summation of the horizontal loads applied at the (r-1)-

th nodal points.
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  The equilibrium conditions of the (r-1)-th unit can also be consolidated in

one raatrix equation which is similar to Eq. 9, from which the shift formula

will be derived. The inverse which is necessary in this case is given below:

                       -1
    -feo OOO ko-V -lmZ 1 1 1 -h"-V
                                    2he                O ki        ki 1l- ,(il i 1 -h     oo
                                           2fe1 -L     OO k2 o k, 2     :, 2, 2, Zg k,3 =ve)?' l l '-,L12,-'-,f,,IZ' `35'

     hhhhhr -1 -1 -1 -1 hr

                           9. A]PPLICATION

  As a simple appllcatlon of the above discussions, the analysis of a rigid

frame consisting of three spans and four stories will be treated. The configu-

ration and the loading conditions are illustrated in Fig. 4. Referring to this

figure, it can be seen that the entire deformation of the frame becomes

antisymmetric, and hence sixteen unknown slope angles at the nodal points

can be reduced to eight. Consequently, the eigenmatrix of each imit is

reduced to an angleof member rotation and two slope angles. Tkerefore,

the upward shift operation is performed by a 3-by-3 shift operator, and the

final treatment of the problem requires only a 2-by-2 inveyse.

  In Table 1 are shown the results obtained from both the operational method

and the prevailing iterative method. 3) In the latter procedure, computation

was carried out six times repeatedly. From Table 2, it can be observed

that the operational method gives accurate results with much less time and

!abor.
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Table l. Results Obtained.

Unknowns

9io

CO1i

gbt

(A)' By ItE'rative

    Method
 lo. 2e

  6. 35

- 34. 05

l

92o

92z

¢2

93o

931

¢3

E

94o

941

gb4

  8. 10

  5. 53

-38.40

  4. 71

  3. 12

-28. 20

  1. 83

  1. 07

-13. 10

(B) By Operational
    Method
 (Two Decimals)

 10. 27

  6. 38

-34. 16

  8. 11

  5. 56

-38. 57

  4. 70

  3. 12

-28. 18

  1. 82

  1. 07

-13. 07

'(C) By Operational

    Method
 (Threg. Pecimals)

 10. 274

  6. 385

-34. 160

  8. 107

  5. 559

-38. 575

  4. 700

  3. 117

-28. 183

  1. 822

  1. 068

- 13. 065
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   Table 2
'

Method

 Errors

for

in

Displacement Analysis

Cheek Calculatien.

  Equations

Shear (lst):

Moment (1,O)

Moment . (1, 1)

l
I
,
.

Shear (2nd' ): '

Moment (2,O)

Moment (2,1)

(iil) ''By IIeiat'ive

    Methg,l
 o. og'

-O. 26

-O. 17

I

l
I

I
l
I
j

l
]
t

Shear (3rd):

Moment (3,O):

Moment (3,1):
s'hear (4tK):

Moment (4,O>:

Moment (4,1):

 O. 1'i

 O. 04

-O. 04

-O. 05

 e. ol

:O. 04

-O. 02

 o. oo

-O. 02

(B') 'gY bperationil'

    Method
 (Two Decima,ls)

I'

1
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(C'>"-'B'i"'ttpera-t-'i6fi'h'iin

    Method
 (Three Decimals)

-O. 02

-O. 03

-o. es

o. oo

O. 02

O. 02

O. Ol

o. oo

O. 03

 o. oo

-O. 02

 o. oo

-o. eo2

-o. oe2

-O. O05

o. eGo

o. eoo

o. oe3

 o. ooo

-o. oe2

 O.O02
 o. 66' i

-o. oeg

-O. O09

                          10. CONCLUSIONS

  In the proposed operational procedure for the slope-defiection equations,

the following notes are to be given:

  1. For the rigid frame ana}ysls, the concept of the constituent unit is

introduced. In virtue of the equilibrium conditions in a unit, the shift

formula for three consecutive units is obtained.

  2. By tke recurrent use of the shift formula, all the unknowns of slope

and member rotation of the system can be represented by the current-matrix

which consists of the elements of the first unit eigeRrnatrix degraded by the

}ower boundary condition.

  3. The lower boundary condition is given by the shear equation of the

first unit, which results in the forrnation of the current-matrix from the

first unit.

  4. The upper boundary conditions are given by the moment equations of

the top nodal points of the system. The current-matrix is determined by

these conditions. Therefore, the order of inverse necessary for the final

step of the operation is given by the number of the top nodal conditions.

  5. The number of unknowns in the rigid frame analysis caR be extremely

decreased by this method, and in addition, accurate results are obtained

with less time and labor.
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                      APPENDIX. -NOTATION

The following symbols have been adopted for use in this paper:

    C == load term £or slope-deflection method, see Eqs. 1 through 4;

   E := Young's modulus ;

    F =: feed operator, see Eq. 18;

    f= story constant, see Eq. 12;

   G ==geometry matrix, see Eq. 32;

    h = length of vertical-like member;

    l = moment of inertia '
                         ,
    1' -- nodai constant, see Eq. 11;

   K == member rigidity, see Eq. 6;

   K =load-rnatyix, see Eq. 13;

    le = rigidity ratio, see Eqs. 5;

    L ==shift operator, see Eq. 16;

    l = length of horizontal member;

   M=:: end moment of member, see Eqs. 1 and 3;

   iVl == shift operator, see Eq. 17;

   Erft =: external nodal mornent, see Fig. 2;

   m == order number of the top nodal points of frame;

   N =operational matrix, see Eqs. 9 and 10;

   Pr == summation of horizontal loads above the r-th plane, see Fig. 2;

 Pr-i == summation of horizontal loads applied at the <r-1)-th nodes;

   R mangle of rotation of member, see Eq. 8;

    r == symbol representiRg the story order;

   S == end shearing force of member, see Eqs. 2 and 4;

   s = symbol representing the column or span order;
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  U == consolidated operator for current-matrix, see Eqs. 23 through 28;

  V =load term for the end shear, see Eqs. 2 and 4;

  V =consolidated operator for load-matrix, see Eqs. 25 through 28;

 Xr == eigenmatrix of the r-th unit, see Eq. 14;

  0 = siope angle ;

  g= modified s!ope angle, see Eqs. 7;

  ip == modified angle of rotation of member, see Eq. 8;

  2 == current-matrix, see Eq. 23;

  Jmrow vector; and
  } = column vector.


