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SyRopsis. In this article, we propose the existence of some dispersive Rayleigh-waves

propagated within the superficial layer of two-dimensional layered media. They are not

only M-waves and Mti-waves taken as the unique solutions whenever some physical

constants are given, but also the other elastic waves propagated with some slSde at the

junction. If we regard M-waves and Ml.-waves with no slide whatever at the junction as

the upper limit, we may regard soine elastic waves with such slide that makes the strain-

energy of the whole elastic system minimum as the lower limit. In this article, we shall

find the lower limit and illustrate the solutions of such elastic waves are not unique but

exlst ln certaln ranges.

                             1. Introduetion

    In the historical studies of elastic waves, we can find the studies that

RAyi.EiGH gave in 1887 the elastic waves propagated over the surface of seml-

infinite medium without any layer with a velociey and the waves of this kind

are called "Rayleiglz-waves, " and that LovE published in 1911 the waves prop-

agated within the superficial layer of semi-infinite layered medium whose

particle each was horizontally moved in normal to the progressed direction,

and he illustrated the dispersion, that is, the wave-velocity increased as the

wave-length increased. The waves of this kind are cailed "Love-waves." In

1924, SToNELEy researched any kind of waves which were called "Stoneley-waves"

and propagated along the bottom of the ocean. In 1927, SEzAwA showed the

plane waves of Rayleigh-wave type propagated within tke layer of semi-infinite

layered mediurn, and he called them the dispersive M-waves. In 1935, SEzAwA

and KANAi published M,)-waves which were not the higher order of M-waves

but Lthe other waves, and theR full paticulars were also given to these

natures.
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    Thus we have been able to give many elastic waves investigated in the past,

but all these have been solved under the con.tinuous conditions, that is, at the

junction the superficial layer and the lower semi-infinite medium are not

strictly separated and no slide is allowed to either of them. TANiMoTo has

maintained the other idea with respect to the continuous conditions of such

contact problems, namely, thoug'h any separation in the vertical direction at

the junction is not caused tentatively, we can not affirm that any discrepaRcy

in the tangentia.1 direction which takes place so that the strain-energy oi" the

whole system may be minimum is not always caused. If we a/.pply this idea to

the problems of eiastic waves, we shall not have M-wcn.ves and M2-waves as

the soluLLion.s, btit we shall have the other elastic waves propagated causing

some slide and allowin.g some discrepancy of tangential displacements. This

idea has by far more ui?,iversality as one of the continuotts conditions.

    Thus we shall appoint the new lewer limit called Mle-waves and A(Lt,)-waves

if we assume M-waves and Mh-waves as upper limit. As these waves are

treated as the `Lwo-dimensional problems, we can net criticize three-dimen-

sional seismic waves, but basing on the idea, if we apply itto the analysis of

seismic waves, we hope that we may explain the observed values that have

not yet been plotted on the analytical curves. We shall make any slide cause

at the junction so that the whole strain-energy may be minimum and research

analytically the limit waves, but we suppose that in actual seismic phenomena,

the superficial layer has not slided perfectly till the strain-energy is minimum,

but many phenomena caused the slide on the way and in the higher states of

strain-energy have beeR observed.

    In this article, we shall illustrate theoretically the two-dimensional limit

waves as one step to reach the analysis of three-dimensional seismic waves

and show some numerical calculations. And we shall propose that the solutions

of elastic waves propagated within the superficial layer of two-dimensional

layered medium have not the uniqueness but rather an extensive raRge. Let

these matters cover with a fragment of some elastic waves existing under

suitable conditions as LovE expressed in "Some Problems of Geodynamics."

                          2. Equations of Metion

    In the case of the plane waves propagated along the surface as given in

Fig. 1, where the semi-infinite medium with the density p and the elastic

constants 2 and At is covered by the superficial layer which has the uniform

thicl<ness Hb, tke density p' and the elastic constants 2' and y', the equations
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of motion of semi-infinite medium may be expressed in the forms

                                 ,gii'g!g - (2 + 2gt)(gliigl + gil{],),

                                                                  (1)
                                 ,g-7g,=,,(gi':is.gi'gl,o;.),

                          where
     Ud=(U)s-o-{U'],-･"

        Fi,. i. ,x ll/9 . gYl., ,,? .. glY/ ･- //iU-,

in which U and V denote the components of displacement in the directions

of x- and y-axis, respectively. If we entirely neglect the effect of gravity and

apply only the harrnonic waves propagated witltin the media, we take as the

solutions of equations (1)

                           A" Aery+i(ptmfx), (2)
                           29 == Besy+i(pt-fx), (3>
in which

         r2 =f2-h2, s2 =: f2-k2, h2 =:2P"P22-i,, k2 =eptZrP2, (4)

                                                                  2r, .
then A and B denote the g#termining coefficients, respectively, and L = -f is

the wave-length and T =me -s is the period. These equations (2) and c3) show

that two kinds of waves are propagated. If Ul and Vi denote the components

of displacement that satisfy the equation (2), we take

                         if
                    U, ==                           Aery+i(pt-fx),

                                                                  (5)

                            r                    Vi == - 7iTtAery+i(pt-fx),

 if U2 and V2 denote the componenes of displacement that satisfy the equation

 (3), we take

                    UL) :jESI}2Besy+i(pt-fx), )

                    yli ==tlZfliBesv+i(vt-fx), i (6>
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the former are the equations of motion due to the longitudinal waves and the

latter the equations of motion due to the transverse waves.

