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Synepsis. Rigid frames in space are successfully and exactly analysed by applying the

slope-deflection equations to the flexural members and the torsion equations to the twisted

members respectively. The results are compared to those obtained from the conventional

two-dimensional analysis, the precision of which is numerically shown.

                               Intreduction

    In designing a rigid frame in space, it is usual to divide it up into several

constitueRt plane frarnes and analyse each separately. Althottgh thls conven-

tional procedure greatly facilitates the calculations, it does not determiRe the

torsion effects which exist and sometimes amout to considerable magRitude.

It is hoped £o give an exact and easily applicable method which treats the

frame as a whole.
                                                9),ID),12)
    Several three-dimensional analyses ever proposed are almost based upon the

principles of virtual work or the like which are taking the stress functions as

redundants. Accordingly the calculations become so tedious that the practical

applications are limited to the comparatively simple problems, e.g., the

symmetrical frames under symmetrical loadings or, if not symmetrical,

joints are assumed not to translate.

    The author presents here a three-dimensional analysis using the slope-

deflection equations together with the torsion equations. It is well known that

the slope-deflection method is so superior to the classical methods in treating

the plane frames. This circumstance agrees equally with the space frames,

an.d many advantages will be claimed in the illustrations which follow.

    The space frames mainly considered here are of single-storied and of multi-

bayed longitudinally and laterally, whose members are all straight and

prismatic meeting each other at right angles.
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                    Chapter I. Fundamental Fermulas

                              1. A]btations

    In dealing with a space frame, the slope-defiection method now familiar

to us will also be the most convenient since it takes the end-deformations of
                                   '
members for unknowns instead of stresses or reactions as in the other classical

methods. On this account, the number of unknowns is greatly dirninished,

simple and clear sign' convention.s are established, the stress diagrams are

made easy to draw, and moreover the deformed structure is readily visuallzed.

Now, we proceed with illustrations of notations adopted.

                             The members of a space frame in Fig.1 meet

                         each other at n'ght angles. In this connection,

n f

y
`

l

end are denoted by

first subscript

the member

is the moment

twistlng

z axes respectively,

   The angular

similarly

the angle of twist;

z axes respectively,

always taken up instead

e designating the far

lyifig parallel to the

be made by reading

    M's are positive

     r
    z
Fig. 1

     designates

   and the

     at

moment;

       deflections

as above.

        the orthogonal coordinate axes x, y and z are set

        up as shown. Note that any member Iies parallel

        to one of these three axes. The member will be

        designated by its en.ds, being called the near end
 x
        it aBd the far eRd f.

            Consider, for example, a member nf which is

        parallel to x axis, Fig. 1. Moments acting at its

 M with three subscripts such as Mxnf, Mbnf and mamf. The

      the axis about which M acts; the remaining two,

  end in question as usual. Thus, we readily tell that M.nf

the near end about (an axis parallel to) x axis, i.e., the

canf and Mlenf are the moments at the near end about y and

 i.e., the bending morneRts.

        produced by M's are denoted by 0 with subscripts

 Thus, exnf is the angular deflection at n about x axis, i. e. ,

 eynf and 0znf are the angular deflections at n about y and

  i.e., the end-slopes. Since the joint rotations (g9> are

     of end-slopes in our problems, the last subscript of

  end will often be omitted for convenience. For the member

  axes other than x, the designations of M's and of 0's will

  their first subscripts.

  which agree with the "righ.t-hand screw rule" when the
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arrow-heads point negative directions of reference axes; e's are positive which

correspond to positive M's.

    The relative displacements of joints teRd the member to revolve from its

original uBstrained position. These angles of revolution are denoted by R,

similarly accompanied by ehree subscripts; thus, by Rynf aRd Rxnf are meant

that the revolutions are around y and z axes respectively. A clockwise

revolution is taken as positive whell the "center 1ine of screw driver"

through the member-end points to the negative direction of the reference axis.

                      2. SloPe-Deflection Equations

    If the member nf Iies parallel to x axis, then it undergoes bending defor-

mations in the planes xz and xy, and for the member Rf the well known slope-

defiection equations hold. See Fig.2. In x2 plane, we have

                         lynf
                M5'nf =: 2E LI-.f (2e)'n + 0yf - 3Rynf) + Cynf, (1)

and in x)) plane

                         1}inf
                Mknf == .O.E-z ;?trm <20=n + exfm 3Rtnf) + Cxnf, (2)

                                              y
.h,,.E...themoduiusofeiaStiCitY'  k,.fl`-!"'&h".,-M';Rf:,tZ"nt

,f

,,-MM-i.af-

fus-l""---

                                                inf /rK                                            "
                                             NNx                                                      Mzfu

   h, h == the moments of inertia of

           the section referred to y
                                       Mk'fn
           and z axbs respectively.                                         /
   Cy, Cx==the fixed-end bending Mznf
           moments about y and 2

           axes respectively. Their

           values will be found in

           many texts or pocket- K-ny

           books. z
   IntroduciRg the stiffness factors

for flexure, these equations are modified:

                ?ttC,･nf :: 2EKynf(20yn +

                AdLtnf : 2EKIarnf (20xn + 0xf m 3R

wkere Kl == Ibflnf == the stiffness factor.for

      uKlr == Ixllnf rm- do. referred to z axis.

xNx

            Rynf
      7ysS,liiiL=ff

              Pig.2

0yf - 3Rynf) + Csnf,

      znf) -1- C=nf,

   flexure referred

va---

to y axls,

(3)

(4)

x
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   We
angle of

have, for a

twist e of

       3. Torsion

prismatic bar of

an end relative to

      1),
Equations

length l,

the other

2), 3), 4), 5)

the

and

relationship

the applied

between the

torque MT:

   MTI
0 ==    Gi '

(5)

where G == the modulus

      f == the torsional

   Applylng this to the

Fig.L, we obtain

of rigidity,

constai:t of the section.

member nf which lies, for example, parallel to x axis,

M't'nf
G.Lt'nf

     (0a'n - 0xf).
 Inf

(6)

If the member is loaded with torques as in

Fig.3, their effects must be added to the

right-hand side of eq.(6), which will be called

the fixed-end torque and denoted by Cxnf. Thus

 Cxnf
･te  nj

rYxnf Cxfn
t
'

a b
<ef

-- tnf

Fig.3

uanf
Gknf
 lnf

(0xn - 0.rf) + Cxnf, (7)

where

Ca,nf
       b.
= - Zw,Mnf. (8)

Eq. <7) IS Wrltten III the form

Adii'nf =:: GKxnf (0xn - exf) + Cxnf, (9)

where Kcnf =: frnf!lnf == the stiffness factor for torsion.

                          4. Evaluation of 1

   The torsional constan.t 1 must be evaluated from the Se. Venant's theory.

We see that, if the section is circular, 1 is equal to b, the polar moment of

inertia. But for Bon-circular sections, being the theory too long and complicated

to evaluate it exactly, approximations are mostly being made. 0nly the formulas

foM the sections which seem to be important for our problems wil} be shown

below :
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1) Rectangular section of

   The St.Venant's exact

width a and

expresslon ls

depth b :

.    a3b
f := h

3rm'

(1 -
rr1.I-9,tn2ab.#.13,s.li's tanhtZ2'-

.'-b)
, (10)

which is not so

convergeBt. For

 tediotts

practical

te compute,

purposes, we

because

may take

the series is

its first term

very
on. Iy,

rapidly

thus

   a3b
f= -i

r

    192 a(i - "ii-" b' tanh r,
 b)
. (11)

2) Narrow

   If

from

 bfa

exp.

rectangular

is large,

(10)

sectlon:

letting tanh(nr,b/2a) == 1

   a3･b
f=- -y

(
1

and

      a
- O. 630--
      b

)
･

,t9.1,3,s,.lls
= l. Oe4 6, we obtain

(I2) ,

This gives good approximations for b/'a>1.6.

   If bla == lt-vl.6 the F6ppl's formula below is

                               a3b3
                         f == 3. 6(aL'+b2)'

rather accurate.

(13)

   In the case where the width is very thin,

theses of exp. (12) becomes neglegible, and

                                a3b
                            f =" 'g'-'

   Note that this is the moment of inertia

the

we

second term in. side

have

with respect to the

the

longer

paren-

(14)

side.

3) Square

   For a

sectlon :

== b, exp.(10) yields

f :: O. 1406a4. (15)

See that eq.(13) gives the value ciose enough to this.

4) Rolled profile sections:

   For the sections such as angles, chann. els and i's, divide them up illtO
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rectangular

results give

where

strips and apply

the satisfactory

a= the

t == the

width of

thickness

the

of

    S. YOSHIDA

 exp. (14) to each

values :

         1
     J = gZat3,

strip,

the strip.

strip. The summatlons

 No. 12

of the

(16)

                         5. Relative Stiffnesses

    The torsional rigidity Gf of a mernber can be expressed by the flexural

rigidity EI of any member chosen as reference:

                    Gf :- tt<-S12-E-1----i>- f - {2-eX-tt-i--s iSIE?

where m == Poisson's number,

        I== the moment of iiaertia of the section of the reference member.

The transformation gives

                       9'i"=:{2(m'4n)i'Zxi'}E"='-'

or

                       G"' "" {'i'<"Mzli'//--i-) i'llll=t'}E"'ib･

where l, l =the }engths of the member considered and of reference member

            respectively.

   K} == "l == the stiffne$s factor for the torsion of the member in question.

   Kb = Ul ::= the stffness factor for the fiexure of the reference member.

   This will be written in the simple form:

                         GK}=4fik,EKb, . (17)
iR which

                           Gm
                       P= 4i'=g'('////i"l'i"l')･ ･ (i8)

                                K
                            k,==,,,-. (19>                                ts
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    kt denotes the stiffness factor for the torsion measured by the reference

stiffness factor for flexure, which is called the relative stiffness or stiffness

ratio for torsion.

    Similarly, measuring the stiffness factor for flexure Kb of the member

considered by Kb, ehe stiffness ratio for fiexure is defined:

                                   &
                              feb----, (20)                                   &

whence we have, corresponding to eq.(17)

                           Elil =kbEKb. (21)

                     6. Equations for Practical USe

    To obtain facilities for practical calculations, the foregoing equations will

be simp}ified by using the stiffress ratios and the symbols below:

                            $=ww:.2-"EillEiO-K･bR.l (22>

    Thus we have from the slope-deflection eqs.(3) and (4)

                  canf "= leynf(2gDyn Nt goyf+ipblnf)+Cornf, (23)

                  uanf =: fexnf(2gezn+go=f "i- gl,xnf) -l- C=nf, (24)

and from the torsion eq.(9)

                  Mtnf == 2I3fexnf(goxn-epxf)+Cxnf. (25>

                 7. Members Free to Rotate at Ear Ernd

    CoRsider the member is supported at the far end so as to rotate freely

agains£ bending but fixed against torsion. For such member the slope-deflection

equations are also provided. .For example, if the member in Fi.cr. 1 is bending-

free at the far end f about y axis only, we have, in xz plane, the end-moment

expression at the near end n eliminating gyf from eq.(23) that is using the

relation cafn==O, thus

                           1
                    uanf m Ekynf(3gyn + gbynf) + H5,nf, (26)

where



                                       1
                           Hlynf :Cynf-'Crvfn. (27)
                                       2

   Further, if the far end of the member in question is torsion-free but

bending-fixed, we readily find that

                              Mnf=Cxnf. (28)

This becomes zero when the rnember has i]o torque applied, therefore we need

not consider such members in such a case.

                            8. .End-Shears

   If a member of the space frame acted upon by the loads, the reactions

normal to its axis are induced in addition to the
                                                   y
end-momeRts. These reactions often called the
                           '
end-shears, will be denoted by X with three v
                                                     <(lli;xy.fsubscripts as before. See Fig.4.

    Consider, for example, the member nf lying

parallel to x axis, and write the equilibrium

conditions in xy piane. Then we readily have Z
                                                       Fig.4the expressions for X's:

                    X3'nf m - zl'i(Mlenf {un M}ifn) + Xynf, )

                    -iYlyfn = - zk(Mlenf + M}fn) -F Mfn, i

where X's denote the

is assumed to be a simple beam.

   X's and X's are taken as positive when they have

far end which agree with the right-hand screw rule.

componeBts such as Xlint and Xltfn, the similar expressions

                                            '

                      Chapter II. Elastic Equations

                     9. foint Eofztilibrium Eqz{ations

   The condition of continuity at the joints states that the

between the member-axes remain unchanged even if the

deformation,i.e., all tke member-ends rotate by the same

under consideration. This rotation angle, common to all

f
d
i
X
y
f
n FX

(29)

normal reactions produced by the loads when the member

                              the moments about the

                              For the other reactiolt

                                 will be obtained.

intersectioR angles

 frame undergoes

 aRgle at tke joint

 member-ends, is



write the equilibrium of forces

acting along the section through

its column-tops. Considering the

forces transmitted from the con-

necting beams, Fig.6, we have

                x(- sc..k) -l-

where i, j == subscripts designating
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termed the joint rotation angle or briefly the joint rotation. To satisfy the

condition of continuity, it is only Recessary to put the respective component

joiRt rotations in the places of £he component end-slopes in the end-moment

equatlons.

   Having this done, we write the eqRilibrium equations expressing that the

component end-moments total to zero at each joint. For example, at joint a,

we have

   about x axis, X(-thai) +Mt･a == O,

   aboutyaxis, X(-uaai)+M5ia := O, (30)
   about z axis, X(-tani)+Ma =O,

where i-- the subscript designating the joint adjacent to a,

      M= the component external moment existing at a.

   Thus, we have equilibrium equations like these, each three at each joint,

which coincide in total with the number of unknown g's.

                     10. Lforizontal-Shear Equations

   A typical space frame is considered to be a system of plane frames standing

parallel to xy or yz plane connected each other by a group of beams running

parallel to z or y axis. In Fig.5

the constituent plane frames are / /
shown by heavy lines, the con- /
necting beams by finelines; in / y .
:.z);:g,pi:.ngl.ka?,gS,Zr2.lr.".':g.ed ,,, ./Lx ,,,

   Now consideraplane frame Fig.5
of any row asa free-body isolated

fro.mthewholeassembly,and QXtwht""mu'Is,j,ki,JX"aliZl -3/

i

Xxai
Xxak

                  k

X(-Xxai ve XLcaj) + Qx =: O,

     the adjacent join.ts,

Fig.6

ri,
z

(3I)



         k == do. the column base,

        Qx = the x-component of the total horizontal load acting above the

            section considered.

This is written in the simple form:

                          :(-XL･)+Qx -= O. (32)

Similarly, observing a plane-frame of any column, we obtain

                          =(-X},)+Q. -- O. (33)

   These equations express the equilibrium condition of horizontal forces,

and we will call them the horizontal-shear equations; see that the number of

them equals the sum of numbers of rows and of columns.

                    11. Vertical-Shear Equations

   The conRecting beams spanning any two adjacent plane frames must be

in equilibrium under the vertical forces. Considering, for example, anybeam

nf in row-arrangement shown in Fig.7, we immediately have

                                         JY3,nf - X5,fn m Py :=: O, (34)       i/t,,,v V

p
t

x
"x ur

n

p
t

p
a

  y
,/Lx

              Fig.7

    The similar equations are also deduced in the case of

These will be referred to as the

which agrees with the sum of numbers

arrangement and of those in row-arrangement.

                      12. ComPatibility Equations

   When the members of the frame change their Iengths due to

forces, temperature changes etc., the displacements of joints are

which produce the revolutions of rnembers. The matter is the same

.v
        where P == the resultant vertical load

                 acting on the beam.

           Applying this relation to the

        beams in order and adding, we

       obtain

         X(Xynf m Xlyfn) - XPy =: O. (35)

                   column-arrangement.

  vertical-shear equations, the number of

      of bays of the plane frames in column-

the axial

resulted,

wken the
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supports happen to displace. Since the members can revolve in two directions,

the number of unknown R's (or ip's) is equal to twice the number of the

members. These R's must be compatible with the geometry of the frame to

be mentioRed below.

