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Synopsis. This article gives several kinds of definite integrals, which will be con-
venient to express polynomials into Fourier series. Examples are added for illustration.

We take the following polynomial of p:
w(p) = @+ a1p + a0* + - + arp”, (1)

which is defined in the interval (0,1); a,, a4, ---, @ being constants independent
of p. This polynomial may be written in the form

w(p) = 21 Cx Sin #zp, 2)
=
or in the form
w(p) = ¢y + Z}lcn cos nwp. (3)
n=

The present tables will provide a convenient means for expressing equation
(1) into equation (2) or (3).

For instance, we take simple beams such as given in Figs.1~4. Figs.1
and 2 are subjected to “continuous” loads throughout the whole interval (1,0),
and hence Tables I~Il serve for such cases. Fig.3 is subjected to two kinds
of loads, which is connected at the midpoint of the beam; and hence Tables
II~VI serve for such a case. Fig.4 is subjected to a partial load in a certain
range of the beam; and hence Tables VII~XII serve for such a case. Several
examples which follow will serve as illustration.

Example 1 (Fig.1). By the elementary theory of bending of beam, the
deflection w at point x of the simple beam subjected to uniform load ¢ is given
by the equation
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where EI is the flexural rigidity, and is supposed to be a constant throughout
the length of the beam. To get the Fourier sine series for equation (4), we
put

nrx  qat Sx o oxt
chsm ( — 2=+ —),
at

=1 a 24L1 @?

multiply by sin ﬁ(’Z—xa’:\:, on both sides, and integrate the result from 0 to e.

Putting
x
—= g, dx = adp,
p o o
we have
(Integration of left-hand side) = S ( )sin ? = -(ch,,,

me=1

qat S” x x3 4) X
(Integration of right-hand side) = S4BT ( 5+ sin P dx

qa4 1
- TEI“SO (o — 2p° + p*) sinnzp dp,
and hence

i - 3 - )4 i 7
24[11.\ 0 — 20% + p*) sinnzp dp. (5)

Cn =
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In virtue of Table I, we have

1
(n = 13 3: 5’ "')3
1 nw

S osinnzpde =
0

- (n:234)6"“);
1 6
- :1’3;53""
1 na (n27)® n )
g o sinnrpde =
0 1
- E’; (nn>3 (n 2: 4: 61 ))
1 12 48
T = 1, 3’ P
1 e P + TEE ( 5, )
S oisinnrpdp =
0
1 12
—— =2,4,6,).
nw + (n)? (o 6, )

Substituting these values into equation (5), we get

1 1 48
—(1 =2+ 1)+ —[(—2) X (—6) — 12} + ——
. nw (n)® (nr)
o= %
* T 12E] )
— — | -
—(=1+2-1)+ (717:)3L( 2) X 6+ 123

_ga® 48 m4qa4-1
T 12EI (nxp®  oSEl #

(n=1,3,5,-).

Hence the wanted series becomes

w oat (1’ 8 x‘*> 4qat = 1 . #nrnx
== - —} = — — Sin —,
24E1 \a ad  at DR =135, n° a

No. 10
5
(n=1,3,5,-),
(n = 2’ 4y 6) "‘)

(6)

[t will be seen that the Fourier coefficient ¢, isin general given by the equa-

tion
i

Cn = ZS w(p) ¢in nzxp dp.
4

(7

Example 2 (Fig.2). The deflection w of the beam of Fig.2 is given by
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x %3 x5
W=~ (7—a~ — 1055 + 3~a—5). (8)

Referring to Table I, we at once have

oo l) n4-1

2ga* (— . nmx
w = rt5E],,Z}=1 ———7;5———«3111 P 9)

Computation work necessary for getting equation (9) is merely

. n+1i . . o n+1_1_ - _ _ _
(=D (7 —-10+3)=0, (=1 (m)3{( 10) X (—6) +3 X (—20)} =0,

)n+l

1 qat 2qa® (— 1
n+41

- —— X 3% 120 X 2 X = ¢ —
(=D (nrw)® 360K =PET 7n°

= Cn;

and this work is effected efficiently by using small pieces of paper of about 5 mm
X 15 mm size, on respective sheets of which the numerals 7, — 10, 3 are written.