  The equations of motion of the superficial layer, which has the uRiform

thickness and the physical properties to differ from the semi-infinite medium,

may be expressed in the forms

                    ,,,esff,' ,., (,t+2,,･)(aa2.A,' +ao2,d,.I)･ l. (,)

                    ,･as-£,' .,, ,,t(34' +32Y,'), )

where

                                         0V' out                        aut ov't
                   gr x -o-. + -lif, 29' == T. - -bll ･

then U' and V' denote the components of displacement in the directions of

x- and y-axis. Hence the solutions of equations (7), if we neglect the effect of

gravity, are expressed by the equations

                                          '

                   gl.,==`fso.g2g'g,;.D;'!le,rly,)1'l`i.l;xl.･,, ] ,,,

in which

         r'2 == f2 - h'2, s'2 =f2 - le'2, h'2 == i, P+' Pi,, k'2 =: Ph92; (g)

thene C, D, E and F denote the determining coethcients, respectively. In the

solutions of equations (8), the components of displacement due to the longitudi-

nal waves are 111expressed in the forms

                     if
                Ui' == hT,!i(CCoskr'y + Dsinhr'y)ei(pt-fx),

                                                                 (10)
                       rr
                Vi ' = - t).<C sinh r'y + D cosh r'y)ei(pt-fx),

and the compopents of displacement due to the transverse waves are expressed

in the forms i

                u2' = fe-Sh(EsiRhs'y + Fcoshs'y)ei(pt-fx), )
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                YL)' =: ti"i's(Ecoshs'y -i- Fsinhs'y)ei(pt-J"x). i <11)

As these components of displacement caused due to the iongitudinal and trans-

verse waves have been superposed actually, we should treat the total dis-

placements, which are respectively given by the equatioRs, for the semi--infinite

medium :

                    U==U,+q, V=Y,+V,, (12)

and for the superficial !ayer:

                    Ut = U,,+ U,t, V, :=: V,,+ Vl,t. (13)

And the stress-components in the elastic systems may be expressed in the

forms, for the semi-infinite medium:

       .-...,2,,i.2,,gE91, ,-,,=mu.,,,,g-,Y,, ll;,;,) --,,(a,...,U-.!,llli), (,,)

and for the superficial leyer:

       f).t,.,2t,,i,+2r,ttblt', :Ayyt..,2,ti,+2f,tt/liViil', i;::yrt..,s,t(Oog'+tlljtllL'). (is)

    Now, if the harmonic vibration of Pei<p`-fx) is unifoymlly applied over the

surface of these elastic systems, we have at the surface <y = Hb) as the boundary

conditions:

                    A t--                    yyt =Pei(pt-fx), xy' == O, (16)

at the junction (y :O) as the continuous conditions:

                                    AA AA             U=U" + Uk, V == V', yy =yy', xy == xjy'. (17)

We obtain six equations for determining coethcients A, B, C, D, E ai:d F

from the equations (5), (6), (10), (11), (12), (13), (14), (15), (16) and (17), and

when we solve these, we shall get six determining coefficients which consist

of both parts of the discrepancy of tangential displacements Ua and the

harmonic metion Pei(pt-fx).
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     Xi = cosh r' HD, Yi = sinh r' Hh, X2 = cosh s' IY6, Y2 == sinh s' Hb.

   Now, the velocities of longitudinal and transverse waves are expressed

the forms, for the semi-infiRite medium :

                  cp =: xlttl'i'i'II2"l'1, cs-V//`, (ig)

and for the superfici3.1 Iayer:

                  c,t .., V3' +p,2L`', c,, -= Vl';l, (2o)

where if we assume

              2==: r{, 1' :::se', m=: !g'-, n :El`L,

                                    p                                             Ft

we have

                                                              '           Cp=C,t.v!{Mi, C,==:C,'VZ,1, Cpt ==C,f･v!3 <21)

and the equations (4) and (9) may be expressed in the forms

in
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(18)

                   ' i'      2is-tf.gny'}c, 2is'fEIM l -P-
        fet2Ft " let2 st l f,t
                    .. ･.,, .......,...ffrmr...- r--------.--.......r---nv...

      (.f.wwr'i.,.tS..I..l.IL Cf2,÷,,E'.Z].!'x, l o

                                        1
        - - ･ - .. ･ ･ . .. . - . .. . .. .. -.. .. ･ , ･ . .. ･ .......･･････,･...--.....-----･----=...-..........-･.---------.-.------

        h2 n k2 n r2 n s2 n        i'b = iiits7EVe2, frm.. = in''Ve2, J7:)- = i- gztdovo2, f2 == l- b-i--vo2,

                                                              (22)

        ht2 1 k,2 r'2 1 s,2               oo        [7LE" =-{iVe", J)}'tt' ": Vo", :i:',- -- 1--3Ve2, f-.- =1-v,2,

in which

                    vo = ill/cst,

then PLiC is the velocity of propagation of waves in the direction of x-axis.

   In the case of solving the equations (18), when we put P= O, we can

take six determining coeMcients with respect to Ult in the forms

         fULie-i(pt-fx)                            fUde-i･<pt-fx)    Att =: {s ¢a, Bu -=- ED---¢b, c,,=I,..U. d....tt,.-.lif.[.ir.'X'¢,,

                                                              (23)
        fUlte-i･(pt-fx)                           fU}ie-i(pt-fx)                                              f(ILie-i(pt-f.)
   D,,= g£, ¢d, Ett=""ww'"tt""""'ipe, F" == ED ¢f'

if we put Ud == O, we can take them with respect to P in the forms



                         P       Ap= l-EE)O, a, Bp=: b'{s9b, Cp= pED'9c,

                                 (24)
                         P       Dp == z/,E's)gd, Ep == E,ts9e, Fp == pEumD9f･

Hence, the determining coedicients A, B, C, D, E and F are expressed by

superposing respectively equations (23) and (24) in the forms

           A = {ii'l'{ga{lt' + ipafUke-i(pe-fx)},

           B = lil{gbtt--- + ¢bfULie--i(pe-fx)},

           C = eS{gcii +¢cfuae-i(pt-fx)},

                                 (25)           D =: {S{gd'il- -l- {bdfU}ie-i(pt-fm)},

           E :=:; eil'l'{ge-S--;i + diefude-i(pt-fx)},

           F == {l'l{gf'S' 1"' + ¢fif'Uliemi(pt-fx)},

in which

EiD = 4n(2 - vo2)((2- 2n - ･i-7-Zvo2)(2 - 2n + nve2 - ･iltl-tvo2)

     - 2(i m 7z)(2 - 2n + nve2).vli - iZ.¢-v,2.v!/r'Il]J'1.'i2'iv'1'i]VI'1'Il"'t//"iiv!r= v,2