    Take, for example, any space bounded by members either open or closed.

Such a space is shown in Fig.8(a), where the skeleton after deformation is

drawn by broken lines assuming the Ieft support to be fixed in position.

    Let the initial and finai dimensions of the skeletons be as follows:

Length of member

lnclination of member

Span

Relative height of the ends

Initial

s

cr /

l

h

Final

I  s+ As
ex= - Rx (:ir)

 l+ Al

 k+ dh

   `"' Cf Fig. 8(d).

                                       y
   Then vgre have, by geometry,' the

relations after deformation:

   X(s + ds)cos(ct. - R.) = l -y gl,

                                       y
   Z(s + As)sin(cr= - R.) == h -t- Ah.

   Expand tkese equations considering

the geometry before deformation,

Xscoscrx == O and Xssinctx = h; let sinR. -- R.

small terms of higher order in the resulting

very small. Then we finally have

                    :dscoscr= + XRxssina=

                   =dssincrx -

These are the compatibility equations

in Fig.8(b) and (c), change the subscripts of

   On some particular cases it will be

   1) When the supports do not displace, let

   2) For a closed space, also put

   3) For the case where the lengths of

l

 r-'--
REI

Jt

 ･I
LLIN
      '

T,

 lt

f I:)h

]
Elr.

    (tl)

   " k}>
+Rz Jt
   x-  1.,
    (d)

         Fig.8

 and cosR

expresslons

          Rx
         r-         tt         it        lt        ii        l
        2

x z(5>
              x        --.n     a-..,

  2 Ry -'-`-J
x
          (c>

.=1, and omit
 since ds and R=

y

the

are

xR.scoscr. 'lll :ih'. I (36)

    required. If we consider such spaces as

           a and R to x and y respectively.

     mention. ed that:

            Al =: Ah == O.

  Al -m tih ==T. O.

       members remain unchanged and the
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supports are fixed

The subscripts are

            S. YOSHIDA

in positions, eqs.(36) reduce

           ]2[IRssincr == o,

           :Rs cos cr =: O.

here omitted.

to the simple form:

}
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(37)

                     13. Establishment of Solzttion

   In order to carry eut the analysis of the rigid frames in space, the

equilibrium equations-joiRt equilibrium equations, horizontal-and vertical-

shear equations-should be utilized together with the compatibility equa-

tions. To make sure the possibility of solution, we will here investigate the

numbers of unknowns sought and of condition equatioRs available. Tal<e, for

simplicity, a space frame ef single story, and let m an.d n be the numbers of its

coRstituent plane frames in row- and columr-arrangements respectively.

   Then, the joints, the nttmbers and the spaces are respectively enumerated

as shown in Table 1.

                               Table 1

Item No.

                Joint i mn
                                       '                             '                                   i           fcoiumn Imn 1
   Member i Zeoa.y, parailel to x2 ax.is "n･fintIlil 3mn-il'}n+n)

           { paraiiei to yz piane '''l m(n-i) )

   SPaCe i ; :; ; (//L.t--1//iy-1)i 3mn-2(m+n)+1

   With this, we can tell the Rumbers of cGndition equations as follows:

Joint equilibrium equations･･･3mn (three times of no. of joints).

Horizontal-shear equations･･･m ÷ n (sum of nos. of rows and columns).

Vertical-shear equations･･･(nz - 1) + <n - 1) :== m -F n- 2 (sum of nos. of bays

            of constituent plane frames in both arrangements).

Compatibility equatioRs ･･･ 6mn - 4(m + n) + 2(twice the nos. ef spaces)

                       Totals･･･9mn - 2(m + n).

0n the other hand, the number of unknown g's is 3mn, and of ¢'s 6ioan-
2(m + n), which evidently a.crrees, in all, with that of condition equations shown
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above. Therefore, we can conclude that the solution is always possible.

    The similar discussion will hold for the frames of multFstory.

    If we assume that the supports are immovable and the member-lenghths

are immutable, which is the case usually considered, the compatibility equa-

tions become needless, because we caR tell, by inspection, as follows:

    1) The beams can revolve aboutNaxis only. All the beams spanning

adjacent two plane frames have the same ip. Hence, the number of ip's of thern

becomes (m - 1) + (n - 1) == m+n- 2.

    2) All the columns in any constituent plane frame have the same R, if

their heights are all equal. Hence, the number of ip's of columns is m + n.

    3) Thus, the Rumber of ip's totals to 2(m+n- 1), which just comes to

the number of shear equations. ･
    4) The maeter is the same, if there is irregularity in the length of columns

and beams.

    Furthermore, if the joints do not disp}ace due to the symmetry or to the

lateral sLipports, ¢'s become zeros, hence the solution is carried out by the

use of the joint equilibrium equations only.

              14. ComParison with Method of Redztndancies

    In order to obeain a statically determinate rigid connection in space by

assembling k bars, Nve have to apply six constraints at each knot. Since there

are h- 1 knots, the required constraints must be 6(fe - 1) in all. The frame

thus fabricated is then attached to the foundatien to complete a statically

determinate structure. For this purpose, we are again in need of sixexternal

constraints. Thus, we see that a statically deterrninate rigid frame should

have the constraints of 6(fe -1) + 6 = 6k in total.

    If the frame under consideration is statically indeterminate, it has more

constraints than 6k, and its degree of redundancy N is found to be

                           N := r -F j- 6fe,

where r == total external constraints,

      ]' -nd total internal constraints. At a rigid joint, 1' denotes the number

          of meeting members less than one multiplied by six.

    The methods of redundancies, the classical methods, take the end-forces

for unknowns, which are the constraints above mentioned. Therefore, IV

denotes the number of redundant forces to be found.

   Let, for example,.a single storied frame of n? rows and n columns be



considered. We obtain, referring to Table 1, r =:= 6mn, 1' = 24mn - 12(m + n)

and k == 3mn - (m + n). Therefore

                        Ar == 12mn - 6(m + n).

Even in the case where the supports and the joints do not displace, we have

to solve as many equatiolts as this. If such a frame is analysed by the author's

method, the number of unkR.owns to be found is 3mn, for which only the joint

equilibrium equations are exough. For a simple frame of m == n : 2, we see

N= 24 ard 3mn :12; the difference is indeed 12. This shows that how great

facilities are obtaiRed by the author's method.

                   Chapter EII. IIIustrative Examples

             25. Torsio7z E.fi'ects in a Rigid Frame in SPace

   A symmetrica} space frame in Fig.9 subjects n,
to symmetrical loadings as shown. The three-

dimensional analysis l)y the author's method
                                                Bproceeds as follows:

                                                 H
1) Expressions of End-Moments
                                                A
   By inspection, we readily have the relations

   CDxB == SDxC, 90xF == SPxG, 9),B =: {OyC =i SDyF := 9D),G === O, Sl)2B =

   With these, the following end-･mornent expressions

For member AB:
               About x axis, MmAB -- kxAB(gxB + gbxAB),

                    Do. , A4leBA = kxAB<2qxB+¢xAB),
               About z axis, uaAB == k=ABgDxB,

                    Do. , MleBA==2k2ABg=B･

For member BC:
               About z axis, MkBc ==: fe=BcgzB -lm C=Bc･

Fer member BF:
               About x axis, MBF = kxBF(2cexB d- yxF) ]

                    Do. , MxFB := kxBF(gxB + 29xF> +

               About z axis, MleBF m 2PfexBF(so:B ma soxF),

                    Do. , MleFB = 2PkxBF(gxF - go=B)･

For rnember EF:

g
F.g n

      c yE]-x
2

D

Lh

     Fig.9

nv sD=c, gozF =

are wrltten

CarBF,

CxFB,

G

H

- 9P=G.

down.

(ED
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     About x axis, MxEF = fexEF(goxF -lr gbxEF) == lexEF(goxF + (Inyh)gbxAB),

           Do. , MxFE = fexEF(2soxF + cbxEF) =: kxEF(2goxF ml- (Hlh){bxAB>,

     About z axis, M}iEF =kxEFgoxF,

           Do. , taFE=2le=EFgoxF.

For inember FG:

     About z axis, M}FG r kxFGsotF + CxFG.

2) Elastic Equations

   Condition equations to be satisfied by these end-moments are:

  i) Joint Equilibrium Equations

  At joint B:

                  About x axis, MxBA + MxBF =: O,

                  About z axis, MLtBA ÷ A4}Bc+M}iBF == O.

  At joint F:

                  Aboutxaxis, MxFB+MxFE == O, , (b)
                  About z axis, MleFB ÷ MltFE + MleFG == O.

  ii) E{orizontal Shear Equations
                         x,BA+xleFE .,, o. I

   Substituting the above end-moments (a) into these equilibrium equations

(b), we get the following simultaneous equations. '

           2(kxAB + kxBF)gxB + kxBFgxF + kxABipxAB + C.vBF == O,

           kxBFspxB + 2(kxBF -Y kxEF)goxF + (H7h)lexEFgbxAB + CxFB == O,

           (2le--AB + k.Bc + 2Ple.BF)g.B - 2PfexBFg.F {- CxBc = O,

           (2k.EF + fe.F(} -Y 2Sk.BF)g.F - 2Pk.BFg.B " C.FG = O,

          3hfexABgxB -l- 3HkxEFgoxF H- (2hkxAB + 2(H2/h)karEIr)gbxAB == O.

   Solving these, we have:

Jeint rotatioRs at B,

   gxB = (ww 1/v){((4fexBF + kxEF)<hfexAB + (H2fh>fexEF> - 3(H2fh)le2xEF)CxBF

         - (2kxBF<hkxAB + (H2fh)lexEF) m 3HkxABfexEF)Ca'};B},

   so=B =: (-11,t{){(2kxEF + fe=FG + 2i9fe.-BF)CzBc + 2i9k:BFCzl"GI}.

Joint rotations at F,

   goxF = (Yp){(2kxBF<hkxAB -1- (H2!h)fexEF) - 3dexABfexEF)CxBF

         - (4(kxAB + k.rBF)(hkxAB + (H2fh)kxEF) - 3hk2xAB)CxFB},



    g.F == (-11pt>{(2k.AB + k--Bc + 2Pfe.BF)C.FG + 2Pk.BF C.Bc}. I
                                                                 (e)Revolution of rnember AB, i'
                                                               I
    ¢xAB =: (-1!v){(3ffhxBFkxEF - 6hkxAB(kxBF + kxEF))CxBF I                                                               I･
         -(6HkxEF(fexAB+kxBF>÷3hfexABkxBF)CxBF}, I
                                                               ll

    F{ == (2k=･ AB + fetBc + 2Bk=BF)(2k=EF + kzFG + 2PkxBF) - 4P2k2=BF, I

    v = 2<fexAB + kxBF){4(kxBF rY kxEF)(hkxAB + (H2flz)kxEF) ' 3(H2/h)le2xEF} 11/

                                                               Il
         - kxBF{2kxBF(hkxAB + (H21h)kxEF) - 3lkxABfexEF} I
         + 3hkxAB{(H'/h)kxBFkxEF ve 2kxAB(fexBF + fe.EF)}. i

Finally, introducing these g- and di- values into the expressions of end

moments (a>, we arrive at the solutions.

    Consider now the case in which kxBF pt fexBF = O and CxBF == Cx･FB :::: O, then

we have from <c)

          9xB = 9xF == ¢a･AB = exEF = O,

          gxB = - CxBcl'(2k=AB + fe=Bc>, 9xF = nv CxFG/(2fexEF + fexFG).

These 'coincide with the solutions by the conventional two-dimeRsional method,

that is, the solutions for the constituent plane frames ABCD or EFGH.

    In the followings, we will consider in detail about uaBA, MleBc and M}BF.

3) RelatioRs between fe.EF and M's

   AssumiRg that Pi = P2, k=AB == lexBc == k=BF =: k.FG = 1 and that iS =: O. 11, putting

m == 6 in eq.(18), we obtain At = 6. 44 fezEF + 3. 88, CxBc == CxFG and

              gxB == - (2k=EF + 1. 44)C=Bc/(6. 44k=EF + 3. 88),

              gp=F = - 3. 44C.-Bc/(6. 44le=EF + 3. 88).

Hence we get, from eqs.(a>,

              MleBA = v (2i?:EF -H 1. 44)CxBcl(3. 22fexEF + 1. 94),

              M}rBc == (2. 22k--EF -Y 1. 22)C2Bcf(3. 22k=EF + 1. 94),

              MleBF = - O. 22(k:EF - 1)CxBc/(3. 22fexEF + 1. 94).

Thus we have the end-moments expressed by fexEF, eke relations between them

are shown in Table 2.
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)iiKkiEEx

Ml:BA

M} Bc

MLBF

o O.2

-o. 74I -o. 71

    l
 O.63i e.64

 e. 11 o. o7

l o.4I o.6

-O. 69

 e.65

 O. 04

-O. 68

 O.66

 O. 02

E
O.8

-O. 67

 e.66

 O.Ol

1.0

-O. 67

 e.67

 o

1.2

-e. 66

 O.67

-O. Ol

1.4

-O. 66

 e. 67

-O. Ol

1.6 1.8 2.e
-o. 6sl -o. 6s -o. 6s

 O.67 e.67 O.67
-O. 02 -O. 02 -O. 02

 ""'' Multipiier: C:Bc =r-pil2712
See that as fe.EF increases, M2Bc increases and A{L:BA and MliBF decrease, but for

k.EF>1 they remain almost constant. Again, when kxEF becomes unity, i.e.,

the frame becomes also symmetrical about xa plane, the twisting moments

vanish and the frame ABCD may be isolated and treated two-dimensionally.

4) Relations between CxFGICxBc and M's

   For convenience sake, letting all stiffness ratios be unities and P be O. 11,

we have

                    go.B =:: - (O. 31C.Bc H- O. 02C.FG),

                    go.F -- - (O. 31C.FG + O. 02C.Bc>,

and

                  Ml,BA == - C.Bc(O. 62 -i- O. 04C.FGIC.Bc),

                  Ml,Bc == C.Bc(O. 69 - O. 02C.FG/C.Bc),

                  A(L,BF =: - O. 06C.Bc(1 - C.FG!C.Bc).

The relations between C:FGIC=Bc and M's are shown in Table 3.

                         Table 3 C=FG/CxBc-vM

XKM)->.E(iC=xFGICxBc o l e.2 e.4 O.6 O.8 1.0 1.2 1.4 1.6 1.8
i

I 2.e

                                 -o. 6sl-o. 671i -e. 67 -o. 6s -o. 6sl/ -o. 6g    thBA                            -e. 64                  -O. 63             -O. 62                       -e. 64                                                               -e. 7o
     i#21.:: . ... ..i .gi g;..,.. gl 6,.g..,...8. i S,2.-8[ g;l-gi gi . g' 6i.ii.. ..1..i.8.1i....8.l.8..S....?i..I.8..i.ii....8-i･.S.l.i....8.I..3..i.

                                              Miltiplier: CxBc=:-Pil2/12

   From this table it is perceived that A(LBA and M}rBc are not so dfferent

from the two-dimensional solution, O.67C=Bc, and that the raagnitudes of

twisting moments in the range considered are very small compared with those

of bending moments. Thus, it may be concluded that the variation of CxFGIC=Bc

does not effect so much upon the end-moments analysed either three-dimen-



sionally or two-dimensionally.

5) Relations between kxBF and M's

   To show the effects of the torsional rigidity of a member, consider the

frame in Fig. 10 which is the special case in Fig. 9. For this frame we can put

k=EF = fezFG = co and C=FG r= O iR the foregoing solution.

    To investigate the relations between k.BF and the end-mornents, le#, for

example, k=AB == fetrBc = 1. Then, we have

                      gxB == - C.Bcl(3 ÷ 2Pk.BF)

aRd

                taBA == - 2CxBcf(3 + O. 22fexBF),

                MkBc = 2(1 + O. 11fexBF)CxBcf(3 + O. 22kzBF),

                maBF = - O. 22k.BFC.Bcl(3 + O. 22k.BF).