Example 3 (Fig.3). The deflection w for the beam indicated in Fig.3 is
given by the equations

qat x %8 «°
= 25> — 40~ i <3
Wi 960EI( 5d 4Oa3 + 16@‘-”) (O <x la) ’ (10)
qa* 5

Yo = 960ET

5

L 2 3 4 x
(1 155 4 405 — 120 180t — 16~) Ga<x<a). (1)
a a? a? at a

In this case equation (7) becomes

1 3 1
Cn = 25 w{p) sinurpdp = ZS w, (p) sinnmpdo + ZS w, (p) sin nrp dp.
0 0 3

For two integrals of the right-hand side, reference may be made to Tables
III and V respectively. In this way we get

n—1
8qa* (—1) 2
s e

Thus we arrive at the wanted series

8qat & (—1) 2 | nnx
=" iy 1
Bl T35. 1t - (12)
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Example 4. The present integral tables may be used for converting a given
Fourier series into its polynomial. As a simple example, we take the Fourier
sine series

oo

1
w(p) = 2] — sinnmp 0<p<1), (13)
7=1,3,5, (%Tc)

and shall find its polynomial. Now from Table I, we can put
w(p) = ay+ a0 + wp* + agp® + aupt,

where ay, ay, -+, @, are constants to be determined. Referring to Table I, and

. 1
collecting same powers of ——, we have
g P (72)”

20y + ay + @y 4+ g + a, = 0,
4&2 - 6a3 - 12(14 = 0, (n =1, 3, 5’ ...);

48(14 = "ﬁr

—a; — 0y —ag — g =0,

(n = 23 4» 67 ),
6az + 1204 = 0,
from which
1 1 1
oy = 0, 0‘1"—“56, a; =0, 0(3:‘"@, a4=%.
Hence the wanted polynomial becomes
1
w(p) = gz(p — 20° + p*) (0<p<l). (14)