 + n - <2 - v,2)2(2 - 2n - -i£-v,2)L' - 4(2 - 2n -t- nv,2 - ilt6ve2')2' -t- 4{(1-n)2(2-vo2)2

 + (2 - 2n + nve2)2}VI- gl.1-/-v-{1-2Vi ll"thti'i Vi - !II'lft2tvi - v,2 cosh r'H, coshs'E,
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  + tL3v,4(4(1 - v,2)Vi - ;tve2 - (2 - vo2)2Vi - kve2]Vi - V-g-"r cosh r'H6sinhs'Hb

  + I/t3v,`(4(1 - V-3e2)Vl - ･l-Zi-vo2 - (2 - vo2)2 Vl - "nve2)'vX 1 - v,2sinh r'El6 coshs'H6

  + n((2 - v,2)2(2 -2n + nve2 - -mn-ve2)2 + 4(1 - vo2)(1 - V-30r)(2 - 2n - li/÷ve2)

  - { 16(1 - n) (1 - v,2)(1 - t3e2) + (2 - v,2>2(2 - 2n + nv,2>9-}

                       X Vi - ttltTvo2Vi - in--vo2 ) sinh rt Hb sinh s' Hb, (26)

¢a == isTllliiliiVo2[2(2 - Vo2){(2 - 271 + 71Ve2 - iiirvo2) + (2- ve2)(2 - 2n - ;tlliv,2)}

                                       × (1 - cosh r'Hecoshs'Hb)

  + 2ve2(2 - ve2)2Vi - -mn-ve2Vi - KI'l:2 coshr'H6sinhs'Ho

  - sve2(1 - eg'f2).vll - -mn---ve2Vl - v,2 sinhr'H) coshs'Hb

  + {(2 - vo2)3(2 - 2n + nvo2 - ti-¢--vo2) + 8(1 - v,2)(1 - V-39i-)

                         × (2 - 2n - ;avo2)} sinh }" H6sinhs'H6], (27)

dib = ttve2I4(2 ff vo2){( 1 m n)(2 - ve2) + (2 - 2n + ?zvo2)}Vl - glthZnvo2Vl ww e-gO-?

        x

                                   × Vl - v',-2<1 - cosh r' El6 cosh s' Hb)

  + vo2(2 - vo2)2(2 - 1:ivo2)Vl - ?-/2 coshr'Hbsinhs'H6

  - 4v,2(1 - V-3e2)(2 - 1:tive2)V1 - v,2 sinhr'Hbcoshs'jda



 + {16(1 - n)<1 - v,2)(1 - V-3"2) - (2 - v,2)3(2 - 2n + nv,2)}

                             x sinh r' Hb sinh s' Hh j, (28)

¢c =: iV-3-O?(2n(2 - vD2)((2 - 2/Z v,2)(2 - 2n - t/l･ 1- -v,2)

              - 4(i - n)Vi - iiini ve2.vlli"t?/-Ji'S!]Vi - V-,o2tvfi - v,2

 + 41Z(- (2 ww S"Ve2)(2 m 2fl -m nVD2 - t/l:IVe2)

 ÷ 2(2 - 2n + nvo2)Vi - b-"til-i-JIJ2Vl"'i'-';/i-l//'o'l]VITM- V-3-o2vi mm v,2 coshr']Ei6 coshs'H6

 " s tl-S-evo2<i - ve2>Vr- gtt-vl'5Vi - ?･¥ cosh r' H6 sinh s'Hb

 - 2 2m!lt3ve2(2 - ve2)2Vll - 37mt -ve2V1 - vo2 sinhr'Ho coshs'ffo

 NF n(2 - v,2>2[(2 - il/lv,2)(2 - 2n + nv,2 - tap-v,2) - 2(2- 2n + nv,2)

               xVi-t'.i---v,2.vll'LL'JSI-ii]sinhr'Hbsinhs'ff6), (2g)

¢d == iV-tt-2 ( - 2;iti3v,2(2 - v,2)2vllTl: 3Tlhve2･vxi - v,2a - coshr'Hhcoshs'fl6>

 + n(2 - vo2)2(- (2 - -mn--vo2)(2 - 2n + nv,2 - tq- -vo2) + 2<2 - 2n + nvo2)

                   × Vi m b'/'.i-vo2V//Mi"'Ill1.'-Ivol] cosh r' Hb sinh s' Hb

 + 4n((2 - /.n.thv,2 2 - 2n + nvo2 - int v,2) - 2(2 - n H- nvo2)Vl - 3-nmvo2N/1 - iltl vo2          )( ------------]
                         × viln'I[' "L3g.liv'i ww v,2siRhr'i]r6coshs'H6
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  -stl-ji･3･v,2o-v,2)VIrm-tap.v,2vilun1:tt3rm'isinhr'JHbsinhs'H6], (3o)

ip. = fzvo2 [4 //vo2(2 - vo2)VIrm-'T//'i/Jv-J2.v!i - Y-gi･vi - v,2(i - coshr'H6 coshs'Hb)

  + (2 - v,2)2(- (2 - /l6h-ve2)(2 - 2n -ttve2) + 4(i - 7z)V'l"ll"rml'Zi'il.-v'nyi -"lj/liliE'S"S'i]

        ' ×.v!I-Vgww-i cosh r' Hb sinh s' ]H6

  + 4(i - "-3e-"r)((2 - ;,//v,2)(2 - 2,i - it.v,2)- 4<i - ,z)Vi - iil.iJv,2Vr["Il/lili-'Ull'S]

                                     × iv'1 - v,2sinhr'Hbcoshs'Hb

  + ･ItiOv,2(2 - v,2)3Vl - glh/ve2 sinh r' Nb sinh s' Hb], (3 1)

{Lvr = nve2 [2(2 - vo2)(- (2 - -IISvo2)(2 - 2n -iuz "zvo2 7･i"Zzve2) -r 2(2 - 2n + nve2)

                                 ×V'-{il/h.Ve2V//':-i.'it'i'//''Si]Vi-%,92-

    + (2 - vo2)2((2 - /-iini ve2)(2 - 2n - illlvo2)- 4(i - n>Vi - liiltliTvoiVi'um1'Il'mm"i'IIa--i'o'i]

                                     × V ITi"?1 3111i cosh r' lfb cosh s' H6

  + 4 Z.-er'-v,2(2 - v,2>Vi - !:-.-i-vrm,2Vi -nvi'IIIio2vi - biT, coshrfHb sinhs,.Ei6

  - /'7nZ"vo2(2 - ve2>3.vll - tapmvo2sinhr'IYbcoshs'Hb

  + 4(i - ?g?)(- (2 - ;.' vo2)(2 - 2n - /-".･v,2)-y 4a - oz>Vi - {;%/v,2.vllrm'I"'1//1'tLII'!']

