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                             SYNOPSIS

   Integrability theorems for trigonometric series have been researched by

B. Sz-Nagy (2), P. Heywood (4), R.P. Boas (3), M. M. Robertson (6) and so

on.

   The purpose of this note is to obtain certain analogues for Walsh Fourier

series of M. M. Robertson <6) concerning the lntegrability of trigonometric

serles.

                          INTRODUCTION

   First, we begin with some notations and definitions :

   The Radernacher functions are defined by

     ¢o (x) == i (o;:g;x<-IL ), ipo (x) = -i(-l-sx<i)

                     22
     ipo(X) == ipo(X+1>, ip.(x)=¢e(2"x) (n=: 1, 2, ･･････).

The Walsh functions are then given by

     9be (X) =' 1: din <X) = ipnl(X) ¢n2(X)''''''S5nr(X)

for n=2"i+2"2+･･････+2nr, where the integers ni are uniquely determined by

ni+i<ni. Walsh proves that {¢.(x)} form a complete orthonormal system.
   Every periodic function f(x) which is integrable in the sense of Lebesgore

on (O, 1) will associate with it a Walsh Fourier series

           oo
     f(x) tv X ak¢k(x)
           le..o

where the coeMcients are given by

     ak==S:f(x>¢k(x>dx, (k =o, 1, 2,......>.

   We write

     lk(x) == Sg ip,(t)dt.
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    For basic properties of Walsh functions, the reader is referred to N. J.

Fine (1). Finally, C denotes a positive absolute constant not always the same.

Though our method of proof is essentially the same as that used by M.M.

Robertson (6), we shall prove these theorems for the convenience of the

reader.

                                 I

    Theorem 1. Suppose that O$rp(x) eL(O, 1), f(x) EL(O, 1) and

      ak == Soif<x) ipk (x) dx, for k == 1, 2, ･-････.

If n(x) f(x> EL(O, 1> and if also there is a positive number ti$1 such that, for

all t in O<t;:E{ 6,

  (i.o t-i!gv(x)dx ;:{ co(t), !jx-iq(x)dx ;$ cq(t),

then the series

              ,zO=',a,Sgikrp(x)dx

is convergent.

Proof

For every positive integer N greater than {min (1,ti)}m2, we have

  (i. 2) ,Z"=, ak Sgik rp(x)dx -,>"EII=. ], Ii f(t) ¢,(t)dt Sgikn(.)d.

                     = !: f<t> (,£".., ipk(t) !gikrp(x) dx] dt.

We write s == AT"-', C= sS == N'"S and note that O < e < g < min (1, ti). Since

            [ !S!kv(x) dx ]

is a positive decreasing nuli sequence, the series

                   11k            oo            i-,¢k(t)i, rp(x)dx

is convergent for all real valued oftin O<t;$; 1. By (1.2), we obtain

            ,;NI]pt, a, !gik,(x)dx =: !gf<t) I ,z".. ), di,(t) Igik ,(.),i,,]d,

                       -r S lf(t) ( ,xO..e,di,(t) s:ik ,(.)d.] d,

 (1. 3) e Si f( t) I, tOMO ,¢,(t) S:lk rp (x)d.] dt



Ne. 21 Integrability theorems fer Walsh Fourier series 3

                       - sc f(t)(,tl;.,¢k(t)!g/ic rp<x)dx)dt

                       nd Sif(t)[,tfu.,¢k(t)!gikq(x)dx]dt

                       = Ii + I2 - I3 - l4 - Is, say.

We shall complete the proof of the theorem by showiRg that, as ,N teRds to

infinity, J2 tends to a finite limit and Ii, f3, I` and Is tend to zero.

   We write T rr (t-i), A=: (6-i). By Abel's leinma and (l.1), we have, for

all t in O<tSO',

                            '       [ ,tl., ¢,<t) !gik v (x) dx ;g , tLil.1 , SSf"rp(x)dx + !g rp (x) dx..,.'?.a,t. .-. ,tl.,¢k (t)

  a 4) is; T!SiT" 'v(x)dx +,tl. ,kS l,ii., if(x)dx +8- Sgq(x) dx

                        ;:ill ctmi !g,7<x) dx + c Sil.., x-iq (x )dx ;:E{; c,7 (t)･

It follows from (1. 3) that

                         N              Ui l == i Sg f(t) ( lll.l, ip,(t) Sgite ,(x)d. ] dt

  (i. s) ;::{ !3 f(t) IA S:o(x) dx +crp (t)l dt

                $e sglf(t) f dt + c sg,<t)lf(t)ldt.