Table 4 shows the relat{ons thus obtained whlch are plotted in Fig. Il.
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    See that for k=BF = oo, MleBc coincides with the end-mornent of a both-

ends-fixed-beam and MBA vanishes. Futhermore, with the decrease of fe:BF,

Ml,BA and lltLrBc approach respectively to the values of the piane frarne ABCD.

    Table 5 shows the percentage errors in the end-moments resulting from

the two-dirnensional analysis; the values from three-dimensional analysis being

taken as references. From this, it wi}1 be realized that the members BF and

CG, which are attached to the plane frarne ABCD, have considerable effects

and they should never be omitted in the practlcal design. Provided that the

members BF and CG are very slender, the conventional two-dimensional

analysis will be satisfactorily applied. In practice, if we allow 10% errors, we

must allot the values Iess than 2 to k.

                      Table 5 fe=BFNpercentage errors

X---te1-
<uaBA-Mb)1thBA

(uaBc-th>1.IS4leBc

o

o

o

O.2    IO.4lO.6

+1.sl-t-3.o+4.s

        -1.5 o    -l. 5

e.s

+6.0
-3. 0

i. e I 2. o i, 4. o

+7.5
-3. 0

6.0

    il+13.4 j -t-22ii +31

 -9. Dl. -10 -ls

s. o l' io. ol oo

       '
+37

-18

-F43

-21

%)

%)

       U)zsymmetrical Rigz'd SPace (1)
   A space frame, Fig.12, loaded laterally in

z direction has the dimensions and le-values as
         '
shown in Tabie 6. The procedures of analysis

and some related discussions will be given below.

                              Table 6

   From this numerical example, it is perceived that the rigid frame in space

without side-sway may be anaiysed by the conventional two-dimensional

rnethod provided that the torsional stiffness of any member is not so different

from the bending stiffnesses of other members; if it is not so, itis necessayy

to soive the frame three-dimen.sioRally.

D E

3: G4 H'

E

y
4t

c
B /Lx

 z
Fig. 12

1

Member

Length

  fex

  ky

  lex

AD
4.2

1.0

1.0

1.0

BEiCFiDE
   1/   FI
5.4

1.2

1.0

l.2

    I
 3.o i･ 4.o
    I
 o.s k..4
    I
 LOlL2
i. O.8 B.e

EF
4.0

L4
1.2

1.0

DJ

5.0

1.5

1.0

L4

EK
5.0

l.5

1.0

1.4

FL
5.0

1.5

LO
1.4

   liJKiKLIGJ
4.0

1.4

L2
O. 8

･l

    3.64.e

L4    1.0
L2    LO
O. 8    1.0   l.,

HK hL
    l･

4.2

L2
L2
LO

3.0 ･m)

e.s

O.8

LO

1) Expressions of End-Moments
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In the followings, we allot O. 107 to P assuming m =:= 6 in eq.(18).

member AD :

MxAD=gxD+g)xAD, MxDA == 2g･xD -l- gbxAD.

M,±AD =:-O. 21pyD, MyDA =O. 21g)tD.
M=AD =g2D+gb=AD, M=DA :::2{oxD+gl,2AD.

member BE :

MxBE -- 1. 2goxE +L2{bxBE, MxEB = 2. 4cpxE + 1. 2gbxBE.

MyBE -rm -O. 21g),E, M.EB=O. 21{D,E.

M=BE == 1. 2go=E + O. 93gb=AD, M.-EB = 2. 4g)=E + O. 93g).-AD.

member CF :

MxcF :=: O. 8goxF + O. 8gbxcg MxFe == 1. 6gxF + O. 8gbxcF.

MrvcF ::-O. 21qJrF, M)rFc =O. 21gyF.

MxcF = O. 8gzF +L l2gbxAD, M=Fc == 1. 6co=F + 1. 12gl}zAD.

member DE :

MxDE =:: O. 30(qxD- {oxE), MxED =:: O. 30(sDa,E- qxD).

MyDE == 1. 2(2goyD + goyE " 1. 05g)xAD - 1. 35g5xBE>,

MyED = 1. 2(2go)･E + gyD + 1. 05gl}.AD - 1. 35g)xBE>.

M2DE := 2gxD+co:E, MxED=2g=E+ca=D.

member EF :

MxEF == O. 3(soxE- gpxF), MTFE =O. 3<coxF-QxE).

MyEF = 1. 2<2qyE + qyF + 1. 35g)xBE - O. 75¢xcF),

M}･FE == 1. 2(2goyF -- goyE + 1. 35gbxBE - O. 75¢xcF).

M=EF = 2soxE + gntF, MxFE =: 2go=F + "f)=E.

member DJ :

MxDJ == 1. 5(2gxD+qxJ), MxJD =" 1. 5(2pxJ + gxD).

M,DJ = (2g,tD ÷ g.J + O. 724gb.GJ T O. 84¢.AD),

MyjD :=: (2gyJ + qyD -i- O. 724¢=Gj - O. 84gb=AD).

Mx DJ : O. 3( gxD - qL･J), M=JD :=: O. 3( g=J - g=D).

No. 12
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For member EK :

    Ma,EK == 1. 5(2gxE + gxK), Mxl<E := 1. 5(2gxl< + qxE).

    MyEK = (2coyE -l- yvi< + O. 72gl,2GJ - O. 84gbxAD>,

    MyKE = (2gpptK + gyE + O. 72ip=GJ - O. 84gbzAD).

    MxEK =O. 3(goxE- apzK), MxKE :== O. 3({o=K - goxE).

For inember FL :

    MxFL = 1. 5(2gxF+ qxL), A4leLF =: L5(2gxL + gxF).

    MyFL -nd- (2g)yF -i- goyL -l- O. 72ip=GJ - O. 844,=AD),

    MyLi: un- (2soyL + sDyF + O. 72¢xGJ - O. 84g)zAD).

    M.FL=O. 3(g.F-g.L), M2LF == O. 3(g.L-g.F).

For member JK :

    MxJK = O. 3(gxJ-gxK), Mxl<J =O. 3(gxK-gxJ>.

    MyjK == 1. 2(2goyJ + g,yi< -i- 1. 05gbxAD - 1. 35gl,xBE),

    MrvKJ ' = 1. 2(2sDyi< + gyJ + 1. 05gt,xAD ww 1. 35¢xBE>.

    MxjK =O. 8<2gxJ+gxK), M=Kj :== O. 8(2g=K {- qxD.

For rnember KL :

    Mxlq. == O. 3(gxl<- garL), M.rl.K == O･ 3(9xL- gxK).

    Ms･KL == 1. 2(2gyi< + gDyL -i- 1. 35e)xBE - O. 75ipxcF),

    MyLK =: 1. 2(2gyL + gyK + 1. 35sbxBE - O. 75gbxci;).

    A42KL =: O. 8(2gzK+ g=L), MxLK == O･ 8(2g=i. rint gxK)･

For member GJ :

    MxGJ =r gxJ+1. 17ipxAD, Ma,jG == 2gxJ -- L17gbxAD.

    MorGJ ::-O. 21gyj, MstG =:= O. 21qyJ.

    MxGJ= 9zJ+ip2GJ, MxJG := 2gxJ÷¢=GJ･

For member HK :

    MxEg< ==: 1. 2{DxK +L54gbxBi:', Mxi<H = 2. 4cpxK + 1. 54¢xBE.
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   MyH}< == -O. 26gyK, MrvKH =O. 26qyi<.

    M.HK ==: g.K+O. 86gb.GJ, M.KH=2g.K÷O. 86¢.Gj.

Foy member lL: '
    MxiL == O. 8sDxL + O. 8gbxcF, MxLi =L6goxF + O. 8gbmcF.

   MyiL ==: -O. 17qyL, MptLE =:', O. 17pyL.

   MxigJ = gxL + 1. 2¢=GJ, MxLi = 2p.-L+L2¢=GJ.

2) Expressions of End-Shears

   XEDA ==: - (O. 71coxD + O. 48{bxAD),

   XIiDE =' - (O. 9{oyD -l- {syE + O. 63gC,xAD - O. 81gbxBE),

   .XL,JG = - (O. 83g.J -i- O. 65¢.AD),

   -X} DE == XleED, .XL EB == -(O. 67ga･E+O. 44cbxBE),

   Xl,KJ =: - (O. 9gyJ + O. 9{orvK + O. 63di.AD - O. 81¢.BE),

   MJK =: XleKJ, XleKH == -(O. 86gxK+O. 73gbxBE),

   XleFE := - (O. 9qyE + O. 9gs･F + O. 81dixBE - O. 45¢xcF),

   MEF = XLiFE, IYItFc = - (O. 8g cF -i- O. 53qxcF),

   XleLK -== - (O. 9yK + O. 9goyL -l- O. 81g)xBE -O. 45g)xcF),

   IJ<liKL =: XrLi<, .XleLi == -(O. 8g]xL -l- O. 53gt,xcF),

   -)CeDA == - <O. 71gJ'gD + O. 48gbxAD),

   XxEB =: - (O. 67soxE + O. 34¢.-.AD>, M-Fc ==: - <O. 8gxF + O. 75gi,:AD>,

   inDg = - (O. 6gyD + O. 6g7yJ + O. 29gJ2GJ - O. 34gbzAD),

   X,,jD == Xh,DJ,

   XrEi< mu- nv (O. 6gyE {- O. 6gyl< + O. 29qxGJ m O. 34ip2AD),

   Xlrl<E = JfuEK,

   X.Fi. == - (O. 6gyF + O. 6coyi. + O. 29¢.GJ - O. 34gb.AD),

   .Xl,I.F = MFL, X.JG =: - (O. 83so.J +O. 564}.GJ),

   XLcKH = - (O. 71{oxK + O. 41g7zGJ), XleLi = - (gok･L + O. 80g)=GJ>.

No. 12
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3) Elastic Equations

  i) Joint Equilibrium Equations

    At joint D:

      MxDA + MxDE + MxDJ "= O. MyDA + M5,DE + MyDJ =O.

      ML,DA + MleDE+ M},DJ == O.

    At joint E:

      MxED + MxEB + MxEF + MxEK = O. MyED + M3,EB + MyEF + M3,m< = O.

      M},ED + MleEB -i- M},EF + Ml,EK == O.

    At joint F:

      MxFE÷MxFc+MxFL == O. MorFE+MyFc -l- M5,FL == O.

      MleFE -i- uaFc + M},FI. == O.

    At joint J:

      MxJG+MxJK+MxJD =O. MyjG+M5tJK+M5,JD=O.
      taJG -i- M},JK + M},JD =: O.

    At joint K :

      MxKJ + MxKH + MxKL + MxKE == O. MyKJ + M5,KH + M5,KL + Ml>'KE = e.

      Ml,KJ + Ml,KH + MLI<L + MKE = O.

    At joint L:

      MxLK+Mxm+MlrLF == O. Myi.K -t- A6Li+A6LF -- O.

      MLK ÷ maLI + Ml,LF == O.

    These conditions give eqs.<1)-v(18) in Table 7.

  Ii) Shear Equations

For the lst colurnR-frame : X}iDA + XleDE + XkJG + XleJK- 3 := O,

  " 2nd m : XleED-XliEB-XleEF+XleKJ-XlrKH-XleKL+5=

  " 3rd m : XltFE- XleFc + X} LK - XkLi +4 == O,

For the lst row-frame : X} DA + XlvEB -l- XleFc -XDJ - XloEK - XleFL == O,

  rz 2nd v : XltJG -F XIti<ff -F XxL!+XLvJD+XleKE+X}vLF =O･

    From these conditions we get eqs.(19)r-v(23) in Table 7.
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Table 7 EIastic equatlons

No. 12

Eq.

<1)

C2)

<3)

(4)

(5)

(6)

(7)

<8)

(9)

(le)

(ll>

(12;

(13>

(14)

{15)

(16)

<17)

(!8)

(19)

{20)

<21)

(22)

(23>

Left-hand side
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 5. 30

-O. 30

 1. 50
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   'I I'
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1. 20
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-o. 6e･
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1. 00

1. 20
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1.20
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I
I

t

l
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Thus, we finally have twenty-three simultaneous equations in total, which

give the solutions as follows:

  Joint rotations at D, g.D :+O.615,

       Do. at E, g.E =i- + O. 627,

       Do. at F, gxF ==+O.733,

       Do. at J, gxJ == + O. 833,

       Do. at K, gxK ==+O.944,

       Do. at L, gxL =- + O. 761,

goyD = - O. 175, so.D =- O. O08, 5,

soyE == +O. 040, sD.E == -O. O02, 9,

geyF == -Y O. 239, gp.F :== -O.OIO,6,

gyJ == -O. 175, g.J == +O. O08, 9,

{DptK == ÷ O. 039, so.K == + O. O03, 2,

sp,L =: + O. 243, sD.L = -i- O. OIO, 8,



No. 12 Analysis of Rigid Frames in Space by Applying SIope-Deflection Formulas 59

Table 7-continued-
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Right-hand
side

l

I
l

I

-3. 00

 5. 00

l

l

4. eo

and revolutions

     ¢xAD "= -4. 32, ipxBE == -3. 98, gl,xcF == '5. 68,

     4)zAD =+O. 042, 2, g)=GJ =-O. 039,7.

   The end-moments are found substituting these g's and ¢'s into
expressions in 1). The results are shown in Table 8 and in Fig. 13t--16.

    The horizontal and vertical reactions at supports are determined from

end-moments by statics.

the

the
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8 Values of end-moments (t-m)

No. 12
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4) End-Mornents Analysed Two-Dimensionally

   The usual two-dimensional analysis treats the constituent plane frames

ADJG, BEKff and CFLI separately. The solutions are easily carried out, and

we have the results shown by broken lines in Fig. 13, which compares with

the exact values, shown by iull lines. Note that the two-dimensional analysis

does not prodttce the values of Ml's and Mli's.

   In Table 9 the end-moments are compared, and the eyrors produced by

the conventional analysis are shown. It should be mentioned that the errors

are remarkable and that they appear either on the safe side or on the dangerous

side. The moments in Figs.14, 15 and 16 are never beeit found by the

conventional analysis, which leads us to theconciusion that the economical

design can only be attained through the rigorous three-dimensional analysis.

Especially, the rigid frames in space accompanying side-sways should be
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analysed thyee-dimensionaHy,

and considerable dangers will
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otherwise, the design will come far from economy
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/'b) Frame BEKH

No. 12
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in Table 10.

be carried

simplicity, P

    Nete: Three--dim.: Three-dimensional soltttion

         Two-dim. : Two--dimensional solution

             17. U)isymmetrical Rigz'd Frame

   Fig. 17 shows an unsymmetrical

rigid frarne in space. The member- H
lengths and stiffResses are tabulated

The calculations

out assumlng,
= O. 1.
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fyame seems to have twenty-six

  inspection or by referring to the

     ipxBD, ¢xGJ, ipxAc, ¢xEH and

others are deroted as follows:

unknown ¢'s,

compatibility

gbxKN for the

they can be

condition in

independent
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    gbxEH == (516> × gbxAc =O. 833,3gbxAc,

    gbxKN :: (5!6) × gbxAc = O. 833,3gbxAc,

    gbxFi = (516) × cbxBD == O.833,3gbtBD,

    {bxLp == (516> × gba]BD =: O. 833,3gbjcBD,

    gbxMQ := (414) × gbx(}j =: gbxGJ,

    gb=BD = <5!5) × gbxAc = sE,=Ac,

    gb=Fi = (6/6) × gbxEH =: gb=EH,

    gb=Gj = (614> × gbxEH = 1. 5gbxEH,

    gbxLp = (616) × sb=i<N = cb=KN,

    sb=MQ == (614> × gb=KN =: 1. 5cb=i<N,

    gbycD = (5!8> gbxAc - (5/8)gbxBD = O. 625gL,xAc - O. 625ipxBD,

    gbyHi == sbycD = O. 625sbxAc - O. 625gbxBD,

    ¢)tNp = ipstcD = O. 625¢xAc - O. 625¢xBD,

    ipyiJ == (6/6)gd)xEi - (416)gOxGJ = dixFi - O. 666, 7¢xGJ m O. 833, 3gt3xBD - O. 666, 7gbxGJ,

    sborpQ = sbyiJ : O. 833, 3gbxBD - O. 666, 74,xGJ,

    gbycH == (615)gbxEH - (515)gE,xAc == 1. 2sbxEH - ¢:Ac,

    sbyDi == gbycH m 1. 2gbxEH - gbxAc,

    sbyHN =" (614)gbzi<N - (6/4)gb=EH == 1. 5¢,xKN - 1. 5{b=EH,

    gbyip=gbyHN =m l. 5gb=KN-L5sbxEH, .
    gbyJQ =: sbyHN == 1. 5cb=i<N - 1. 5sbxEH.