                               × ･v' I'wwrm-'wwb',rmi sinh r' Hb sinh s' H6], (32)

11



g)a = lll?irvo`(2(2 - 2n -Y nve2 - ll'iv,2)Vl - e3-OeVr-rmvrm,'i'coshrtNb

 - 4(i - n)(i - Vg2)Vi - -S'6vo2 ･vXi - v,2sinhr'Hb

 - <2 - vo2)(2 - 2n - tq-v,2)x/i - lll'i2- ･Vi - v,2 cosh s' HD

 + (2 - ve2)(2 - 2n + nv,2)Nl lrmlmu-mli- -vo2VI - -V31}! sinhs' ]ifb), (33)

gb == ll#P-vo`(- 2(2 - 2n -1- nvo2>Vl - iilnltfa-vo2,V! - -V3-di V'i'-' '"inv6icosh r'Hb

 + 2(1 - "-302-)(2 - 2n - tlS--ve2) V1 - v,2 sinh r' H6

 -Y 2(1 - n)(2 - ve2)Vl ve slh17 ve2Vl - Vum302V1 - v,2coshs'He

 -<2-v,2)(2-2n+nv,2-tl･-Z--v,2)Vl-Y//-?sinhs'iHh} (34)

g. ,., !lg't2Vi - et02 [2 (- (2 - 2n - Xtvo2)(2 - 2n + nve2 - in1-ve2)

     - 2(! - n)(2 - 2,z {- nvo2)N/i - 31m-Z- vo2Vl"l"'imt/1'//'Si]ViT-MIJIJ'coshr'H,

              j;'i)[' v' ,'.ZV""li"lrv , + (2 - vo2>((2 - 2n -- ･ve2 " - 4(1- n>2 1 - -vo2 1 - - -vo2 .v' l - vo2 cosh s'H

 + ･h2v,`(2-v,2>Vi- tq-Z-v,2 sinh s' Hb] (3s)

gd :=; e8e [2((2 - 2n - tS-il･Z--v,2)(2 - 2n + nv,2 - t£-ve2) - 2(1 - n)(2 -2n + nvo2)

              × .N/1"'I'lll"'ww3I'//'wwv-'llleVi lll'ww'I.'ii-v,2]Vi - Y-3'--2 iv' i - v,2sinh r'iy/o

 +nvo4(2 - vo2)Vl - {iltivo2 Vi - v,2 cosh s' Ho
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  -i- (2 ff ve2)(' (2 - 2n + nv,2 - /.7.;lv,2)2

                 + (2 ve 2n + nvo2)2Vi wn teq.ve2v!i'umLl]IS'1' l'eun2')sinhs'H6] , (36)

                     ----t----qe = ivo2 [ - 2il/i･?-vo`.vl'I - ggmt-vo2.vli - Yi// rvxi - vo2coshr'Hb

  + 2(1 - V-3e2)(. (2 - 2n ve teq.e.v,2)2

                  + 4a - n)2Vi - lll' ll//nviJ2Vi - 't12vo2lvi - vo2sinhr'fl6

  -i- (2 - v,2)((2 - 2n - tll-lle-ve2)(2 - 2n + nvo2 - f/ve2) - 2(1 - n)(2 - 2n + nvo2)

                        ×V'iTil£rmvMe2Vi-in'vo2]V//uatt'-t-i't'-coshs'Hb], (37)

sope = ivo2 [2((2 - 2n + nvo2 - ;jZivo2)2

              ve (2 - 2n + nvo2>2VI:-7Il-f-mZ-vo2Vi - -ii-i-7ve2]Vi - tTl'E2' coshr'll6

  + 2tt2v,4(i - y.g.i)Vi --itilllJ, coshs,H6

  + (2 - vo2)(- (2 - 2n - S//vo2)(2' - 2n + nve2 - il/lii ve2) + 2(1 - n)(2 - 2n + nve2)

                       x V i"I "litT'U'IE'VI=in' v,2]Vi - .rl'll sinh s' Hb] . (3s)

Hence the components of displacement may be written in the forms, for the

semi-infinite medium:

       u= -!l･is--{(trf,o, aery -- k,gbesy)e, ei<pt-fx) + (IL/IIib.ery -}- i-fi.¢besy)fu}i}, (3g)

1



        v == -tl{(- tr..gaery + XIgbesy)li-]i-ei(pt-fx) + (- hr-,¢.ery + ekZllbbesy)fud}, (4o)

and for the superficial iayer:

 U' = -ds[{hif',L.,(gccoshr'y + gdsinh r'y) + t/glJ,(g,siRhsty + gfcoshsty)}:et(pt-fx)

    + {X,,(¢c cosl} r'y + g)dsinh r'y) + i-I-2(gbe sinh s'N + cLif coshs'y)}f Ud], (41)

V' = -il-l}[{- t(2(gcsinhr'y + gdcoshr'y) + £1-,(gecoshs'y + gfsinhs'y)iliei(p`-fx)

    + {-nr-i,(¢csinhr'y " ¢dcoshr'y) + ge,,(ip,coshs'y + gbjsinhs'y)}fUit]. (42)

The stress-components may be written in the forms, for the semi-infinite

medium:

       2g}xi =:= 46t [{(i + i'likif.-2)g.ery - i2-Ef- iS-tTgbesbl}i･ it･ei(pt-fx)

                               + {(1 + 31f;., -")¢.ery - i2-m],f3"¢besy}fud], (43)

       yAy =:: IB[{(i - -2ht-.-2)g.e"y + i2･k'-fiSi-gbesy}fei(ptrmfx)

                                                 '

                                +{(i - t-hf-..2)¢ae"y + i-2k'f,iS. ¢besy}fua], (44)

       xAy = lpt{s{(i2'hf,"rgae"y + I･ 2klll SLgbesrv)illei(ptrmf.)