96

This is the reverse of Example 1.
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1
I S o7 sin nap dp
0
— 1 1 B
7 7 S o7 sinnzp dp 7 7 S o7 sinnzp dp
0 0
> 1
1,3,5, | — 1,3,5, o { .
nw 7
0O 1 — (_ 1)n+1__
1 ] nw
2,4,8,--- |0 2,4,6, -
b b ’ nTL' }
- 1 4
A Fal=r
7 nw
2
1
2,4,6, 0 | — —
nx
1 6
1,3,5, | — — —
5 nr  (nxm) - (- 1)n+1[i 6 ]
2,4,6 ! 6 e ()
» xy Ny 0t - 72;; (nn')3
1 12 4
1,8,5,- | — — A8
A nr  (nx)? (nx)®
246 1 12
) b ? nﬂ_' (%7[)3
1 20 120
1,3,5,- | — — —
nr  (nx)d (nr) il 20 120
5 — (__ 1)n+ [w_ _ ]
946 1 20 120 nr  (nx)d (nm)®
U nr  (nx)®  (na)?
1 30 360 1440
1, 37 5’ — -
6 nxr  (nx)d (nz)® (nx)?
246 1 n 30 360
o nz  (nx)d (nx)®
@91 [ - :
Syl — — —
@) nx (25— 21 (mr)* | (25 — 4)] (nm)?
0, |1,3,5, )
2 (— L)t 2(—1)s ]
4’ 21 (nm)2s—1 ' 01 (n)2s+1
’ @)1 | : + ! ! +
9% ’ L @2s)lnr  (2s —2)1mr)® (25 — 4)! (nx)®
2,4,6,
(— 1) =1y )
41 (nrm)2s—3 21 (nx)2s—1
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1
7 7 S o7 sin nrp dp
0
1 1 1
(2s + 1! [ - - 4 :
L35 ... @2s-+ Dlne  (2s— ) (na)® (25 — 3)! (nr)
? s b b4 (_ l)SMl (___ 1)5 ]
’ 3T (=1 11 ()25 +1
’ 1 1 1
2s+1 ![— — .
25+1 546 ey (2s+ Dl ax + (2s — Dl (am)* (25 — 3)! (nx)®
S S A A
ot 31 (nr)2s—1 11 (mr)2st+l
1
1L S P cos nrp dp
0
1 1
¥ 7 S o7 cos nxp dp 7 7 S pr cos nrp do
0 0
2
1,3,5,:- | 0 1,3,5, - | —
(nm)?
0 1
2,4,6,- | 0 2,4,6, | 0
1,3,5 2 1,3,5 2 + 12
) e () || 12| s T (np  (nm)*
24,6, | — B (a)? 24,6, | —
T (nr)? T (127)2
4 24
1’ 3) 5) ot - — +
A (nxp (o)t || ( 1),1[ 4 24 J
546 4 24 N (nm)? (nm)*
S (nmp  (nm)
135 5 n 60 240
5 T (nm)> ~ (nm)t (nm)
5 60
2,4,6, - _
(nm)* ()t
135 6 120 720
5 T (nxp  (nx)*  (nm)® . 1)"[ 6 120 720
o 46 6 120 720 B (ma):  (ma)t | (mm))
T (nr)t  (nm)t  (mn)®
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1
7 7 g o7 cos nrp dp
0 .
(251 [_ 1 1 _ 1
0 Las (2s — ) (nr)?2 (25 — 3)! (uw)*  (2s — B)! (nw)®
’ y My . 1 1 B 1 s
2, +...+<! )2‘2 ( >)]
4 31 (nx)2s 11 (nx)s
1
(25)1 [ L L ;
25 |,y 6 (2s — )t (nx)® (25 — 3)] (nx) (2s — 5)! (nx)
T (M 1)s <_ 1)s+11
3 (nr)2s-2 1l (nx)es
1 1 1
25 + 1)! [~ -
. L35 (2s+1) (28)! (nm)? + (2s — 2)1 (mm)* (25 — 4)! (nm)8
r’ 3y dy — 1) 2(— 1)s+1
3, VI Sl f]
5 21 (nx)=s 0! (nm)2s+2
1 1 1
25+ 1t [ - .
S Es DN st an ™ s — 21 Gt T (85 — )1 (e
T (—1p (= 1>s+1]
41 (nm)?s—2 21 (nx)2s
3.
I11. S o7 sin nrp dp
0
7 7 S“ o sinnzp do ¥ 7 S‘ o7 sin nrp dp
0 0
1 1
1,59, | — 3,7, 11, - —
0 nx 0 nw
2
2,6,10, - — 4,8,12, - 0
T
1,5,9, - _.1,3 3,7, 11, | — ! ,
1 (#) 0 (nr)
1 1
2,6, 10, - 4,8,12, - — ——
2nzw nw
1 2 1 2
1:5}91"' - 3,7, 11, — —_
nw)? )3 1x)? mw)?
5 (1) (n) 5 () (nw)
1 4 1
2’6’ 10: MO 4, 8, 12,"' _
dnz  (nw)d dnr
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7 n Sr o7 sin nxp dp ¥ n S p” sin nrp dp
0 0 .
3 6 3 6
169 .| > 2 3, 7,11, | —
2 S Auxy  (nm) 5 4(nm)t + (nm)t
1 3 1 3
2,6,10, - —— — - 4,812, | — — 4
8nr (nw)® 8w (nm)®
5o 1 12 5711 L2
P T I O o KO i N It O o i o e
1 3 48 1 3
2,6,10, -+ —— — = 4,812, — —— 4 —
’ 167 (nw)®  (ax)® 16mn + (n=)?
) s 5 15, 120 0711 5 15 120
5 S 16(na)*  (nm)*  (na)® | T 16(nz)t ' ()t (nm)®
)
2,6,10 1 > 60 4,8,12 ! -+ > — 60
PRI 3o 2Anx)® (mm)d T 2nx - 2nz)y®  (nx)®