    Using these, we have the necessary expressions which follow:

 1) Expressions of End-Moments

  For member AC :

      MxAc = O. 8(gxc + ¢,xAc>, MxcA = O. 8(2gxc + ¢xAc),

      MrvAc == -O. 24gyc, MycA == O. 24qyc,

      M=Ac = gzc+¢xAc, MzcA =2g=c+ ip=Ac.
   For rnember BD :

      MxBD =O. 8<soxD+ gbxBD), MxDB == O. 8(2goxD+ sbxBD),
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For

For
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MyBD =:'O. 22gyD, MyDB == O. 22gyD,

MxBD == gxD+ gb=Ac, M=DB =: 2g=D÷ sb=Ac.

member CD :

MxcD= O. 2(pxc-gxD), MxDc ==: O. 2(gxD-gxc),

.M5,cD == O. 9<2goyc + gyD -F O. 625gbxAc - O. 625sbxBD),

MptDc =: O. 9(gorc -l- 2g.D --Y O. 625gb.Ac - O. 625{b.BD),

M.-.cD := O. 7(2g.c÷y.D), M.Dc = O. 7(g.c+2g.D).

member CH :

MxcH =: L 5(2gxc + gxH ), MxHc =L5(gxc + 2gxH),

MycH == 1. 2(2gyc + gyH + 1. 2g{,zEH ww gb=Ac>,

MyHc ;:= 1. 2(gyc + 2gyH ÷ 1. 2sbxEH ww gbxAc),

MxcH = O. 16<g=c - gxft), Mxnc == O. 16(gz}i - g2c).

member DI :

MxDI =: 2gxD + gxl ww 2. e83, 3, MxlD == gxD + 2gxl + 2. 083, 3,

MorDI = O. 7(2gyD "- g,･I -l- l. 2¢=EH - ¢xAc),

MylD =: O. 7(gyD + 2gyl + 1. 2¢xEH - sbxAc),

MxDI=O. 18(g=D-g=I), Msm == 0. 18(gxl-gxD).

member EH :

MxEH = 1. 2(gxH + O. S33, 3exAc), MxHE == 1. 2(2pxH + O. 833, 3gbxAc),

MyEH == -O. 28gyH, MyHE == O. 28gyH,

MxEH -- 1. 2(g=H ÷ sb:EH), MxHE == 1. 2<2g=H + gbxEH)･

member FI :

MxFI =: garl + O. 833, 3g3xBD, MxlF == 2qxl + O. 833, 3{bxBD,

MyFI =-O. 2gyl, MylF == O. 2gJtl,

M=Fi = g=i + ¢xEi{, MxiF = 2g=i+ gv' xEH.
member GJ :

MxGJ == Ll(gxJ n}m ¢xGJ), MxJG=Ll<2gxJ+¢xGJ),

MyGJ == -O. 26gyJ, MorJG=O･ 26gJrJ,
                          '
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M2GJ :O. 9(pxJ +L5ipxEH), M=JG == O. 9<2gxJ + 1. 5sbzEH).

member HI :

Mxm = O. 24(g:rH-gxl), MxlH == O. 24(gxl-gxH),

MptHi == 2gyH + gyi + O. 625gbxAc - O. 625ipxBD,

Mym := g3,H -i-2gyi + O. 625sbxAc - O. 625sbxBD,

M--Hi =: O. 8(2g.H+g.i), M.iH == O. 8(g.H+2g.i).

member IJ :

Mxu= O. 30(gxi- opxJ>, MxJi rO. 3(gxJ -gxi),

Myij = l. 3<2pyi + pyJ -i- O. 833, 3gbxBD - O. 666, 7g)xGj),

MNJi = 1. 3(gyi + 2gpyJ + O. 833, 3gbxBD - O. 666, 7gbxGJ),

MxlJ =L4(2g=I+gxD ve 3, M=JI =1.4<g=I+2gxJ)+3･

member HN :

MxHN ==; O. 7(2gxH + gxN>, MxNH =: O. 7<gxH + 2gxN),

MrvHN == O. 9<2gyH -i- ggyN + 1. 5ip=KN - l. 5¢=EH),

MyNH == O. 9(gyH -i- 2goyN + 1. 5 sb=KN - 1. 5 ebxEH),

MxHN =: O. 26(gzH- g=N), MxNH = O･ 26(g=N - gxH).

member IP :

Mxlp=2gxl+gxp, Mxpl =gxl+2gxp,
Mrvip = O. 8(2g)･i "r gyp + l. 5sb=KN - 1. 5{bxEH),

Mypi == O. 8(soyi + 2goyp + 1. 5gbxKN - 1. 5sbxEH),

Mxlp == O. 18(g=I-gxp), Mxpl = O. 18(gzp-gxl).

member JQ :

MxJQ == 1. 6(2gxJ + gxQ), MrQJ =: 1･ 6(gxJ -- 2gxQ),

MyJQ =: 1. 4<2soyJ -}" gyQ + 1. 5gbxKN - 1. 5gl):EH),

MyQJ = 1. 4(goyJ -- 2soyQ ÷ 1. 5gbxKN - 1. 5gbxEH),

MxJQ == O. l8(gxJ ww gzQ), MxQ] mO. l8(g=Q rm gxJ)･

member KN :

Mxi<N == 1. 2(gxN + O. 833, 3¢xAc), MxNK = 1. 2<2gxN + O. 833, 3ipxAc),

65
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   MyKN=-O. 16gyN, MyNs< == O. 16gyN,

   MzKN = L2<g=N+ gb=KN), MxNK i= 1. 2(2gzN -- sbxKN).

For member LP :

   MxLp == 1. 2(opxp + O. 833, 3qxBD), MxpL == 1. 2(2gxp + O. 833, 3¢xBD),

   MyLp == -O. 2gyp, MypL == O. 2gyp,

   MxLp == L2(gxp -F ¢xl<N), MxpL == 1. 2(2g=p+ ¢=KN)･

For member MQ :

   MxMQ == 1. 3(gxQ + ipxGJ>, MxQM =: L3(2gxQ ml- ¢xGJ),

   MyMQ == -O. 16grvQ, M.QM =: O. 16porQ,

   MzMQ = 1. 4(gzQ + 1. 5ip=KN), MzQM =: 1. 4(2g2Q +L5ipxKN).

For member NP :

   MxNp =O. 24(gxN-gxp), MxpN == O. 24(gxp-gxN),

    MyNp = O. 6(2gyN + gyp + O. 625gbxAc - O. 625gbxBD),

   MypN == O. 6(gyN + 2gyp + O. 625gbxAc - O. 625gbxBD),

   M=Np =" 1. 2(2g2H + gxp) - 6, MzpN = 1. 2(g=N + 2gxp) + 6.

For member PQ :

   MxpQ =O. 2(gxp - qxQ), MxQp = O. 2(gxQ - gxp),

   MypQ =: O. 6(2gyp + gyQ + O. 833, 3sbxBD - O. 666,7{Px(}J),

   MyQp == O. 6(gyp + 2gorQ l- O. 833, 3gbxBD - O. 666, 7gf,xGJ),

   MxpQ =:: 2gxp+qzQ, M2Qp=g=p+2g=Q･

 Expressions of End-Shears

Observing constituent frames in row:

XvcA = - (111cA)(MzAc + M=cA) = - (l/5)(3g2c + 2¢xAc) == - O. 6g=c - O. 4¢xAc,

Xa:DB = - (1/IDB)(MxBD + M=DB) =: - (115)(3goxD + 2sb=Ac) =: - O. 6goxD - O. 4gl,xAc,

XlrcH = um (111cH)(MycH nviun McrHc) =: - (115)(3. 6gyc + 3. 6gyH + 2. 88¢=E}i - 2. 4sb=Ac>

                           := - O. 72go.c - O. 72g.H - O. 576gb.EH + O. 48gb.p,c,

XxDi = mu (1!IDi)(MyDi " MJtiD) == - (115)(2. IgyD + 2. Igbli " 1. 68gbxEH - 1. 4gbxAc)

                           - O. 42soyD - O. 42goyi - O. 3 36gbxEH + O. 28ipxAc,
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  .XxHE == - (iflHE)<MxHE + MxEH) =: - (1. 216)(3so=H + 2gbxEH) == - O. 6goxH - O. 4gb=EH,

  .XLciF = - (111iF>(MxiF + MxFi> = - (1!6)<3gzi + 2sbxEH) := - O. 5g=i - O. 333, 3cbxEH,

  XlvJG = - (1!IJG)(MxJG + M:GJ) = - (O. 914>(3g=j + 3gbxEH) = - O. 675g--J - O. 675{bxEH,

  X}tHc = : .XLtcH M - O. 72sDyc - O. 72goyH - O. 576sbxEH + O. 48gbxAc,

  .XxiD =: XLvDi = - O. 42gyD - O. 42gDtyi - O. 336gbxEH + O. 28gbxAc,

  JLcHN = : - (1!IHN)(MyHN + M,･NH) =: - (O. 914)(3goyi{ + 3soyN -F 3¢xKN- 3gbxEH)

                             = - O. 675soyH - O. 675goorN - O. 675¢xKN + O. 675gl,xEH,

  XL ip = - (1!lip)(Myip + Mypi) =: - (O. 8/4)(3gyi + 3pyp + 3¢xKN - 3¢=EH>

                            == - O. 6soyi - O. 6soyp - O. 6gltxKN + O. 6gbxEH,

  kJQ : - (111JQ)(MyJQ + MorQJ) =: - <1. 414)(3gyJ -i- 3opyQ + 3cbxKN - 3gL,xEH)

                             == - 1. 05goyJ - 1. 05soyQ - 1. 05gb=KN + 1. 05gl,xEH,

  XhrNK =: - (1!INK)(MxNK + M=KN) ; - (1. 2!6)(3gxN + 2sbxKN) == ' O. 6g=N ww O･ 4g)xl<N,

  XlepL == - (1/lpL)(MxpL + M=Lp) = - (1. 216)(3gxp + 2gb=KN) == - O. 6qz?- O. 4gb=KN,

  "iKvQM = " (111QM)(MxQM + MxMQ> = -(1. 414)(3gzQ ÷ 3¢xKN)

                               = - 1. 05go.Q - 1. 05gb.KN,

  .XleNH =: XleHN == - O. 675soyH - O. 675{pyN - O. 675gb.I<N + O. 675{b.EH,

  X.pl =: XloIp == - O. 6gyl - O. 6g.p - O. 6¢.KN + O. 6sb.EH,

  XxQJ = -XleJQ =: - 1. 05goyJ - l. 05gyQ - 1. 05gbxi<N + 1. 05 gbzEH.

  Similarly in column :

  XicA = - (111cA)(MxAc -l- MxcA) x - (O. 815)(3gxc+ 2¢xAc)

                              = - O. 48soxc - O. 32gbxAc,

  XLi-iE : ve (1/IHE)(MxHE + MxEH) == - (1. 216)(3gxH + 1. 667ipxAc)

                              r - O. 6soxH - O. 333, 3gbxAc

  MNK x - (1/INK)(MxNK + MxKN) : - (1. 2/6)(3gxN + 1. 667cbxAc>

                              = - O. 6soxN - O. 333,3{bxAc,

  X:cD =: - (111cD)(MycD + MyDc) = - (O. 9!8)<3gyc + 3g,tD + 1. 25{bxAc - 1. 25¢xBD)

                 == - O. 337, 5gyc - O. 337, 5goyD - O. 140, 6el,xAc + O . 140, 6gl,xBD,



  -Xlem = - <11'IHi)<MyHi -l- Myii-i) == - (lf8>(3qyH + 3gyi + 1. 25ipxAc ' 1. 25¢xBD)

                      = - O. 375goyH - O. 375goyi - O. 156, 25gbxAc + O. 156, 25gbxBD,

  XleNp = - (lf'INp)(MyNp -l- MypN) == - <O. 6!8)(3gyN + 3 gyp -r 1. 25sbxAc um 1. 25cbxBD>

                      = - O. 225soyN - O. 225goblp - O. 093, 75sbxAc + O. 093, 75sbxBD,

  XleDB = - (111BD>(MxBD -i- MxDB) = - (O. 815)<3soxD + 2sbxBD>

                               == - O. 48{oxD - O. 32gbxBD,

  MiF == - <lfliF)(MxiF mi- MxFi) =: ww (116)(3pxi + 1. 667gt,xBD)

                              =: - O. 5goxi - O. 277, 8sbxBD,

  -X}:pL == m (1/lpL)(MxpL + MxLp) =": ww (1･ 216)(3gxp -l- 1. 667gbxBD)

                               m - O. 6goxp - O. 333, 3gbxBD,

  IYL Dc = XlecD = - O. 337, 5goyc - O. 337, 5sDyD - O. 140, 6gbxAc " O. 140, 6gbxBD,

  XeiH = X}Hi == - O. 375goyH - O. 375goyi - O. 156, 25gbxAc + O. 156, 25sbxBD,

  &pN == XleNp = - O. 225fDyN - O. 225gotyp - O. 093, 75ip.Ac + O. 093, 75¢.BD,

  Xleij = ' (111iJ)(MyiJ + MyJi) = - (1. 316)(3gyi + 3gyJ + 1. 666, 7¢xBD - 1. 333, 3¢xGD

                             = - O. 65goori - O. 65yJ - O. 361, lgbxBD + O. 288, 9gbxGJ,

  MpQ == - (111pQ)(MypQ + MNQp) == - (O. 6f6)(3gyp + 3gyQ + 1. 667¢xBD - 1. 333¢xGj)

                               = - O. 3gyp - O. 3go3,Q - O. 166, 7gL,xBD + O. 133, 3gbxGJ,

  XlrjG =: - (111JG)(MxJG + MxGD =:: nv (1. 1/4>(3gxJ + 2ipxGj) = m O. 825gxJ - O･ 55¢xGJ,

  X}rQM J:= nd <1,'IQM)<A4leQM + MxMQ) r - <1. 3f4)(3sDxQ + 2sbxGj)

                                 == - O. 975spxQ - O. 65gbxGJ,

  MJi == XLriJ ":: rm O. 65gyL nt O. 65gyJ um O. 361, lgbxBD + O. 288, 9gL,a,GJ,

  XleQp = X}ipQ = - O. 3gsp - O. 3co.yQ - O. 166, 7¢xBD " O. 133, 3gbxGJ.

3) Elastic Equations

  D Joint Equilibrium Equations

    About x axis :

      A.t joint C, MxcA i'-- MxcD+MxcH == O.

          or D, Mxi)B " A{Lt,Dc -1- MxDI ":: O･
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     At joint H, MxHc ÷ MxHE +MxHi + A4}i:HN == O･

         fi I, MxlD + MxlF + MxiH + MxiJ + Mxip = O.

         " J, Ma:JG -F MxJI+ MxJQ =" O･

         " N, A{LttNItf + MxNK + MxNp M O･

         " P, Mxpl + MxpL + MxpN + MxpQ = O･

         ff Q, MxQJ + MxQM + MxQp "= O.