                                 + (i2hf,r¢.ery + -f･L'tt.i-gL'¢besor)futz], (4s)

and for the superficial layer:

       xAxr == -(II[ n(i + h/lll,r2)<p, coshrty + gdsinhrry)
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                        - i27illll,i'(goesinlts' y + {bye coshs'N)}th---e`(p`-fx)

               + {n(i + Z-{-E2-)(ipc coshr'y + ¢d sinhr'y)

                               21ofls,
                             - Z' k,, (¢eSinhS'Y + ¢fcoshs'y)}fULi], (46)

       yAvt .. .($({n(1 - 2hil',2)@, coshr'y + gdsinhr'y)

                            .2wfs' .                         + Zmule-,2 (geSMhS'Y + gqfcoshs'y>}li･l-et(pt-fx)

               + {7z(i - 2il'22)(¢, cosh rry + ¢d sinh rty)

                             + i27leof, IS, '(ip,sinh s'y + ¢f cosh s'y)}fUlt], (47)

       xAyt = ttt`.[{i2hfr,,'(g,sinhr'y -i- gdcoshr'y)

                      -t- flii-Ife+,2S'2(gecoshs'y + gfsinhs'y)}llltle'("`-fx)

                  t2i;tt･I(sb,sinhr'N + gbdcoshr'y)               +{

                            + tt-T--tt,,it2(gbecoshs'y -; ¢fsinhs'N)}fU}i], (48)

in which ULi is still uRknown.

           3. DiserepaRcy between the Tangentia! Displacements

    Ulr is the discrepancy between the tangential displacements at the junction.

and the unknown value and it takes place as the strain-energy of the whole

system becomes minimum. The total strain-energy per unit width in the･

direction of x-axis may be expressed by means of



         '     W=: i}IIilE !O {(xAx2 + yAt2) - 2ax"."yAy + 2(1 + a)x'-sS2}dLy

            -oo

                  Ho
             + ttil!, {(xAx'2 "r 5])y'2> - 2a'xAt'yAy' + 2(1÷ a')xAy'2}dy, gg)

in which E and E' are Young's moduli and a anda' are Poisson's ratios,

respectively. When the integrations of each term are expressed by Ii(=-i,2,･･･,i3),

the equation (49) may be written in the form

  VV = (lt2f'2EEI!)2)[(P2La2>e2`(pu`-f"){4ga2 + hgagb + hgb2 ml- 4(ge2 + gd2) mi- 4(9e` + 9j'2)

      + 4gcopd + Lgegqf + ag(gcge + gdsqf) + Ig(gcge - gdgaf)

       mY Iio(9d9e + gcsby') mlrm in(gdge - gcgny') + 42(opc2 - gd2) + I13(ge2 - sny'2)}

      + <P/ft)fUaei(put-fX'{2jllga¢a S- I2(gaipb -l- gb ¢a) + 2139b¢b

      A- 2I4<gc¢c + gd¢d) + 2Il}<geipe + sqf¢f) -i- J6(gc¢d + gd¢c) + J7<9eipf -l- 9fipe)

      -i- ag(gc¢e + geec + ydsLlf + sqfipd) ÷ I,(gc¢e + qedic - gdsJv' - sqf¢d)

      + Iio(9d¢e + 9eQd -lum gc¢lf + Sqf¢c) ml- fii<9d¢e + 9e¢d ve 9c9bj' - 9i"¢c)

      + 21i2<gc¢c - gd¢d) -i- 21i3(ge¢e - gny'sLv")}

      + f2Uk2{Iicba2 + I2gba{bb + Iligbb2 + IU(¢c2 + 4)d2) + lllg(sbe2 -i- sbf2) -l- lbsbc{bd

      + 4ipegLlf + h@cee + edqf) + Ig(ipe¢e - ¢dcbj'> + 4e<¢d¢e + ¢cdy)

      + lii(ipd¢e - ijc¢f> + Ii2(¢c2 - ¢d2) + L3(¢e2 - s;v'2)}], (50)

in which

       1
   Ii == -- (5 - 3a),

       r

             (r - s)(f2 - rs)
   J2 == i8(1+ a)                         f'
               (r + s)h2k2

       1
   h=- -<1 + 6>,
       s
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   I4 == Iit, (5 - 3o' ) cosh r' Hb sinh r' Hb,

       71   4 = -g}-(1 + a')coshs'Hbsinhs'H6,

       71   I6 = iJr,(5 - 3a')(cosh 2r'H6 - 1),

   G =: 2Zi<i -1- a')(cosh2s'H6 - 1>,

                (r' - s')(f2' - r's')
                              f{cosh (r' -y s')H6 - 1},   Ib = i2n(1 + 2a')
                 <r' + st)hr2fef2

   f, - i2n<i + 2at>gr-[(ti-,---tr2- 1-2t(･i<-s-Z--,t/I-l-fe--/-i[-S-L)f{cosh(rr - si)H6 - i},

   I,, = i2n(1 + 2or)(r'<,-, {>il)it,le,r,'S')fsinh(r, -i- st)H,,

                (r' + s')(f2 + r's')
                              fsinh(r' - s')Hb,   fii = i21Z<1 + 2o')
                  (rt - st)h'2k'2

   Il2 = n{4(1 - a') -}- (1-y o,)(1 -y 8fh2,:'2)}Hb,

   Ii3 : n(1 + af)(1 + e.Zhlri'llliS'2)",.