1 1
(25)! [ 1 z 3 3
150 ... 225-1(2s — 1)] (n=)®  225-3(2s — 3)! (nx)
o + ! - (= 1)! (=1 J
225=5(25 — 5)! (nz)s 2.1 (mm)?s * 01 (nm)2s+1
0, 051 1 . 1
9 (2s)! [ 225=1(2s — 1)! (nx)? = 225—3(2s — 3)! (mm)*
’ 3,7,11, -+
4 _ 1 P (— 1) (— 1) ]
’ 225—5 (25 — 5)! (mm)® 211 (nayzs | 01 (nm)istl
1 1
T S —
2s 2 6. 10, o 225 (2s)) mx 2%—2(2s — 2)! (n7)
y Uy AV, 1 4 . 2(_ 1)5 ] |
+ 22s—=4(2s — 4)!1 (nx)® 0! (nx)2s+1
1 ) 1
1y —
(2s)! [ 225 (25)! nw + 22s—2(2s — 2)! (nm)?
4,8,12, . . s - J
T 2425 — 4)! (n)® 22.21 (nryzs—1
1, (25 + 1)'[ 1 B 1
3, T2 (28)1 ()2 225-2(2s — 2)! (mn)t
5, 1,5,09, - ‘
. 1 I (=1)s ]
25 + 1 + 22s5-4(25 — 4)} (n=)® 0! (n)2s+2.
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7 7 So p? sinnzo do
25+ 1)1 - :
S V) — s
225 (28)! (nw)? ~ 225-2(2s — 2)! (nuw)*
A (@91 () (s — 21 (nm)
1 (— 1)l ]
L 225—4(25 — 4)] (n)® 01 (nm)yes+2
2’ (25 + 1)1 [ ! !
’ TL2%H1(2s + 1) mr 225-1(2s — 1)1 (mw)®
26,10, - ( ) ( )1 () (
1 — 1)
25 + 1 e
+ 225=3(2s — 3)! (nx)® Tt 2+11 (nr)2s+1.
1 1
2s 4+ 1)t [—— ‘
(2s +1) 22s+1(2s + 1)1 n= + 22s=1(2s — 1)! (nx)®
4,8,12, ---
— : AP ki
22s—8(2s — 3)! (nx)® 2-11 (mr)zs“}
%
iv. S pr cos nrp dp
0
7 #n 5 07 cos nrp dp 7 n S pr cos nrp do
0 0
1 1
1,5,9, - | — 3,7, 11, | — —
nw nr
0 0
2,6,10,-:| 0 4,8,12,---1 0
1,5,9 ! — ! - 3,7,11 ! !
T 2nx  (nm)? T 2nx  (nw)?
1 1
2
2,6,10, | — ,8,12, -+ 0
s 4,8
1,5,9 ! 2 3,7,11 : + 2
S dnz  (nrn)® T dnr  (nr)d
2 2
2,6,10 ! 4,8,12 !
T (nz)? T (n7)2
1 3 6 | 1 3 6
1,5,9, ¢ | me e o e 3,7,11, | — — .
5 8nr (sr)® (n)* 5 &nxw + (nm)® * (nr)*
2,6,10 5 4 2 4,8,12 3
T iz | (nm)t RS TP
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7 n S p7 cos nap dp 4 7 S‘ o7 cos nrp dp
0 0
3 24
15,09, 13 . 3,7, 11, - _r .8 A
s 16nr  (nx)d (nm)® 4 16nr  (nx)® - (nap®
‘ 1 12 1 12
2 6y loy Y T T PRV 4y8’ 12"" T —
’ 2nx)?  (nm)t 2Anx)  (nm)t
25)!1 [ !
N m@siar T~ 225 — 2)1 (nwp
1,5,9,
n 1 (—1)s ]
2%s—4(2s — 4)1 (nx)® 0! (nm)2s+1
99)1 [ i n . 1
N\~ g ae T 25225 — 21 (n)®
0, 3,7,11, -+
9 1 (— 1)+t ]