    About y axis :

      At joint C, A43tcA+MycD -i- MycH :O･

         fi D, M3iDB + MyDc + MyDi = O.

         " H, MyHc ÷ MyHE + Mym + MyHN == O.

         " I, MslD + MylF + Ml'IH + MylJ + Mylp == O･

         " J, M5tjG+MyJi÷MyJQ=O･
         a N, A43,NH + MblNi< -- -uaNp == O･

          " P, M3,pl + MypL + MypN + MypQ = O･

          " Q, M),QJ mi- MyQM -i- MyQp == O･

    About z axis :

      At joint C, imcA + A<LzcD + MicH :A' O.

         u D, MDB + A41 Dc + A<LrDi ::= O.

          " }-i[, ML,l.Ic -i- M}HE + ML,m + M.HN = O.

          v I, AdeiD ÷ ML,iF + MIi!{ + MleiJ + Mip = e.

          ff J, MzJG + M=" + A4lejQ -- O.

        ' a N M=NH + A4LNK +MiNp == O.
                ,

          ff P, A4Epi -l- MLpL + mapN + AApQ = O.

          " Q, fi4kQj + MleQM + MLQp =: O.

  ii) Horizontal Shear Equations

    For tke Ist column-frame :

       XL,cA + X.HE + Xl,NK + Xkc}) + Ml-]1 -i- .XL,Np = O.
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are

are

shear

4
)

rotatlons'

 at joint C, g.c = + O. 049, 75,

     i D, gxD = -i- O. 697, 2,

     " H, qxH =: - O. Ol4, 73,

     a I, qx･i um- - O. 425, O,

     a J, gxJ == - O. 029, 68,

     rz N, g..N =: " O. 033, 81,

     a P, ga-p =+ O. 123, 7,

     a Q, gxQ == + O. O05, 594,

 and revolutions

     g)xAc == - O. O 96, 59,

     ¢:Ac =: + O. 021, 90,

                          S. YOSHIDA

For the 2nd coluinn-frame:

    XltDB + Xl IF + Xl pL lp X}iDc - XleIH - XLrpN -i- Mu + XL pQ = O.

 For the 3rd coiumn-frame:

    XLrJG + XltQM - -XliJI - XleQp == O･

For the lst row-frame :

    Xl,cA + Xl,DB - Xl,cH - thDI == O.

Foy the 2nd row frame:

    Xz'HE -i- X2'IF + .XLTJG mi- XLtHc -l- Xz'ID - XrHN - .Xmlp - XvJQ == O.

For the 3rd row frame:

    XhrNK + XlcpL -l- -XLvQM -1un XxNH -r IJCcpl + Xa]Qj == O.

Substituting the expressions in 1) and 2), the required elastic

obtained as shown in Table 11, in which twenty-four from the

 the joint equilibrium equations and the rernainders are the

  equatloRs.

Soltttions Obtained

Simultaneous equations in Tablell are solved, and we have

 -1
9yc =

90yD ==

{O)･H ==:

p}JI ==

YJ,J ==

COyN -rm

9yp ==

SOyQ :==

¢xBD =::

9bzEH =

- O. O16, 63,

- O. O17, 36,

+ O. 021, 97,

+ O. 030, 89,

+ O. e82, 26,

+ O. 065, 21,

+ O. 046, 74,

+ O. 094, 59,

- O. 164, 4,

+ O. 035, 56,

9 ･:c

9xc

{ozH

9=I

9=J

SPxN

{o=P

{DxQ

sbxGj

sbxKN

No. 12

equatlons

beginning

horizontal

     the joint

- O. O12, 36,

+ O. 025, 36,

- O. 027, 17,

+ O. 577, 9,

- O. 796, 9,

+ 1. 488, 1,

- 1. 109, 2,

a- O. 266, 2,

= + O. 029, 73,

== - O. 171, 3.
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5) Results Obtained

   Using these op's and ¢'s, end-moments in 1) are now determined. The
results are found in Table 12. In Fig. 18"w20 the moment diagrams are shown

by full 1ines. The reactions at supports are also computed and are shown in'

Fig. 21.

Table 12 Values of end-moments <t-m)
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Table 12-continued-

S. YOSHIDA No. 12

Member

End
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N P
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P
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   6) Cornparison with the Current Solutions

   The frame is analysed two-dimensionally and the results are cornpared with

the values above obtained, see Table 13. Also, they are skown by broken lines

in Fig. 18tv20. Serious errors produced by the two-dimeksional analysis are

found in Table 13. Especially, the percentages enclosed by the brackets are

noticeable. In the 2nd-and the 3rd-row-frames, the differences between

exact values (ML:) and those obtained by the conventional solution (M) are

remarkable. Tke reason wi}l be such that while the 2nd-row-frame tends to

deflect towards negative x and tke 3rd-row-frame tends to positive x, the

connecting girders tend to prevent these swayings. The existence of the

connecting girders are not taken into account in the two-dimensional analysis.

                       Table 13 Percentage errors

                         (a) The 2nd-row-frame
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            (b) The 3rd-row-frame
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            18 Te7nPerature Effects

   To show the analysis of temperature effects, take,

for example, the frame in Fig.22. Let the girder BC

and the column CG be subjected to the ternperature

rises of ti n 100C and t2 =150C respectively. The coef-

ficient of the thermal expansion is E. The member-lengths

and their relative stiffnesses are as shown in Table 14,
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Table K

Member

Length

  lex

  ley

  k=

AB

5.4

1.2

1.0

L2

BC

4.e

1.4

L2

1.0

CD BF

3.0

O.8

LO
O. 8

5.0

1.5

LO

1.4

CG

s.e

1. 5

1.0

1.4

EF

4.2

1.2

1.2

1.0

FG
1
･

l G}I

4.0

1.4

1.2

O.8

l

i

3.0 (m)

O.8

O.8

1.0

   To analyse this frame, we have to find at first the relations

defiection angles by applying the cokditions of compatibility described

which are to be read from Table 15 and we have
                               '

            R.cD -- 1. 81?.AB + O. OOO, 16, .R.Bc = O,

            R.GH=: R.cD -y O. OOO,3Q, R.cG == O,

            R,,cG = R.BF -O. OOO,096, R.FG ==: R.Bc - O. OOO, 225.

among
in g12,



Table i5 Compatibility conditions

Space

ABCD
(xy plane)

DCGH
(yz plane)

BFCG

(xz plane)

Member

AB
BC

CD

DC

CG
GH

Length(s)

XY2
o

4.0

o

5.4

o

3.0

o

o

o

o

o

o

3.0

o

3.0

T

 o

5.0

 o

BF
FG

GC

CB

l

E

oo
4.0 O

oo
4.0 O

5.0

 o

5.0

 o

     /1     //?Ar,e,C.t',7P, [,sincrlcoscr

crz = r, /2

crx =O

(vx :3r,/2

cvx == rt/2

cvx==O

crx =3rr/2

 1

 o

-1

 1

 o

-1

o

1

o

i
/

I
l

o

1

o

I
l
/I
･

LI
'

 o

 1

 o
-1

Revolution
L

angle

a'y=r,/2

ay==O

a'y=3rr/2

a'y :rt

l

RxAB

1?xBc

R!icD

RxDc

1?.z･ca

RxGH

 1

 e

-1

 o

i' RyBF

 &FG
 ,leyGc

 1?3,cB

I

Change in
length (As)

  o
48 × 10-b

  o

=
I
i
i

90×:o-s '

  o
     i

x

i
'

As cos cr

 o
48 × lo-S

 o

Rs sin cr

 5.4RLiAB

  o
- 3 . o,e?hrcD

48 × 10-) + 5. 4R:AB

   - 3. 01?xcD m dl =: O

I/t

  oi
  o
     l    e90×10-D l

48 × 10-5

z
j

l

I
,

 o
90 × 10-5

 o

 3.0RxDc

  o
-3. el?xGH

go × loh5' + 3. eRxDc

   - 3.0,l?xGH =: dl == O

  o

  o

  o

-48 × lo-5

 5. 0RyBF

  o
- 5. 0foGc

  o

-48×10-5 H- 5.0foBF

   - 5.01?yGc == dl = O

As sin cr

I

1

l

l
/

o

o

o

Rs cos ct

 o
4. 01?xBc

 e
l
t

!
/

O - 4.0RzBc -. Ah == O

i

l
l

I

o

e

o

T
1  o

5. 0RxcG

 o

/

O- 5. 0R.cG = dh =O

  o
  o
-90 × lo-o

  o

r

,
i

  e
 4. 0kFG

  e
-4.01?ycB

.90 × le-5 - 4.0RyFG

   + 4. eRycB =dh =O
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s
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    For remaining spaces ABFE and EFGH, the relations among defiection

angies can easily be known without uslng the compatibility conditions. The

relations thus found, taking RxAB, RxcD, RxAB and R=EF as the independent

unknowns will be summarized in the following :

         RyBc = 1. 35RxAB - O. 75RxcD, RyBF :== O. 84RxEF - 1. 08 l?=AB,

         RxEF == 1. 286RxAB, RxGH =" 1. 4RxEF.

    Multiplying Ft =m 6EK71000 and transforming we have :

For mernber AB : ¢xAB, ¢xAB･

     fi BC : sbyBc m 1. 35gbxAB - O. 75gbxcD.

     " CD : gbxcD, sb=cD =: 1. 8gbxAB - O. 16/t.

      ff BF : gb.BF=O. 84gb.EF-1.08gb.AB.

      " CG : gborcG == O. 84gl,xEF - 1. 08gbxAB + O. 096,Lt.

      hr EF: gbxEF=1.286gbxAB, gbzEF･

      u FG : {b)tFG =l. 35 sbxAB-O. 75{bxcD+O. 225xt.

      nt GH : gbxGH =: gbxcD- O. 30It, sbxGH == 1. 4sbxEF.

    Now the analysis goes oR as before.

1) Expressions of End-Moments

For member AB :

    MxAB := 1. 2<g7xB -l- gbxAB>, MxBA =l. 2(2goxB -l- gbxAB>,

                                                        '    MyAB =:-O. 2gyB, MyBA == O･ 2gyB,

    M} AB == 1. 2(gp=B+ sbxAB), uaBA :== L2(2g2B+¢xAB).

For member BC :

    MxBc == O. 28(gxB-gxc>, MxcB=O. 28<gxc-gxB),

    Mly･Bc =:= 1. 2(2ge)･B + goyc + 1. 35¢xAB - O. 75gbxcD),

    uacB = 1. 2(goyB + 2goyc + 1. 35gbxAB - O. 75¢,xcD),

    Ml Bc = 2gte･B+ spzc, MlecB = gp=B + 2co:c.

For member CD :

    MxcD =O. 8(2gxc + ¢xcD), MxDc = O. 8(gxc+ ¢xcD),



    MycD == O. 2gyc, MyDc ==-O. 2gcrc,
    MxcD = O. 8(2g2c + 1. 8ipxAB - O. 16,u), M=Dc = O. 8(gxc + 1. 8ip=AB - O. I6,a).

For member BF :

    MxBF =:: 1. 5(2pxB +gxF), MxFB =L5(goxB÷2soxF),

    MblBF == 2grvB + g)yF + O. 84sb=EF - l. 08gb=AB,

    MyFB =: g)yB + 2soyF ÷ O. 84gb=EF - 1. 08gbxAB,

    MxBF =: O. 28(cDxB - gpxF), M.-.FB == O. 28(gxF - {o=B).

For member CG :

    MxcG =:L5<2gxc+gxG), MxGc == 1･ 5(gxc+2gxG),

    MorcG -- 2soyc + sDrvG + O. 84sbxEF - 1. 08sbxAB + O. 096,tt,

    MJ･Gc = gyc -l- 2coyG + O. 84¢xEF - 1. 08gbxAB + O. 096,ct,

    M=cG =: O. 28(gxc-g=G), MxGc :: O. 28(g:G-gxc).

For member EF :

    MxEF = 1. 2<goxF +L286gbxAB), MxFE == 1. 2(2gxF -i- 1. 286cbxAB),

    MyEF == -O･ 24gyF, MyFE == O･ 24gyF,

    MxEF = g)=F+¢zEF, M=FE =:: 2go=F+gb=EF.

For member FG :

    MxFG == O. 28(goxi:-gxG), MxGF == e. 28<cDxG-goxF),

    MyFG xx 1. 2(2soyF -l- goyG + 1. 35sbxAB - O. 75¢xcD + O. 225,tt),

    MyGF == 1. 2(goj,p' + 2ss,･G + 1. 3' 5gbxAB - O. 75sbxcD ml- O. 225ft),

    M.FG = O, 8(2g.F+g.c;), M.GF=O. 8(g.F+2g.G).

For member GH :

    MxGH :'= O. 8(2ga,G mim OxcD rm O. 30,(!), MxHG = O. 8<o, 'a,G + ¢xcD - O･ 30pt),

    MyGia := O. 16gotG, MblHG=-O. 16gyG

    A4leGH == 2g)=G + 1. 4{,b.-.Ei;, M=}iG= g･h(; t/- 1. 4sbxEF.

2) Expressions of End-Shears

In x direction:
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  .XlvBA ==: rm (111AB)(MxAB -F MxBA) = ww (1. 215. 4)(3{p=B + 2gbxAB)

                               == - O. 667sD.B - O. 444gb.AB,

  XL,cD = - (111cD)(M.cD + M.Dc) == - <O. 813. 0)(3g.c + 3. 6ip.AB - O. 32pt)

                               =: - O. 8go.c - O. 96sb.AB + O. 085, 3Lt,

  .Xl]BF = - (111BF)(MrvBF + MyFB) == - (1/5. 0)(3goyB + 3goyF + 1. 68sb=EF - 2. 16gb=AB)

                               = - O. 6cDyB - O. 6soyF - O. 336g6,xEF + O. 432gbxAB,

  XvcG = - (lflcG)(MrvcG + MyGc) = - (115. 0)(3gyc H- 3gyG Ni 1. 68gL,xEF - 2. 16{bxAB

                    +O. 192st) = -O. 6sprvc-O. 6soyG-O. 336gb.EF+O. 432sb.AB-O. 038, 41t,

  .Xlt:FE = - (1/IEF)(M=EF + MxFE) == - (1!4. 2)(3so=F + 2gbxEF) nv- - O. 714gDxF - O. 476gbxEF,

  .X}cG}i == - (111GH)(M2GH + MxHG) -- - (l13. 0)(3sp=G + 2. 8gbxEF) == -goxG - O. 933sbzEF,

  .)itFB == .XleBF = - O. 6gJ･B - O. 6go.F - O. 336sb.EF ÷ O. 432st).AB,

  X,,Gc == incG m: -O. 6sDyc - O. 6grvG - O. 336{b.EF + O. 432sb.AB - O. 038, 4Ft.

In z direction :

  XleBA = - <lflAB)(MxAB + MxBA) : - <1. 2!5. 4)(3goxB + 2cbxAB>

                               = - O. 667gxB - O. 4444).rAB,

  X}iFE =: ' (1!IEF)(A4leEF + MxFE) :: - <1. 2/4. 2)(3goxFrl- 2. 571¢xAB)

                               = - O. 857gDxF - O. 735sbxAB,

  XleBc xu - (YIBc)<MyBc + IS45･cB) =: - (1. 2!4. 0)(3so,･B ÷ 3go,rc + 2. 7gba'AB - 1. 5cbxcD)

                              == - O. 9soyB - O. 9so)･c - O. 81sl,xAB + O. 45gbxcD,

  XleFG ==: - (lflFG>(A43iFG -l+ MvGF) = - (1. 2f4. 0)(3g)yF +' 3goyG + 2. 7gbxAB - 1. 5gbacD

                + O. 45f{) == - O. 9gorF - O. 9g);G - O. 81g,a･AB + O. 45¢xcD - O. 135".