To simplify the equation (50), when we change to write the

brackets into [Iipg], [fpip] and [1ip¢], respectively,

be written in the form

       W =2IEi`l's,{thl.l."'e2i(p`'fx)[1ipg] H!- Zptl-fUbei(pe-fx)ugQ] + (fuk)2 u¢¢]},

which is expressed by a quadratic equation of Ulr.

Hence

       ow                                  P
      aud == O Or 2fUli[1ip¢] + ym ei(pt-fx)[1ipip] .., o.

New, if [I¢¢] =¥= O, we take

(51)

17

        parts enclosed by

the toeal strain-energy may

(52)

(53)
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(54)

4. 25

 r
ilo(r - sXf2 - rs]f

    {r + s)h2k2

1. 25

 s

4. 25 n
rt

cesh rtHb sinh rtHb

   721. 25-- cosh sr]ec, sinh s'Hh
   si

    n4. 25--(cosh 2rtHb - 1)
   rt

1. 25
n
g
t

icosh 2s'Hb - 1)

  (rl - sf)(f? - rEsf
i3n
    <rt ÷ sl;,ht2fet2

Lf{cosh tr' + s';･Hb - 1}

i3n(rt + SI](f2 + rtsl

    {rt - sbht2kt':'

Lf {cosh (r' - s'J]brb -1}

i3n

i3n

(ri - stXf2 - rtstj
             fsinh (r' + s']tHb
 <rt+st)ht2fet2 .
(rt + st)(f2 + 7'tSt '

fsinh (rl - st/' H6

 <rt - st)ht2kt2

n<4.25 + 10 f2rt2

 hl4

)Ho

n(1. 25 + 10 f2sl2

leM

)Hb

P2
  eL'i(pt-fx)
Ft2

9a2

9agb

9b2

gc2 + gd2

ge2 + gfL'

9cgd

9e9f

gcge -l- gdgf

opcge - gdqf

pdge + 9c9f

gdge - 9c9f

gc2 - gd2

i

pe2 - gf2
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where the unknown value of Ult is found.

To simplify the numerical calculations of the total strain-energy, when we

change to write the equation (50) intothe form of table, we kave as a == a' == O. 25

 'i

a
l
'

  ,l[)
  -fUltei(pt-fx)

'At
<fdei2

2ga¢a

]-

i
i

ipa2

i

I
I
I
Ium"

9adib + gb¢a

l

t

    E
    t
    L
.ww..... ..I

    I/
    l

ipaipb

2gbipb

. .t .ttt.t.t.t.ttt.t.t t.tttttttttttttttttttwwttttttttttt.ttumttttttwwtnvttttttttmmttttttm.tttttttttttt

2(gcipc + gdipd)

2@eipe + gfLbf)

I
･

I
l
i
I
l
1

1

I
･

l
l

l

1
/

l
I
t

I
I
I
i
l
i
i

gcipd + gd¢c

geipf + gfipe

1-,,.ma...

(gc¢e + gee¢c) + Cgdipf + gfipd>

<gcipe + geQc> - (qdipf + gmpd>

(gd¢e + gedid) + (gc¢f + 9mpc)

(9dipe + ge¢d) m <gcipf + {ofipc)

2(gcQc rm gdgbdJ

2(ge¢e ' gmpf)

  ipb2

dic2 + ¢d2

ipe2 + ¢f2

   ipcipd

   ¢e¢f

¢cipe + ¢dipf

    dicdie - ¢d¢f

ttt.tttttttttttttt ttt tt ttttt tt .

    ¢dipe + ipc ¢f

ipdOe - ¢cef

     ec2 - ¢d2

     .. .t tt tt tttt tt ttt twwttttnvnvttt

     ipe2 - ipf2

tt.tt.tttttt.t.ttnvttttttttttttttttMttttttttttttttttttttttttttttttt.ttttt.tw.....

  I-..-..1

, (55)



in which each term in the first column has expressed L' and if we sum up in

the columns each product of the terms in the other columns with L on the

same lines, we shall take [Jipg], [Iipip] and [1ip¢], respectlvely.

         4. Dispersion Curves ef M-, Mh-, MLt- and･ML,2-Waves

   We shall express the dispersion curves of M-, ca-, en,- akd Mt2-waves in

such cases that the densities of both media are equal and the ratios of the

rigidity of the semi-infinite medittm to one of the superficial Iayer are 2, 3,

4, 5 aRd oo. M-and M2-waves can be decided by putting ES) = O and M},-and

A<L`2-waves can be obtained by the principle of minimum strain-energy. The

results are given in Tables ltv17 and plotted in Fig. 2t-v6.

                 Table 1. MLwave in the case of n== Y2.

vo

L

m

O. 9194

o

O. 95

1. 498

1. 00

l
.I

2. 077

1.10

3. 236

1. 20

6. 286

1. 3002

oo

Table 2. M-wave in the case ofn==

Ve

L
ca

O. 9194

'

o

O. 95

1.439

1. 00

1. 859

1.10

2. 545

1. 20

3. 254

1. 30

4.238

1!3.

I L4o

I

I 6. 4so

l
l
1

       1. 5924 1.50

15. 180 oo

Table 3. M-wave in the case ofn=114.

vo

L
ts

e. 9194

o

     i
O.95 i･ 1.00

     i
1.362 i
       1. 789     l

1.10

2. 334

1. 20

2. 921

l
1. 40

[

4. 214

1. 60

7. 830

1. 8388
'
i

oo

Table 4. M--wave in the case of n= 115.

I'

I

vo
t

I

O. 9194

L

ca
o

O. 95

1. 345

1.oe l k2o
     ]
     l '

     :
1. 40       1. 60     l

     i'
     l1.752 l 2.790
     1

3. 766

1. 70

5. 312 6. 880

2. 0530

co
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vo

L

"

1. 00

o

1.10

.l.

i
l

O. 671

1.20

O. 957

I

l
I
-i
L
1
1

1.30
l

1. 341

1.414

/

I

2. 822

1

Table 6. Mb-wave
  -

in the case of n =r 1!3.

Ve

L
IZ. h., ..