Since f(x), T(x)f(x) cL(O, 1), li--O as E l O, i.e. as AT-oo.

By (1.3) and (1.1), we have

       V3 l == Sif(t) (,ti.,¢,(t) SSfkq(x) dx) dt

         ;s{ c!ilf(t) l-l-dt !gv<x) dx

         s c Sigf(t) i (-l- Sgq(x) dx ] dt

         $CSi?(t)lf(t)Id4

and thus I3.0 as N-- co. By (1.3) and (l.1), we have



       IIsl == Si.f(t> (,ti.,¢,(t) SSik,(x>d.]dt

          g c Si [ f(t) l t-i dt !g v(x) dx

          ;g c!i. ]f(t>l dt !grp(.) d.

          g-i{ c Sgn(x) dx,

and thus Is-O as N- co. From (1. 1), we have

  a ,) ii rp(t) dt llii !i ,(t)dt lli csi (t-i sg, (.) d.) dt

                            l c iog(s"le) !8v(x) dx･

Hence it follows by (1.3) that

            l i4 1 - Si f(t) (, tN. ,¢,<t) S8i" ,<x) d. i dt

               $ c sl lf(t) I i-i dt sg,(.) d.

               ;;$; c ( log (qs) ]-i Sl f  f(t) 1 t" dt !`, n(x) dx

               #s c I log (."IE> ]'i Sls f(tM (t-i Sg rp(x) dx ] dt

               :sl c [ iog (."ls) ]" Sg v(t) l f(t) i dt

               s{g c I log (,"!s) ]-',

and so I4-O as N- co.

From (1.3), we have

               oo     i2 = Sif(t) ( i, ¢,(t) SSfkrp(x) dx 1 dt.

For all t in Osg t sg 1, we have

     ,lzOO..),¢,(t) !gkv(.)d. =< c -l- S:rp(x) dx

                    :E{ C t. Si rp(x) dx {s; c,

and, for all t in O<t;${ 6, we have
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                '
  (1.7) ,ZO..O,,gb,(t)!gf"rp(x)dx ;::{cD(t) -i-c

by (1.4). Therefore

            Sif(t) ( ,xOmO,¢,(t> SXk rp(x) d. ]dt

exists as a Lebesque integral and so I2 tends to this finite limit as N- co,

q. e. d.

                                 I[II

Theorem 2. Suppose that rp (x) is a positive monotone decreasing function

for O<x:he{: 1, f( c) E L(O, 1) an(i

            ak =: Sgf(x) ipk<x) dx, for k == 1, 2, ....

If the series

            kXoo.., 1 ak l SS/'"rp(x) dx

is convergent and if also there is a positive number 5Sww1 such that, for ail

t in O<tSb,

  (2. 1) t-i Sg rp(x) dx i:Slcv(t),

then the integral

            SLo u<x> f(x) dx

exists as a Cauchy limit.

For the proof of this theorem, we require the following lemma.

Lemma. If we write fe == 2" + fe'(O$fe' <2"), then we have

            lk(x) == 2"(n+2) (¢kt(x) - X.12-"gb2n+r-t-2n+k, (x)].

This lemma is due to N. J. Fine (1>. From the above lemma, we obtain

                          oo  (2. 2) 11,(:c)1 :$ 2-("+2) X2-r = 2"(n+i)< y,.

                          r--O

Proof of Theorem 2.

 Let e be any positive Rumber less than min (l, ti). We write NM (e-i), M rc

(e-S) and



            g(x) -= f(x> - !iflt) dt - ,xN., ia,¢, (x).

Then we have

            ilrp(x>flx)dx == Igrp(x> k=N..,akdik(x) dx - Sgrp(x) .k, ak ipk(x) dx

  (2･ 3) - !gn(x) ,thi.,ak¢k(x) dx + Sln(x) dx Sgf(t) dt

                       + !l rp(x)g(.) d.