  .XlecD m - (YlcD>(A{f'xci) E- MxDc) :=:: - <O. 8/'3. 0)(3ga-c -i'- 24tvcD)

                               == - O. 8gxc - O. 533g;'a-cD,

  X}G}i == - (lllGH)<A4a'GH + MlrHG) == ww (O. 8,"3.0)<3ga,G ri- 2gba'cD ww O.6ft)

                                =: - O. 81oxG - O. 533yf,xcD + O. 16st,

                                                    '  XkcB := X}rBc = - O. 9go,,B - O. 9sporc - O. 81y}xAB -l- O. 45gbxci),

  Xk(}l: -- XleFG ww - O. 9g,'F - O. 9goorG - O. 81¢xAB + O. 45g3a'cD ww O. 135.tt.
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 EIastic Equations

i) Joint Equilibrium Equations

 About x axis :

   At joint B, MxBA + MxBc + MxBF =: O.

       " C, MxcB + MxcD + MxcG = O.

       " F, MxFB + MxFE + MxFG ==: O･

       rz G, MxGc -lua MmGF + MxGH == O･

 About y axis :

   At joint B, MyBA + MyBc + MyBF == O.

       " C, MorcB + MycD + MycG = O.

       ff F, MyFB + MyFE + MyFG = O･

       " G, MyGc+MGF+MyGH=O.
 Abottt z axis :

No. 12

Table l6 Elastic equatlons

Eq.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

Left-hand side

9xB

 5. 680

- O. 280

 1.500

9xc

-O. 280

 4. 880

 1. 500

1. 2oo I

    i O. 800

    !

9tF

 1. 500

 5. 680

-O. 280

Sp eG

 1.500

-O. 280

 4. 880

    i
    L
x s43 I

    I
    l, e. soo
    l
    I

i
E

9o,B

4. 600

1.200

1. eoo

 1. 62e

-O. 900

-L080

e. s4o

9yc

1.2oe

4. 600

1.oeo

 1. 620

-O. 900

-1. 080

'

I
e. s4o

g)o,F

1.ooe

4. 64e

1. 200

 1. 620

-O. 900

-1.080

o. s4e

SOYG

1.000

1.200

4. 560

 1. 620

-O. 900

-xeso

O. 840
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      At joint B, taBA + MxBc + MleBF == O.

          ,et C, Ml,cB + MlicD + tacG =: O･

          " F, ML,FB -l- Ml,FE + MleFG = O.

          ,fit G, ML,Gc + M},GF -i- Ml:GH = O.

  ii) Horizontal Shear Equations

    In z direction :

      For the lst column-frame : XxBA + XleFE + XleBc + XleFG == O.

        n 2nd " : XlecD+XleGH-XlecB-XLGF == O.

    IB x direction :

      For the lst row-frame : - XleBA - XLvcD + XxBF + XxcG = O.

        i 2nd " : -XxFE-XleGH-Xh7FB-XmGc =O.

    These are summarized in Table 16.

                  Table 16-continued-

9P=B

4. 680

1. oeo

-O. 280

1.200

9xc

1. 000

3. 880

-O. 280

 1.440

SO:F

-O. 280

3. 880

O. 800

1. 000

9xG

-O. 280

O. 800

3. 880

gllxAB

1. 200

1.543

1. 620

1. 620

1. 620

1. 620

1. 400

 5. e38

-1. 62e

gbarcD

 O. 800

 O. 800

-o. goe

-O. 900

-O. 900

-O. 900

-1. 620

 1. 967

gb=AB

-L080

-1. 080

-1.eso

-1. 080

 1.200

 1. 440

sbxEF

1

1/ Right-hand
l
l
 (multiplier:

I
ii
i
l

side

 pt>

O. 840

O.840

O. 840

O. 840

     l
     l i･oeo

     I i･4oo

4. 082 1-1. 210
     j･     I

-l. 210 2. 913

O.240

'

-O. 096

-O. 270

-e. 366

 O.128

-O. 243

 O. 295

 O. 223

-O. 054

83
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Solving these

 At joint B,

     " c,

     "E
     " G,

             S. YOSHIDA

simultaneously, we obtain:

 gxB =: - O. OOI, 865, gDyB =:

 yxc := - O. 036, 07, gyc ==

 g.F = + O. e03, 216, g,F =

 sDxG = + O. 035, 36, goyG :

+O. 042, 13,

+ O. 020, 51,

- O. O13, 79,

- O. 036, 25,

OtB ==
x

otc ==
)

{D2F =
i

O=G ==
j

No. 12

- O. O18, 57,

+ O. O16, 12,

- O. O02, 133,

+ O. OOO, 693, 3,

and

the

     sbxAB == - O. O03, 609,

     ¢xEF = -F O. O02, 521.

Replacing these g's and di'

solutions shown in Table

gbxcD

s iR the

17.

== H- O. 153, l, sb.AB= + O. 058, 48,

expressions of end-momen£s 2), we find

Table l7 Values of end-moments (t-m)

Member

End

th

va

th

AB
A

[

IB
-6. 57

 -8. 43

+47.89

 -8. 81

 +8. 43

+25. 61

BC

B

 +9. 58

-17.91

-21.02

i C

 - 9. 58

-43. 86

+ 13. 67

CD
･1,

BF
C

+64. 77

 +4. 10

- 18. 00

D
L

IBl

+ 93. 62

 -4. 10

-30.89

-O. 77

+9. 43

-4. 60

F

 + 6. 85

- 46. 49

 +4. 60

Member

End

CG l
L
I

EF FG
C G iE F F

l

IG
GH

G
tttI H''''-'

I

    Mla                                                      - 60. 94                                        -9. 00                                 +2. 15                         -1. 71                                                +9. 00                                                              -89. 23                 +5L 98          -55. 17

    ta                                       +49.77                                 -3. 31                                                       - 5. 8e                         +3. 31                                               +22. 82                                                              + 5. 80          +39. 73                 - 17. 03

    th                                 -l. 75                                                       -- 4. 92                                        -2. 86                         +O. 39                                                -O. 60                                                              -F 4. 22          +4. 32                  -4. 32

4) Comparison with the Current Solutions

   In the twG-dimensional analysis, we treat only the two plane frames shown

in Fig. 23 and the results obtained are cornpared with the exact values as

shown in Table 18 and iR Fig. 24.-v27. See that the two-dimensional analysis

does not give the moments about y axis in Fig.26 and that the magnitudes

of them are as large as those of moments about the axesxand z, so that

they can never been neglected. The deflection diagram is shown in Fig.28.

                    .
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           Table 18 Percentage errors

            (a) The lst-row-frame Multiplier: "i

Member

End

  M
  Mx
(M-Mle>!th

  u
  th
<H-Ellx>fHx

   V
   b
( Y- va)! l7be

A

AB

+48. 8

+47.9

g-L9

+13.4

+13. 6

-1.5

 +2. 7

 +O. 6

(+350)

B

÷24. 4

+25. 6

- .4.7

BC
1
1

l CD
B

-24. 4

-21.0

+14.3

6

+13.2

+13.7

-3. 6

C

-13.2

-18. e

-26.7

D

-26. 6

-30. 9

-13.9 r.%)

-13.3

-16.3

-18.4

 -2,7
 -1.2
(+125)

{%>

{%>

(b) The 2nd-colurnn-frame TVIultiplier: I!'

Member DC
....L...........tt..

CGlGHittttttttttttttttttt

End D lc C "lGl GI H

  M
  ua
(M-ma>IMx

{-89.e

+93.6

-4.9

+58.1

+64. 8

-le.3

-58. 1

-55.2

-F5.3

+58. 1

+52.0

+117

-58. 1

-60.9

-4. 6

-89.0

-89.2

-O.2

   ll
   th
(H-Hlr)!Hx

   V
   lh
( Y- Viv)1 I7iv

-49.0

-52.8

 -Z2

 -1.2
(+125)

 -F 49. 0

 +50.1
. -2.2

.

 -1.5
(-100) {%)

(%)

(%)

F

i

B

A

(" lo "c)

 y

Lx

c

D

(u) 1 st･reav-frame

(-t-l5CC)

;
y
,
J

G
Ht' b) 2 nd-cotumn frame

Fig. 23

     F
      I
      l･
      l

 so iao(p3

ame

   Fig. 24

rm

  yl  L.-,

E

(b) 2tuilro#'-f'rame
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          19. Settlements of SuPPorts

          The frame in Fig. 29 under-

        goes settlements at supports;

        they are 12 cm at C in nega-

        tive z direction horizontally,

  1 and6 cm at l vertically upward.

  1 The dimensions and stiffnesses

        are to be read from Table 19.
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   As in the manner previously shown, the compatibility equations,

give the following relations :

             sba;IL = 1. 29sbxcF - 28. 6st, sl,a:FL == l2st,

             sb=iL =: O. 857gbxGJ, gbxi<L = 10Le,

where st = 6EK!1000.

Table 20,



88

                  '

         S. YosHIDA

Table 20 Compatibility conditions

No. 12
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The rela#ions below are readily fouRd by inspectmg

  gb:BE =O. 778gb=AD, g6,=cF -- ¢xBE, 91'yDE =:

  gbyEF = e. 9gbxBE -O. 9gbiccF, gbyDj = - O. 84sb=AD -l- O

  gbyEK -- gbptDJ, sbyJK= gl)yDE, sbyKL = cbyEF,

  ¢xGj :=:: 1. 167¢'xAD, sL'xHI< = 1. 286{bxBE,

ExpressioRs of End-Moments

member AD :

MxAD == gxD + gl)xAD, MxDA = 2gxD + gbxAD,

MorAD == -O. 2gyD, MyDA == O. 2g},D,

MAD == gxD+¢,=AD, M2DA == 29=D -lun CbxAD.

member BE :

MxBE = 1. 2(goxE + gbxBE>, MxEB =: 1. 2(2soxE + gf,xBE),

MyBE m-O. 2gyE, MyEB=O. 2pyE,
M2BE = L 2(sotE -Y O. 778gbxAD), MxEB == L 2(2gxE + O. 778gbxAD).

member CF :

MxcF == 1. 2(gxF + gbxcF), MxFc == 1. 2(2gxF + cbxcF),

MycF ==O. 2g,tF, MyFcmO. 2pyF,

            - 5. 0RxFL == tih
          '..A.umi.i..--O･i2 l. -e.o6

  ' the remainingspaces

1. 05gbxAD - 1. 35gbxBE,

      , 72¢xGJ,

gbxHi< =: O. 857gbxGJ.

:
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    M=cF = 1. 2(gxF + O. 778gbxAD), MtFc == L2(2g=F + O. 778{b=AD>,

                   'For member DE :

    MxDE == O. 28(sbxD-gxE), MxED == O. 28(gxE-gxD),

    MrvDE := 1. 2(2goyD + {pyE + 1. 05gl}xAD - 1. 35gbxBE),

    MyED == 1. 2(soyD + 2soyE + 1. 05gbxAD - 1. 35gbxBE>,

    MxDE =: 2g=D+g=E, MzED =g=D÷2ce=E.
For member EF :

    MxEF = O. 24(goxE - soxF), MxFE = O. 24 (g)xF - gxE),

    MyEF = 2soyE + goyF + O. 9sbxBE - O. 9gbxcF,

    MyFE = soyE ÷ 2goyF + O. 9sl,xBE-O. 9sbxcF,

    MxEF=2go=E+cpxF, M.".FE == soxE+2gxF.

For inernber DJ :

    MxDJ m l. 5(2paxD + pxj), MxJD = 1･ 5(9xD ÷ 2gxJ),

    MyDJ == 2gyD + gsi - O. 84sbxAD -i- O. 72sb=GJ,

    MyJD x gyD + 2gyJ - O. 84QrAD + O. 72gbxGJ,

    M.Dj = O. 28(g.D - g.J), M.JD= O. 28(g.J - gxD).

Fer member EK :

    MxEK =L5(2gxE+gxK), MxKE "L5(gxE+2gxl<),

    MblEK == 2g)yE + gpyi< - O. 84g)xAp + O. 72gbrGJ,

    MyKE = gpyE + 2gyK - O. 84gbxAD + O. 72cb:GJ,

    MxEK == O. 28(g=E'gzK), MxKE= O. 28(g=K-gxE).

For member FL :

    MxFL = 1. 5(2gpxF ÷ soxL +12,tt), MxLF = 1. 5(goxF + 2gxL + 12u),

    MyFL = 2soptF + g)yL - O. 84gb=AD -i- o. 72¢xGJ,

    MyLF =: soyF -F 2gorvL - O. 84cL,xAD -i- O. 72gbxGJ,

    MxFL == O. 28(goxF - coxL>, MxLF = O. 28(g2L - go=F).

For member JK :

    MxJi<= O. 28(gxJepxK), MxKJ =O. 28(gxK-gxJ),
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    MyJK = 1. 2(2soyJ + sDyK -l- 1. 05gl,xAD - 1. 35sbxBE),

    MorKJ =: 1. 2(gyJ + 2spyK + 1. 05gbxAD - 1. 35gbxBE),

    MxJK=2gzl+gxK, ' MxKJ=gxJ -l+ 29:K･

For member KL:

    MxKL = O. 24 (gxK - gxL), MxLK = O. 24<gxL H gxK),

    MyKL = 2gyK + st)yL + O. 9gbxBE - O. 9sbxcF,

    MptK = {oyK + 2goyL + O. 9{bxBE - O. 9ipxcF,

    MxKL=2gxK+ gxL -F iOpt, MxLK == g--K+2soxL+10pa

For member GJ :

    MxGJ :gxJ +L167exAD, MxJG == 2gxj + 1. 167¢xAD,

    MyGJ rc -O. 2grvJ, MyJG == O. 2grvJ,

    M2GJ == gxj+¢tGJ, MxJG=2gxJ+¢xGJ･
                         'For member HK :

    MxHK == 1. 2(gxK -l- L 286gbxBE), MxKH =: L 2(2gexK + 1. 286{bxBE),

    MyHK == 'O. 24gyK, MyKH=O. 24gptK,

    MxHK = g=K + O. 857ipzGJ, MxKH =: 2gzK + O. 857gbxGJ.

For member IL :

    MxiL == O. 8(gxL + 1. 286sbxcF - 28. 6y),                                         MxLi =: O. 8(2g¢L -i- 1. 286gbxcF -

    MylL=rm O. 16gyL, '                                         MyLI == O. I6gyL

    M.iL = g.L +O. 857¢.GJ, M.LI == 2g.L -l- O. 857¢.GJ.

2) Expressions of End-Shears

In x direction :

  XLcDA =: -(111AD)(M=AD -}- MxDA) ::; -(1. 014. 2)(3gxD +t- 2gb=AD>

                      == - O. 714goxD - O. 476sbrAD,

  XxEB = - <lflBE)<MxBE + MtEB) = " <i. 215. 4)(3gxE -l- 1. 556gbzAD)

                   '                      == - O. 667goxE - O. 346gb=AD,

  XLcFc =: - (111bF)(M=cF -l- M=Fc> = - (1. 215. 4)(3gxF + 1. 556gbxAD)

                   - == T O. 667so.F - O. 346sb.AD, ･

No. 12

28. 6It),
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  XxDj = - (111DJ)(MyDj + MyJD> = - (115. 0)(3gyD + 3gyJ ww 1. 68sL,xAD + 1. 44sbxGJ)

                              = - O. 6soyD - O. 6spyJ+ O. 336s6,xAD - O. 288sbzGJ,

  XxEK = - (111EK)(MyEK + MyKE) = - (lf5. 0)(3sorvE + 3gDyK - 1. 68gbxAD + 1. 44gbxGD

                                =: - O. 6soyE - O. 6eoptK + O. 336sbxAD - O. 288sbxGJ,

  XlrFL = - (lflFL)<MyFL -F MyLF) =: me (l15. 0>(3spyF + 3sDyL - 1. 68sbxAD + 1. 44gbzGj)

                               = - O. 6gpyF - O. 6soyL + O. 336gbxAD - O. 288gbzGJ,

  IYLcJG == - (YIGJ)(MzGJ + MxJG) = - (Y3. 6)(3gxJ -Y 2ip=Gj) == ' O. 833gxJ - O. 556ipxGj,

  .]LttKH == um (111HK)(MxHK + MxKH) == ww <114. 2)(3g--K + 1. 714ipxGj)

                                 =: - O. 714sDxK - O. 408gbtGJ,

  Xtm =: - (lfliL)(M=iL + MxLi) == - (1!4. 2)(3g=L + 1. 714¢xGJ)

                             = - O. 714g.L - O. 408sb.GJ,

  .XlxjD == XLvDJ = - O. 6gyD - O. 6soyj + O. 336sb=AD - O. 288gbxGJ,

  X}vKE = X EK =: - O. 6soyE - O. 6goyK -l- O. 336{bxAD - O. 228sbzGJ,

  XLcLF = .XLcFL = - O. 6goyF - O. 6gyL + O. 336¢xAD - O. 288gbxGJ.