4’ 2%s-4(2s — 4) (nx)® 0! (mm)2s+1
' (25)1 [ 1 i 1
sy —
2%5—1(2s5 — 1)1 (nm)? ~ 225-3(2s — 3)! (nxr)*
25 | 26,10, -
_ L G e J
225=5(2s — b)! (nw)® 21! (nm)2s
1 1
(25)1 -
225=1(2s — 1) (ux)®>  225—3(2s — 3)! (nx)*
4,8,12, .-
+ SN Vel
225s=5(2s — 5)! (mm)® 2-1! (nx)2s
(2s + 1)'[ ! !
ST s ¥ Ol e 2551 (25 — D)1 (e
1,5,9, - ;
1 (— 1) (= 1)+
22s—3(28 — 3)! (nx)® " 2611 (m)2s+l Q! (nn)25+2]
1
’ 1 1
25 + 1)1 [~
3 (@s+1) 225+1(2s + 1)! nrx + 225—1(2s — 1)1 (nr)?
5, 3,7,11, - :
1 PP bl Gt Vsl
225=3(2s — 3)! (nx)® 2.1 (nm)2s+1 Ol (nr)?s+2
2s +1
25+ 1)1 ! + .
s —4 p—
| 25 (25)1 ()t | 285-2(2s — 2)1 (mm)*
2,6, 10, - 225 (28)! (nr) 2 (2s ) (nr)
1 + (— 1) 2(— 1)s+1 ]
- 225—4 (25 — 4)! (n7)® 22:20(nz)2s Q! (nm)2s+2
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; o
¥ 7 S p7 cos nwp dp
0
1 [ 1 1
3, (2s+1) 225 (28)) (mm)? 2%25~2(2s — 2)! (nm)*
5, 4,8,12, -
1 (— 1)s+1
. P el
25+ 1 225-4(2s — 4)! (nm)® 22,21 (nm)2s
1
V. 51 o” sinnrp dp
1 1
v n Sl o sin nzp dp 7 n Sl o” sinnrp dp
1 1
1,5,9, | — 3,7, 11, - —
nr nr
0 0
2
2,6,10, | — — 4,812,- 0
nT
1 1 1 1
1,59, | — — 3,7,11, -] — +
. nr  (nx)? ) nr  (nn)?
3 1
2,6,10, | — — 4,812, — —
2nzn 2nrw
1 1 2 1 1 2
1,59, | — — — — 3,710, =+ o —
) nr  (nw)® (ma)® 0 ne  (nxp  (ne)?
5 4 3
2, 6, 10:"' — — A 4,8, 12, -+ —
dnz (nr)? dnz
1 3 B 6 1 3 6
nr  4A(nx)? (nx)? nx 4(nx)? (nrm)?
155’95"' 6 3,7, 11, 6
3 R L X N L ——
(s)* (nm)?
9 9 7 3
2,6,10, ) — b 4,8,12, - — ——
8nx  (nx)® 8 + (nm)?
1 1 12 1 1 12
nw 2(nz)? (7177)3 nx | 2Anx) (nm)?
1,5,9, 37,11, - ()
12 24 12 24
4 —— 4 - = +
(nx)* (nw)® (nx)* (nr)®
17 15 48 15 9
2,6,10, | — — + o — —— 4,8,12, -+ — ——— -
1607 (nxn)® (nz)® 165z (rez)?
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1 1
¥ n S1 o7 sin nxp dp 7 7 51 0" sin niwp dp
1 5 20 1 5 20
n 16(nx)? (n2m)? a7 11 nr  16(nx)>  (nxn)®
1,5,9, 711,
5 15 120 120 5 _ 15 120 n 120
()t (nz)®  (nm)® (nr)* (nz)®  (nw)®
33 45 180 31 35 60
| = o — 4,812, — o e —
2,6, 10, 2nr  2nx)d (ux)® 32nx + 2Anz)®  (nx)®
291 1 1 1