1. 00

o

1.Ie

O. 646

1. 20 1. 3e

   O. 887

7. M.-wave
      p
tt.ttt tttt.ttt.ttttt....--ttmutttumtttt

1.106

1. 40

1. 376

1. 50

1. 930
l

1.6e

2. 976

1. 732

3. 924

Table m the case of n == 114.

l

VD

1
i 1. 00

L
Ho

o

1.10
I

1. 20

l

O. 635 O. 868

E

1. 40

1.279

  1. 60
l

  2. 302

1.838

4. 422

-l '''

2. 00

5. 5B7
E
'

Ve

i""

L
lk

1. 00

Table

l.10

8.

I
/

ll-i(i. I.Y..i.r.e

1.20

o

O. 9194

O. 621

Tab
l
.
e
.
.

 in the

1. 40

case of n = 115.

        "'-=""'" '[

         1.70 1.6e

               'I

         1.246 l･ O. 859
               I･

  Mt-wave in the

            l. OOO.95

       l･
       I 2.02e I 3.056
       I

ca gg. g.i..e.i. i!21

         1.10

2. 053

5. 517

2. 236

9
.

Ve

'I-'-"

1

l

6. 638

 L
'lly'

-CI.d.-

. Co l

 vo

 . LL pm

 Hb.

rmu.{r7

 Ce

e
l

1. 81

       +io

tttttttt ttttttttttttttttttttttttttttttttttttttt tttttttttttttttttttttttttt

Table 10.

1

 l i. oo
l

     2. 14
l..... ...

 I
 ' l -i6.64
 ' il

2. 51

.28

M`-wave

3. 83

1. 20

8. 00

-i3.70
         I
         '

in the case

   -i3. 22

of n == l13.

1. 3e

:

O. 9194

  o
l
j
'
'

1.10

3. eo

-i3.14

1. 20 l
･

-i9.76

  1. 40

1

I
'

3. 74 5. 52
1
: 8. 62

-i4.41 ･
       1/

-i6. 27 -i9. 33

I
･

I

l

l

L
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Ve

L
ca
  ttttt ttttt

de
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I

I O.9194
i

1

     ttttttttttttttttttt tt tt

1

IOl

I
1
1

'

'li "I'1'66""' i･ i･io

l ''""' """""
    2. 00 2. 58
   ...........ttt.t.ttttt.t..t....+..............ttt..... .t.t .......

    -i7.36 , -i4.98
           l
           l

Table 12. Mu-wave in
ttttttt tt tt ttt  tttt  tt  ttttttt/lttttt  t tt

1. 2e
i
i

1. 40

I'

i
I

1.60

3. 65

 -tZ 84

case of n

5. 52 12. 05

        1-i22.39 1･
        l-

-t- i2. 50

the == 115.

L
I

i Vo
i
i

ILI

t''i ca
1

l de
1 ttt.t.t.tumtttt.tt

1 Co
'

O. 9194 1.00 1. 10

i
1
1

ii
'

1. 20

l
I
i
1
/

1. 40 1. 60

l
I
i
1
/

o

t

a
l
/

i

1. 90 2. 72
'

l
j
l

.,/

- ilO. 76 ･ mi2. g4 ll

         I

       l
 3. 21 l
       I
..... t.t...t..t...t......-. ..t...

-i7. 89

 5. 00

t.t.ttt......................

-i6. 50

1

l

i
1

l

 8. 69

tttt tttttttttttttttttttttttttttttttttttttttttttt

-iO.40

1. 70

  20. 00

ttttttttttttttttttttttttttttt ttttttttttttt tttttt tt ttttttttttttttttr

  +i2. 86

-I･
i
'

l
l

Table 13. Muv-wave in the case of n == 112.

Ve

z

ca

1.086

i
i

i
1
/

1.10

l
I
I

o o. se

1. 20

l
･

l
.l,

1. 30

-tu-

cS""'

t.t.t....

1.67 2. 50

 + iO. 42

 tttttt ttttt t ttt tt tt t tttttttttt tttttttttttt tttt tttttttt

mai.-wave in
  "

i
I
I
i

+iO.36
I
･

l
-

+iO.09

Table 14. the case

Ve

z'

''u'U'

l
/

1. 060

tt tt tt

o

l
i
[
'
'

1. 20
I
'

I 1. 30

of n= lf3.

     ..t.t.t....t.t....r...-....

1. 40

l
･
l
,
I
/

1. 67
l

2. 00

E
2. 57

  de
  Ce
.. .......-....

  Vo

      wwi
  I

Table l5.

  '

      i
1. 23

 Mu2-wav･e

-iO.70
l
l
･
I
･

, ,1. ,.

-il.68

1. 45

3. 00

-iO.96

i

t

in the case

  tttt

of it =: 114.

;

;
{

l

1. 05

L
ca

E

e

1. 20
I
[
l

l
1. 40

i
l
]
l
l

1. 60

/

   ..t.ttttttttttttttt-tL

1.65

du
.Co

1. 67
I
I
･

2. 27

'

L
1

l
/

-i2. 67 - i2. 06

1

4. 00 i
'

4. 40

         'ww i2. 41 l

         l
-il. 65
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 Vo

 -.L...

. Hb .

-lh-

 Co

1. 045

o

E

t

1. 20

1.64

       'r
-i2.78 l,

       i

1. 40

2.59

- i2. 94

1. 60

l
･

1
I
'l
･

l

1. 7e

E

I
i

1. 75

3. 13

- i3. 67
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3. 36

 4. 00

- i3. 00

Table 17. M-- and MS--wave in the case of n= 11oo･
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                  of 2= pt, 2t = ptt, m=1 and n= 11oo.

    In the above figures, full lines have expressed the dispersion curves of M-

and ca-waves, and broken lines the dispersion curves of ua- and A<Lt2-waves.

It may be understood that A(Lv- and Mft2-waves exist within more narrow

ranges than the raBges of existing M- and M2-waves, and the smaller n becomes,

the nearer M-waves get to M-waves anct Mu2-waves to M2-waves, respect-

ively, and at the limit of n, that is 1/co, Ml`- and M}t2-waves should correspond

with M- and ua-waves, respectively.