In z direction :

  .XleDA == um (YIDA)(MxDA + MxAD) == ww (1!4. 2)(3gxD + 2gbxAD)

                                =: - O. 714goxD - O. tl76sbxAD,

  XleJG = ve (llljG)<MxJG + MxGj) = ' (lf3. 6)(3gxJ + 2. 333¢xAD)

                               == - O. 833soxJ - O. 648gbxAD,

  .XleDE == - (1!IDE)(MyDE + MrvED) = : - (l. 214. 0)(3sDyD + 3goyE + 2. 10sbxAD - 2. 70sbxBE)

                               ww - O. 9goyD - O. 9goyE - O. 63gbxAp + O. 81 gbxBE,

                                                       '
  XleJK = - (111JK)(MyjK + MyKJ) == - (1. 2f4. 0)(3pyJ + 3gJtK -F 2. 10¢xAD - 2. 70gbxBE)

                               == - O. 9{Dyj - O. 9soyK - O. 63gbxAD + O. 81 gbxBE,

  XltEB == - (111BE)<MxBE + MxEB) = - (1. 215. 4)(3soxE + 2gbxBE)

                               == - O. 667goxE - O. 444sbxBE,

  .)LrKH == - (!llHK)(MxHK + MxKH) == ' (1. 214. 2)(3soxi< + 2. 572sbxBE)

                                 = - O. 857g.K - O. 735gb.BE,
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Xl ED = XL DE = : - O. 9gDyD - O. 9gyE - O. 63{bxAD + O. 81gbxBE,

MKJ =: XxJK = - O. 9goyJ - O. 9spyK - O. 63gbxAD + O. 81{bxBE,

.&EF = - (111EF>(MyEF -l- Myi:E) =: - (lf6. 0)(3{oblE -i- 3goyF + 1. 8sbxBF - 1. 8gf,xcF)

                           = ' O. 5gyE - O. 5goj,F - O. 3gb t:BE + O. 3sbarcF,

XtKL == - (lflKL)(MyKL + M}iLi<> =: - (116. 0)(3gorvK + 3gDyL+ 1. 8gbxBE - 1. 8sbxcF)

                            m - O. 5goorK - O. 5goyL - O. 3{bxBE + O. 3gbxcF,

.Xl Fc == - (lflcF>(MxcF + Mxi]c) == - (1. 2/5. 4)(3gxF + 2¢xcF)

                           = - O. 667goxF - O. 444gbxcF,

XliLi = - (1/IiL)(MxiL + MxLi) = -(O. 8/4. 2)(3gxL + 2. 572gbxcF - 57. 2pt)

                          ==: - O. 571goxL - O. 490gb:ccF + 10. 895st,

.Xl FE =: XxEF = - O. 5goyE - O. 5goyF - O. 3gl,xBE ÷ O. 3gl,xcF,

MLK = XLKL =: - O. 5goptK - O. 5goyL - O. 3gb`vBE + O. 3gb ccF.

 Elastic Equations, see Table 2I

i> Joint Equi}ibrium Equations

  About x axis :

    At joint D, MxDA + MxDE + MTDJ -- O.

        fi E, MxEB + MxED + MxEF + MxEI< =:: O･

        a F, MxFc + MxFE + MxFL == O･

        " J, MxJD+MxJG+MxJK=O･

        fi K, MxKE + MxKH + Mxl<J + MxKL = O･

        a L, MxLF + Mxu + MxLK == O.

  About y axis :

   At joint D, MyDA NI MyDE + M,tDJ =: O.

        pt E, MyEB + MyED + MyEF +MyEI< == O･

        a F, MyFc + MyFE + MyFL == O･

        " J, MyJD+MyJG+MyJE< =O･

       " K, MyKE + MyE<H + MorKJ+ MorKL = O･

       a L, MorLF + MyLI + M)rLK = O･
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    About z axis' :

      At joint D, MleDA -f- M} DE + ML DJ = O.

          " E, M.EB + Ml,ED +maEF -i- IV(L,EI< = O.

          " F, MlrFc ÷ MzFE + M}vFL = O･

          h' J , MlejD + M}rjG -i- MlejK =: O･

          " K, Mxl<E -i- ML-KH + MlrKJ + MxKL == O･

          " L, M},LF + MleLI + Ml,LK =: O.

  ii) Horizontal Shear Equations

    In z direction :

    For the lst column-frame : XleDA -F XleJG + XleDE + XLiJK = O.

        " 2nd a : XleEB + XLi<H - XleED - XLKJ + XleEF + X}KL == O.

        i 3rd ff : XleFc + XLu- XLiFE - XleLi< == O.

    Inxdirection :

    For tke lst row-frame : - inDA - XxEB - XleFc -F XleDJ + XleEK + XLvFL == O.

        a 2nd a : XxJG + XltKH + XxLH + XleJD + XleKE + X}cLF == O.

    The simultaneous equations in Table 21 are solved, and we have the

retatlons;

      at joint D, soxD ::= -O.020,71, goyD == +O.974,7, go=D =-O.619,4,

         p' E, sDxE =-O. 700, 5, soyE x+ 1. 829, goxE = -O. 285, 1,

         pt F, soxF =- 6. 073, goyF =+ 1. 966, cozF =: - O. 663, 6,

         " J, qxJ =: - O. OIO, l9, gyj == + O. 981, 3, gxJ == + O. 323, 4,

         " K, g.i< =- O. 601, 2, g,fK =: + 1. 809, p.K =- 1. 299,

         fi L, {oxL == +O.O15,21, goyL == + 1. 997, goxL= -2. 025,

and revolutions

      gbxAD =-O. 071, 53, gbxBE =+2. 988, {bxcF =+ 13. 383,

      sbxAD=+3. 027, gb=GJ == -O. 258, 7.

    Using these g's and ip's, end-moments are determined. Results are read

from Table 22.
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Values of end-moments gmultiplier : y)

No. 12
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4) Comparison with the

   To solve this frame

constitueRt plane frames

are shovv,Tn in Table 23.

Figs.31, 32, 33 and 34.

Current Solutions

by the current two-dimeRsional method,we treat twe

ha Fig.30 separately aRd the results and the errors

The moment diagrams are drawn by broken lines in
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   See, for example, Fig.31. The effect of the vertical settlement at support

I does not reach far away beyond the bay considered, and we find that the

column at the left in the adjacent bay is affected very little as shown by fuil

line. This tendency does not appear at all in the results obtained by the

conventionai solution which are shown by broken lines.

   It should be especially noticed that the twisting moment of the remarkable

magnitude is acting upon the member EF, see Fig. 34.
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                  Chapter IV. Analysis of Grid Works

           20. A Square Grid SuPPorted SimPly at the Corners,

               Concentrated Load on the Center
             6), 8)
    A grid work can be regarded as a rigid frame in space from which the

columns are taken off. Therefore, the author's method is equally applicable to

its analysis as before. The loads are assumed here, as usual, to act

perpendicularly to the structural plane, hence the horizental shearequations

are not required.

    The analyses of the grid works have been presented by many investigators.
                                            7)
Among these, Prof. T.FuKuDA's exact method is the most famous in this

country. On this account, the illustrative examples treated below are taken
                                                                     *)from his paper mainly to show the accuracies of the author's solutions. Fig. 35

shows the grid work to be considered. The condition of symmetry gives the

following relations, that is, the grid is dealt with four unknowns.

            9xA = 9xB = 9xA =: gO:C EE 9b

                                                                   y
      g: :X.I:$IFDI' X2"IB=9"P= rm 9i' z/Lx

            90xl == SDxH =: - 902.
                                                    Fig. 35

            ¢xAF = ¢xBH = iptAE M ipzCI i ¢1,

            gbxFc = gbxHD =: sbzEB = gbxiD m - gbb

      ¢:
            gbxEG = gbntFG iEEI sb2f

            gbxGI == 9b2GH rc - 9b2.

1) Expressions of End-Moments

    Due to the condition of symmetry, only the following end-moment

expressions are required, where leb and k, mean the stiffness ratios for

bending and for torsion respectively.

      MLAE = feb(2soi + gbi), MleAF : 2i3kt(soi - g)2>,

      MxEG rm kb(2so2 + sb2), MEA m leb(goi + gbi), M}cGE == kb(go2 -i- gb2)･ ･

The remainders are expressed by these:

      M.AE == MleAF, MLtAF = M}tAE, MlvBE = MleAF, etc.

c I D
l P

l･F G H

Al E
l

B

:is) FuKuDA : II Abschnitt, 92, 2)



2) Elastic Equations

  D Joint Equilibr2um Equations

            At joint A, :MxA :MxAE+MxAF =O･

                or E, XMxE = MxEA -lun MxEB + MxEG == O･

  ii) Vertical Shear Equations

            At join£ E, ]E]XYE = asEA - XyEB - XyEG == O･'

               " G, XIYI,･G : X},GE + X,GF - X5,GH - X,GI = P,

where,

           -XlyEA = ' (111)(M} EA + MleAE), X5,EB =: - (111)(M]xEB {- MBE),

           X3,EG = - (lfl)(MxEG + MxGE), XyGE : - (lll)(MxGE + MxEG),

           X3,GF = ' (111)<MiGF + M2FG), Xs,GH =: - (111)(maGH + Ml:HG>,

           X3,Gi :=: - (lfl)(MxGi + MxiG).

    Substituting the enct-moments in 1), we have the simultaneous equations:

                    (2kb -}- 2Pfet)qi - 2Pfetg2 -F kb¢i = O,

                   4Sfe,g, - (2kb l- 4Pkt)g, - kb¢, == O,

                   6g, - 3g, + 4¢, - 2ip, = O,

                    12g, + 8di, == - <llkb)P.

   Solution gives :

             Pl kb+16Pk, Pl leb+8Pk,
         9i = Eit(i,' k, ÷ 12fik,, 92 == li]tei,' kb -i- l2pk,'

               Pl kb + 15Pk,                                            Pl kb -i- 9Pk,
         ei =: 4fe,' k, -l- 12pk,' ¢2 =- l}iteib' ki-+ 12pfe-,'

3) Values ef End-Mornents

   Using these, we have from 1):

            Pl1                                               Pl                                                      Bfe,
     maAE := ---･            4 k, + 12pfe,(kb + 16Sfet - feb - 15Pkt) = -4- k, + 12Bfe,}

     MLrEA ; li-l-4 ' fe, -}- ii2i3h,<feb + i6pht - 2kb - 3opk,) = - {}i ･ kfeb, Iii lgllliii,

            -Pl l Pl     MxGE == 4 - k, + lsp,-fe--,(- kb - spk, + 2kb + lspk,) =: - -4- ･ 2: III I02Pp2i,

No. 12
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     M},･EG - -llli ･ fe, +Lii2pfe,(- leb - spkt -i-feb + gpfet) == - t-liL z}g--gfe!t2-t?i},

                                                       Pl                                                              Bfe,            Pl Sfet
     uaAF == -2v ' )s'i('k"i":'l:'i""i'i'}'R"tt';J ' <kb + i6i3fe` ww 2kb ww i6tSk`) " r-- "4"uz ' le, + i2pk,･

   Prof. FuKuDA's values are as follows, where a == EI7Gif and H represents

the coeMcient of twisting resistance; note that in his analysis eight unknewns

being employed.

                  Pl                                              Pl(2cr -i- 7)
                      : MleEA ==- 7         M.AE == -･
                16(cr+3)                                              16(ct -Y 3)

                  Pl(2cr + 5)                                                 Pl
                  --tt･･･(tt--i-E)-, ML EG == - Ls'(E TI"'sy         MleGE =: -

                     Pl
         whAF =------- .
                  16(a -Y 3)

   The relation between cu and the author's factor 8 ls:
                                               `

                                           I

              EI 2(m+1) i 2(m+1) l 2(mT' 1) leb
          ct ==- =: . --- = ･--------------.- = . --                       mH mHm                                                        fet              GH
                                          ma'i-

              1 8(m+ 1) kb l kb
            m --            m-- rr.T...-t...-t -- - im -              4 m fe, 4Pk,

                                      kb
                              ' a== .                              ･' 4Pfe,

                             it is seen that Prof. FvKuDA's so!utions Just   Referring to this relation,

come to the authors' except

signs. It is to be noticed that

the author's method needs

only four independent un-

knowns, half of the FuKuDA's

method, and that the slope-

deflection method is a power-

fu! means also ln dealing

with the grid works. The
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moment

                     S. YOSHIDA

dlagrams are shown in Fig. 36.

  21. A Square Grid SttPPorted SimPly at

      Conceiztrated Load on an Edge foint.

                  CiD
              ep f            .t '"t F G H "x

the Corners,

 Fig. 37. 'it)

No. 12

                    -'AiL. t IEi .lllB z

                             Fig. 37

    From syrnmetry, we have the following nine g's and four of's as unknowtis

            At joint A, gxA, g=A i For member AE, ip.AE

                ,f E, gxE h' FG, gbxFG
                                        ¢:
                ff F, cDxF, soxF ht CI, gb=ci
     9:
                v G, yxG t fi AF, 4'xAF
                fi C, 9xC, 9zC

                " I, gxl

The remainders are expressed by these :

                    soxH == coxF, go=D=-ee=c, etC.,

and

       gbxEG = gbxAF + gl,: FG - gbrAE, cbxGi =: - gb:FG - {bxAF + ¢xci, etc.

1> Expressions of End-Moments

  Atj.i,,tA,[ lx.A,F.:':r2kfb3(fe2,llx;.tgl/r.F,)t¢xAF>' l:ftx.A,B.I'k2,iZ'g::.i.xA+-g'Y.",E)):

    or B,[111xL,B:.I,-""X)L'k. iX,B8.J-"'Al)IEIk,. ･

    ., c,( lll:,F ;- k. b(Xl'zl,u,c,,+ g)xF um gbxA.i.)･ il)ZC8,i.-.'k2,{l ll<.gO,`V:,..-gb./',`,Cj.)'

                                 '    " D:[Yi8X;"'il;'IL,, 'i･'il･                                            MxDi =" Mxcl,

                                            MDi == - Mlici.

*) FuKvDA : ll Abschnitt, g2, 4)
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               MxEA =: - MxAE, MxEB == w MxAE,

 At joint E:               MxEG nv- feb<2spxE + gxG -i- gbxAF + gbxFG ww sbxAE),

               MleEA =: leb<gxA + gbxAE), MxEB == - MiEA, M}erEG :: O.

               MxFA = feb(2gDxF -i- g)xA -l- ipxAF), MxFc : kb(2goxF + goxc - gbxAF),

    bt F: MxFG = 2Pkt(gxF-9xG),

               MleFA =: - MAF, MFc = 2i9kt<sD=F - sDxc), maFG = leb(2gDrF +gb=FG).