                       == fi -h-h'+k+k, say.

We shall complete the proof by showing that fi and A tend to finite

aBd h, k and lh tend to zero ass decreases to zero.

Since v(x) E L<O, 1), clearly

            k - jg,(x)d.sgf(t)d,.

Next, we have

            i jiq(x)¢k(x) dx l == jS/kq(x) ipk(x) dx + ili,rp(x> ipk(x) dx

  (2. 4)

                         s. iXk rp(x)dx + Ilf, rp(x) ¢,(x) dx .

On the other hand, we have

    ' ' SL, rp<x)¢k(x) dx == q(ilk)Si/, ipk(x)dx (!!k :.se:$ i)

                        =- ty(ilk) [ILi(x)]if, =: rp(i!k> [lh(g) -h(ilk)]

by the mean value theorem. Hence we have by (2. 4) and (2. 2)

            l !i v(x) ip,(x) dx ' ;ilil Sglkn(x)dx + rp(i/,) ( v, <6) l + i ,lk (ilk) i ]

                         ::ig Sgf"rp(.)dx + 2trp(il,)

                         ;$ ig/"7(x)d. -l- 2SSIk?(.)d. s , ssfk rp(.>du.

Since
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            oe           ,IZ. ]-,1afe I!:ik rp(x)d.

is convergent, it follows that

           k]ZOO.. I ak Si q(x) ¢k(x) dx

is absolutely convergent. Therefore, by <2.3)

           1i == e{Nl=, ak S:q(x) gbk(x) dx - kZco..i ak Sgq(x) gbE(x) dx

as N--. oo, i. e. as s S O.

It fol]ows from (2. 1) and (L 6) that, if g==ee,

           Si rp(x)dx l c log <."-1,) sg v(x)d..

By (2.3), we have

                                   Bd'                      Adi
            lll][:== Sgv(x),£.-,ak¢k(x)dx E.i;iil.l,lakI!grp(x)dx

                         :s c (iog (selE) ] -i klMIi.. ]v a, 1 !i rp(x> dx

                        :-i{l c( log (cl,) )-i kzO=ei1a,ISg/k ty(.)d.,

and thus h-,O as eJO. From (2, 3), we have

                       NN            l jr3 1 -- Sg v(x) k .IIIMilll.n aksb k<x) dx ::li fe ..-.V+ " afe l !gn<x) dx

                                      N                                  ;:;i k.. iR." ant !g/kq(x) dx

and so h-"O as e+O.

Since f(x) E L(O, 1), it is clear that g(x) E L(O, 1). Then if

           ¢(x> =: !g,(t)dt,

we obtain

  (2. s) !i rp(x>g(x)dx = v(1)¢<l) - n<E>di(s) - !l rpt(x)di(x)dx.

7

l



On the other hand,

             oo
            ]lli] ak¢A(x)
           h=tN+1

is the Wa]sh Fourier series of g(x), it may be integrated term by term

whether it converges or not, and then we obtain

                  oo
           ¢<x)= X aklk(x)
                k==N+1

for O S. x ;$ 1 (see (1)). Therefore

            rp<s) ¢(e) ;:s rp(e),tN.,1akH11e(x)l S- q(e),tbe.,"ili-lak]

                         zSl fe ti.l ak 1 i o( 'lk)

                         $ ,tN., 1 ak l Sg/krp(.) d.

and

            q(i)op(i) S. rp(i),tfu.,1akllh(i)iS-,tk.,lakltrp(i!k) '

                                     5 ,ti., l a, 1 Sgik rp(.)d.

and so, both rp (E) di (6) and rp (1) di (1) tend to zero as e,i,O. Next, we obtain

            !irp'(x)di(x)dx :S Sirp'(x)dx n,2.a.xg,¢(x)

                         :-Srp(e),--XONO.,IakHlk(x):-!i!rp(E),tbe.,-jl-1aki

                         i:ii fetN+" ak I -ili- rp('lk) $ ktbe+, [ ak 1 St/h rp(x)dx,

which tends to zero ase"O. Thus, by (2.3) and (2.5), h->O ase"O, q.e.d.
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