    We have thought that Mu- and Ml,2-waves take place' when the total strain-

energy becomes minimum with the discrepancy between tangential displace-

ments, but in the actual phenomena, the waves of this kind can not be always

observed at the states of minimum strain-energy, but at the states of higher

strain-energy which have taken place because of imperfect slide. Kence we



suppose that the observed values exist within the ranges between M-and

Ma-waves or ca- and ua2-waves, but never over the both limits.

             s. Group-Velocity ef M-, ca-, ML-and ML,2-Waves

    As mentioned above, we have expressed several dispersion curves of the

waves, but as a matter of fact, the observed values are group-velocities

resulted from many elastic waves. The equation of the group-velocity is ex-

pressed in the form

                                      6vo                                  L
                         Vb "= Voeiui e<Lfiy6), (56)

in which Y6 is expressed by a ratio of the group-velocity of the wave to the

velecity of the transverse wave propagated within tke superficial layer, aRd

the group-velocity does Rot gen.erally correspond with the pl}ase-velocity.

When we find the group-velocity with the graphical solution, we shall be able

to express the group-velocity of M-and Ml,-waves in Fig. 7tvlO, and one of

M2- aRd Ma2-waves in Fig. 11t--14, in which the dispersion curves and group-

velocities of M- and ML-waves are expressed with full lines, and these of

M2- and ML`rwaves are expressed with broken lines, respectively.

    We can find in Fig. 7N14 that the group-velocity of M2t- and A(L,2-waves

differ from one of M- and M5"-waves, and Ml,-waves have a characteristic that

two minimum values are expressed. The smaller n becomes, the smaller the

minimumgroup-velocity becornes and when the minimum group-velocity is

caused, the greater the phase-velocity and wave-length. As far these natures

en-waves look like M-waves aRd Mle,2-waves are similar to Mh-waves. We

hope that there will be observed values within the ranges limited by two kinds

of group-velocities.

                L2 Vo･ l'e M "--                                               --"-                1.] .xt .G','.kpl 'e 'xroit ."･i ..-

                                 t"                                ! Mu /                               -                              1 -X                             !-                LO -                            .- .. Group vel, of ;IIu L
                           X ･l                                                         -                          1-                                                         He                       -.-t 7                O.9                        SN                       1X2A3456789
                             t/                              !1                          lt                O.8                                          ns±7                           V !s.'
                           ti
             Fig. 7. The grottp-velocities of M and ua-wave in the

                     case of 2 == ge, 2i = ptt, m =1 and n = 112.
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    We s
Horizontal

layer and

   6. Distribution of Displacements at Difllerent Depths

hall study the distribution of displacements at different depths.

 and vertical components of displacement withiR £he superficial
within the semi-infinite medium are reducted to

U' = {ii-2(Ccoshr'y + Dsinhr'y> + X,E;(Esinks'y + FcoshstN)}ei(pt-fx),

v' = {-tlilr,(csinhr'y + Dcoshr'y) + t21i(Ecoshs'y+Fsinhs'y)}ei(p`-fx),

(57)
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U== (lf'E

V- (-

Ae"y ÷ -illltBesy)ez(pt-f=),

-.tlneAe"pt + .U

h2          k2
BeSY

)ei<pt-fx).

(58)

The results of calculations of displacements in the cases of corresponding to

several points of the figures that express dispersion curves are shown in Fig.

15"v24 for A(Lrwaves aRd in Fig. 25N35 for M,2-waves. In figu'res, let a and

b denote amplitudes of horizontal and vertical displacement-components,

respectively.
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    It will be seen that there are two kinds o£ orbital motioRs of a particle at

the surface of media and one of them is in the same sense as the motion of

gravitational ･wave and the other is in the same seRse as that of the usual

Rayleig)lz-wave propagated over the surface of semi-infinite medium and they

are elliptic motions. But though n is the same number, while the phase-

veiocity is relatively smal!er, the elliptic orbital motion is counter-clockwise,

and when the phase-velocity become relatively greater it becomes clockwise.

On the Me-waves, the vertical displacement is greater than the horizontaJ

displacement at the surface, but on the AtL,2-waves, it is coRtrary. Hence we

may find such phase-velocity that either horizontal motions of Mlt-waves or

vertical motions of M.s-waves are nothing.

  As all vertical stress-components are compressive stresses, and tensile
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stresses are not at all caused at the junction, the motions do not accompany

the separations as the ii)itial assumption.

                              7. Conelusion

    On the elastic waves propagated within the two-dimensional layered media,

the results of numerical calculations in tke case of allowing the discrepancy

between tangential displacements at the junction have c}early expressed that

an`- and Mlt2-waves are differeRt from M- and ca-waves which have been

known already and that the natures of Mle-waves are different from one of

M}t2-waves. The analysis is based on the condition that the superficial layer

and the semi-infiBite medium can be reciprocally slided at the junctior to the

Iast aRd the discrepancy between both media is decided so that the strain-

energy of the whole system may become minimum. Hence, this continuous

conditionhas more universality andmoreapropriateness aRd M4- aBd AtL,2-

waves obtained under such a condition are one phase of limit waves. We have

heard there is something hard to explaiR the larger discrepancy between the

observed values and the analytical curves. We have been afraid lest the observed

values with such discrepancy should be plotted for reasoRs that these have

errors due to defects of the recording in.struments or the discrepancy is so

large on account of the inner structures of the earth having such elements as

we can not ascertaln.

   Lately, we have expected that we rnay explain the very observed values

being different from analytical curves by the application of this idea. In this

article, we have treated the elastic waves as the two-dimensional problem

and so we caR not compare the three-dimensional seismic phenomena witk

these results, but we can give some suggestions of the tendency of waves.

We may suppose the slide is caused at the junction between each layer in the

earth, but we may doubt if the slide will take place till the strain-energy

reaches the states of minimum. In the case of the imperfect slide, the observed

values will not correspond with the analytical curves and be recorded within

the narrow ranges limited by M-waves an.d Mtt-waves or M5.-waves and M,,･r

waves.
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