               MxGE == kb(2goxG ÷ g)xE + sbxAF + sb:FG ma sbxAF),

                MxGF :-MxFG, MxGH :-MxFG,

    ,e' G: MxGi = kb(2soxG + gxi ve sbxFG ww gbxAF + sb=ci),

                M},GE =: O, MleGF = feb(go.F + sbxFG),

                whGH =: - ML,GF, MleGI = o.

    . .,(M.,x,X,B,ew,,,-Yx.P,Al.,M".i,iD.ll,ilti["nvFCA,.,(Y,XHtrm-.2`(I:i;GIL.,,..

                Mxlc = wwA4lecl, A4}clD ==: - Ma;cl,

    bt I : MxiG =: leb(2gxi + g)xG - ge,xFG - gl,xAF + gbxc]),

                Mleic = feb<sozc + gb2ci), maiD = - uaic, ML iG ==O.

2) Elastic Equations

  i) Joint Equilibrium Equations

                  ZMxA = MxAF + MxAE == O,

                  ]:illMxc = MxcF + Mxci = O,

                  IEIMxE =: MxEA + MxEB + MvEG = O,
  About x axis:
                  ZMxF rc MxFA + MxFc + MxFG =: O,

                  ZMxG = MxGF -i- MxGH + MxGE + MxGI ""O,

                  2]Mxl = Mxlc + MxlD + MxlG = O.

                  =A(L,A = MleAE + MleAF =: O,

  About z axis : ZM}tc =: M:cF + imci =: O,

                  XMI,F = MleFA -i- MleFc + M},FG w O.

  ii) Verticai Shear Equations
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At joint E:

    " F:
    za G:

    " I:
where,

     X3,EA

     X5,EG

     asFC

     X5,GF

     X5,GE

     Miic

     X5,IG

   Using
Table 24,

        S. YOSxxIDA

X5tEA - XyEB - .[UEG - P -- O.

X3,FA - X5,Fc - X5,FG = O.

X5,GF - X5,GH + X5･GE - X3･GI == O.

Xl,Ic - XyiD + Xl,,iG =: O.

.. - (1!l)(MleAE + MleEA),

= - (lfl)(MxEG -i- MxGE>,

=: - (111)(MxFc + MxcF),

=: - (!/l)(M,FG + ML,GF>,

-nv - (Yl)(MxEG a- MxGE),

==[ - (1/l)(M]ci -- Mtic),

= - (lfl)(MxGi + MxiG)･

expressions in 1), we

which produces ehe

              Tabie 24

    have

following

.X5FEB

ts,FA

.X5!FG

X5,G}I

X3,GI

X,,ID

- (111)(maEB + ML,BE>,

- (1!l)(MxAF + MxFA),

- (Yl)(ML,FG + M}iGF>,

- (1/l)(MleGH + MleHG),

- (1/l)(MxGi + MxiG),

mu
 (Yl)(MleID + ML,DI),

the simultaneous

solutions :

Elastic equatlons

equatlons

No. 12

shown in

Eq
Left-hand side

9PxA

1

2

3

4

5

6

7

8

9

10

!1

12
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-2

gexG

i

/

 a
-1

4a+2

3

a

3

9xi

-1

a

3

E

2a+2

  i
  l3

33

9)xA

2a+1

-1

-6

g=c I so:F i,sb
vAF
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t
i
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tI
'
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     SOxA

     9xc

     90xE

     SOarF

     90xG

     Pxl

     goxA

     9xc

     SO:F

     9bxAF

     gbxAE

     ¢=CI

     sbxFG

Rigid Frames in Space by Applying Slope-Deflection

== n( -6- 15a - 5a2 + 4a3 + a4>,

== - n(6 + 23a + 25a2 + 8a3 + a4>,

== - n(6 + 45a + 86a2 + 46a3 + 6a4),

== - n(6 + 13a + 2a2),

== - n(6 + 49 + 92a2 + 38a3 + 4a`),

= - n(6 + 29a + 46a2 + 22a3 + 2a4>,

= n(96 + 314a + 311a2÷ 108a3 -y 11a4),

= n(96 + 206a + 77a2 - a4),

== n(96 + 248a + 164a2 + 36a3 + 2a4),

== - n(12 + 38a + 38a2 + 15a3 + 2a4),

== - n(258 ÷ 775a + 694a2 + 225a3 + 22a4),

== - n(150 + 325a + 118a2 - 3a3 - 2a4),

x - n( 168 + 436a + 292a2 + 66a3 + 4a4>,

where,

            pt = Pny24(2 + a)(6 + a)(2 + 4a ÷ a2),

            n = Itlkb.

3) Mornents and Reactions

   From eqs. (a) and (f>, end-moments are determined.

              MleAF = - pt(30 + 81a + 50a2 + 7a3),

              MlvAE = Lt(30 -F 81a -Y 50a2 + 7a3),
 At joint A:
              MleAF r 3pt(22 + 49a + 24a2 + 3a3),

              MleAE an - 3st(22 + 49a + 24a2 + 3a3>.

              M}L･cF == - pt(6 + 21a + 14a2 + a3),
   " C: i Mleci = pt(6 +21a + 14a2 +a3),

             ( Mleci == 3Ft(14 + 29a + 12a2 + a3).

   . E,(illirg.G.-.'ilF`13,(Oi6nvF28+ia46Jl.51il"23s+3.7,alll)'ii7.,+

11a4).

Formulas 105



               MLnFA = - ,ct(30 + 79a + 47a2 -l- 11a3 + a4),

               MleFc = pt(- 6 - 11a + 9a2 + 7a3 + a4>,

  At joint F: MLtFG J= 2Jt<18 + 45a + 19a2 + 2a3>,

               maFc = 3pt(14 + 29a + 12a2 + a3),

               MleFG == 6pt(4 + 10a + 6a2 + a3).

               MleGE == 2pt<30 + 79a + 47a2 + 11a3 + a4),
    - G: i MxGi == - 2f.t(-6 -11a + 9a2 + 7a3 + a4),

             t MleGF == - 2At(36 + 94a ÷ 64a2 {- l5a3 + a4>.

    . ,.{211xfaG.-.'3'"i,[(,12'gti1"i;.,"2',.3-.4).

    Putting a = 2cr, we see that tkese are in agreement

solutions which are obtained from twenty-five equations.

case where all members are of steel (m== 4) with square

2.992,6 and ge =O.OOO,042,670 Pl. Then we have:

At joint A:

a

a

"

C
(
E. (

F:

MAF = - O. 037, 06Pl

M.AE == + O. 037, 06Pl

Ml,AF =: -l- O. 056, 98I)l

Ml,AE r - O. 056, 98Pl

M},cF == - O. O09, 04Pl

Mleci == + O. O09, 04Pl

Mkci : + O. 028, 96Pl

MxEG =: ÷ O. 074, 12Pl

MliEA = - O. 362, 87Pl

M}vFA =: - O. 043, 09Pl

MxFc = + O. O12, 22Pl

taFG == + O. 030, 87Pl

MxFc = + O. 028, 96Pl

MleFG == + O. 028, 02Pl

(B)

(T)

(T)

(B)

(B)

(T)

(B)

<B)

(B>

<B>

(B>

(T>

(T)

(B)

with Pro£

  Consider

sectlons
'

No. 22

 FvKuDA's

 now the
i. e., a ==
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               MleGE = + O. 08 6, 18Pl                                      (B)    " G: I M.Gi=-O. 024, 44Pl (B)

             t MlrGF = -O. 111, 35Pl (B)

    " i:(.",lesc,9'8,iS;9,9:,i i,Bl

  Note: (B): Bending moment, (T): Torsional rnorneRt.

These coincide with the values shown by Prof. FuKuDA except

shows the moment diagram.

                   c..-(+} (-)i-:.rnrm{+}-. c{-> i
 ---D f+) --･---------(")

¥,s," sllE//'?y'wu"'i"-i=' }mu G

      t(+)
  y Adi. )rvwwrm'1=)um
 /x(b) Tbrsional higment

x

      -      o o.1 e.2

     (multiplier : Pl)
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Formulas

slgns.

107

Fig. 38
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reactlons

c+>

(+)

   .I.
c-}

 - (-)

 B
i

O. 5I)

                 Bending mement

                      Moment diagram

  Veytical are calculated as

A =: um <111)(MlvAF + MLtFA) um (111)(uaAE + MxEA)

   = - (lll)(- O. 037, 06 - O. 043, 09)l])l - (111)(- O. 056, 98 - O. 362, 87)Pl = O. 5P,

C =: (lfl)(MxFc + MlecF) - (111)(Mleci + A`L:ic)

  == <111)(O. O12, 22 - O. O09, 04)Pl - (lll)(O. 028, 96 - O. 025, 78)Pl = O.

4) Deflections

   Obtaining end-moments
and ip's, we readily determine

the deformation of the struc-

ture, which are shown in
Fig. 39. It will be worth while

to mention that this diagram

gives the infiuence diagram

for the deflection at the joint

considered if we put P == 1.
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Fig. 39 Deilection diagram
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22. A Square Grid of 3×3
    Concentrated Loads on

YOSHIDA

 Panels SuPPorted SimPly at

the kmer foints. Ng. 40. ")

C･o QD

Corners,

No. 12
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                              Fig. 40

  By symmetry, the following six unknowRs are enough.

           ':i.g:;Lvg-r//;; i$xx,ig:rma$.ll

       9: gxE == gsG me g3, ¢: k(¢=EF =¢xGi< == ¢xHi

            soxH = ; goxH me g)4.

 Expressions of End-Moments

At joint A: A{LiAE == kb(2gi + g2 + ¢i), MleAG == 2Pkt(gi - g3)-

          ( M}iEA = kb(goi + 2sD2 + sbi>, MlxEA == 2Pht(gi)3 - soi>,

  ff E:t MEF=kbg2, MleEH =2Pkt(q2-g4),

          K MxEH =: kb(2y3 + so4 + gb2), MLvEF =: O.

  . H:g Ml HG : kb( ct)3 + 2g)4 + gb2), MleHE ; 2Pkt(go` - g2),

          t Mlrm = febg4, Ml HL = O, MxHE : kb(g3 + 2g4 + gb2)･

  " F: M} FE =- feboo.
                      I-
  fi I: ML,IH =: - kbg4.

 Elastic Equations

i) Joint Equilibrium Equations

At joint A, ZIM}A= MkAE+taAG == O･ )
  ff E, XM],E = taEA+MleEF -l- MleEH= O,
                                             '            zM,,. == MG,EA+MleEF+Ml EH= O･ i

  fi H, :MLH=:M],Hc} -l- Ml,HE+Ml,HI -l-uaHL=O. j

= gbzm x O).

(b>

(a>

*) FuKvDA: II Abschnitt, g3, 2y
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  ii) Vertical Shear Equations

  At joint E, ZXyE -nv asEA-.X5･EH-"XlyEF == O, l
    ,fit H, ZXS,H--X5,HG+X5,HE-.X5,}ii-X3,fi,=P, f (C)

where,

     .X3,EA == -(111)(MleAE + whEA>, &,EH =: -<Yl)(M.Eff + M.HE), X

     .XIEF := - (lfl)(ML,EF -i- Ml,FE), X5,HG = - (111)(MleGH -1- MleHG),
     XlyHEm -(111)(MxHE + MxEi-i), XyHi == -(111)(MiHi -- M}iiH), I' (d>

     XyHL :p(111)(MxHj.+MxLH). J
   Here, we have the equations shown in Table 25, which produces the follow-

ing results:

                       Table 25 Elastic equations

Eq.
Left-handside Right-

hand
sicle

ttttttttttt

91 92 9tl

'iS'1''-"''' l'-""'Ul'l"''

g12

(1}

(2>

(3)

(4)

<5>

(6)

2(feb -F Pkt)

  feb

  -2Pkt

   feb

3feb-Y2Plet

 -2Blet

 -2Pkt 111
          -2fifet i
                12(, feb -}- v3let> fab I,

                i   kb 3kb+2Pleti
                1

kb

kb

1

3

kb

kb

o

e

Q

e

3 -3
 3

-3
 3

2 -2
 2

l

   o
-(Pij2feb)

M

    Pl
91 == feb'"

    Pl
g` == i'kb'

3) End-Moments
   Eqs. (a) and (e)

            MleAE

MzEA

     Pl
q2= l2itlb'

    - 5Pl
¢i== 2kunbnd'

determine the

..

 ,,({itpg i + ilii/t

..k,(ff.:ilil,i

end-moments ;

- :isiy,i) ,,. ,,

ve

 g- ,P.,<) -= -S-pi,

    Pl
g)3 = Eb"

     - 5Pl
¢2=wu2dyfeb'

x

l
i`e>



            MleEF = kb(ltil Iklb) = -l･l--pl,

                     2Pl                          Pl                               5 Pl            MthEH = feb(-kl -F EZti -'2- Eg) =O'

                    Pl 1
            M.Hi = lebEit(1 == 2Pl,

                       Pl                           Pl            MliAG - 2sElkt(zls--- - ziz-) =: O,

            M},EH = 2pkt(III/S, - gll<ib) = o･

These coincide again with Prof. Fui<uDA's

solutions which he foHnd from thirteen

equatlons.

   In this case, as ProL FuKuDA poin. ts out,

all the torsional mornents vaBish and hence

the girders act as if they were simply

supported at their extreme ends; refer to

Fig. 41.

        23. A Square Grid of 3x3 Panels Fixed at

            Concentrated Loads on tize inner foints.

   This problem is rather sirnple to analyse

than the preceding, because the independene

unknowns are only two, i.e.,

          CD=I =9tJ rm- (,D :K = SOzL ==: SOxl =: SOxj :9f)xK =:

          gbxAi == 4!:ci rm cb.

   Thus we have the end-inoment expressions :

              Mlici = kb(g + ip), Ml ic = feb(2g " 0),

              taIA == 2Pktg, M.IJ m kbg, MIK : O.
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    These must satisfy the equilibrium conditions below:

                ZMLi = naic + MIA + ML,iJ + M.iK =: O,

                XX,･i =: X5･ic + X5,iA - X5,Ij - X5･iK =: P,

which give the following simu!taneous equations :

                    (3kb + 2Pk,)g + kb¢ =O,

                                Pl
                    3kbg -i- 2ktip + --i = O.

    Solution gives

                   Pl ev Pl 6ev -r!
               9r litl' 3. + 1, ¢= 4nt' 3cr +mm1'

where

                             a =: leb/4Pkt.

    Introducing these in eqs.(a), the end-moments are deeermined :

                                              Pl 2cr -l- 1                      Pl 4cr +1
             Mkci=- -4-' i.-+-1, MleiC == - 'q' 3.+ 1,

                   Pl cv                                            Pl1
             MleiJ == L2'5Z.lrvIFTI' Mlei" = '4''3a + i'

    These results agree with those of Prof. FuKuDA which are obtained by

solving seven equations simultaneously. Fig.43 shows the moment diagram.
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                                 Summary

    Some of the features of the foregoing investigations may be summarized

as fol}ows:

    (1) To analyse the rigid frames in space, the so-called classical methods

which take the stress functions for ttnknowBs are considered not to be Rseful

in practice, because they require numerous condition equations. In addition,

we are very often confused in drawing momeRt diagrams, because those

methods require to pay constant attensions in reading the sigR conveRtions

adopted. To this, the author's method, depending upon the slope-defiection

theory, requires far smaller number of condition equations, about half of those

of the classical methods, because it takes end deformations for unknowBs, and

the moment diagrams are mechanically drawn without confusion.

    (2) For the frames without sways, the current two-dimensional analysis

may be applied with good accuracy except the cases in which there exist large

unbalances among the stiffn.esses of members; for such exceptional cases we

must treat the frame three-dimensionally.

    (3) For the frames with sways, which is the usual case, the conventional

two-dimensional treatment produces results containing large errors ; the errors

will appear either on the safe side or on the dangerous side due to the arrange-

ment of members and loading conditions. Hence, these frames must be

analysed three-dimensionally.

    (4) The author's method is successfully applied to the analysis of the grid

works.
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