(@s)t [ @2s\tnx 225125 — 1) (mr)? (25 — 2)! (nm)®
1 1 1
LSSt s s — ) (25 — &)1 (m)p | 25-5(2s — B)1 (mm)®
SSETLC
— e + -
2+11 (nm)?s 01 (nr)2s+1
O] P : :
S —
0 L)l 28-1(2s — 1)! (ma)® (25 — 2)] (nx)?
' 1 1
2, 137,11, — : + 5 .
4 225—3(2s — 3)! (mx)* (2s — 4)! (nx) 225=5(2s — 5)! (nx)
’ (capn 2Dy
05 211 (nm)2s 01 (nm)2s+1
26} [ 22s +1 2252 + 1
(@)1 28 (2s) 2257225 — 2)! (nm)®
2,6, 10, -+ 9254 4 1 - 2(— 1>s+1]
T 225-4(25 — 4)! (nx) 01 (mr)est1
051 [ 22s 1 92s—2 - 1
@~ ST T 25m8(25 — D)1 ()t
4,8,12, - o2s—d _ | (— 1)s(22 — 1)]
- 22-1(25 — 4)! (na) 22.21 (nz)es—1
1 1
1 - -
L (2s+1) (25 + V)!nx 225 (28)! (mz)> (25 — 1)t (ma)?
3)
5 1,5,9 ! + ! !
’ e + 225=2(2s — 2)! (mx)* (25 — 3) (ma)®  225—4(2s — 4)] (nx)®
25 + 1 B (— 1) (— 1)st1 J
1! (m)2s+1 O (mr)2s+2
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1
7 7 Sl o7 sin nwp dp
25+ 11 e S
ST Gs ¥ w2 @a)l (| (%5 — D)1 ()
3,7,11 ! - -+ L
1, S 225—-2(2s5 — 2)! (na)* (25 — 3)! (mm)®  225—4(2s — 4)! (nn)®
3, _ (— 1) (— 1) J
11 (nm)2s+1 0! (nrm)2s+2
5
’ 2251 1 225—1 1
(25 + 1)1 [— + ) +
22s+1(2s + 1) = 22s=1(2s — 1)! (nx)?
2s + 1 2,6, 10, -
225—3 1 1 R 3(— 1)5+1
225—3(2s — 3)! (mx)® 2+11 (nx)?s+1
22s+1 — 1 22s—1 . 1
(25 + 11
28+1(2s + W)lnmr  225-1(2s — 1)! (nx)®
4,8,12, -
2253 . 1 (— 1)s+
T s — )l mr T 20 (nn)2s+J
1
VL Sl o7 cos nrp dp
3
1 1
7 7 51 o7 cos nrp dp ¥ 7 Sl p” cos nwp dp
% %
1 1
1,59, | — = 3,7,11, - —
nr nx
0 0
2,6,10,:-+ 0 4,8,12,--+1 0
1 1 1 1
1,59, | — o — 3,7,11, - = —
| 2nzn (nm)? ) onr  (nm)?
2
2,6, 10, - . 4,8,12, | 0
(nm)®
1,59 L 2 2 3,7,11 ! 2 2
) re dpw (mm)?  (nn)? ) YUY dnx (mr)®  (nx)
2,6, 10 3 4,8,12 !
s Vs ’ (717&')2 r Oy y (7275)2
1 3 n 3 1 3 3
) Snm (nr)? (nm)® | Snn (nm)? (9)?
311,59 3 |8,7,11,
6 6
(nm)* (nm)?
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1 1 |
v n g} o cos nxp dp v 7 Sl o" cos nrp dp
15 12 9
2,6,10, o] o 3 14,812,
8 ,6,10, Anxy?  (nn)t 4(nm)?
1 4 3 1 4 3
1607 (nrn)? (nm)? 16n= (nm)® (nm)?
1,59, - 3,7,11, -
4 24 _ 24 4 24 24
(nm)* (nr)® (nm)* (nm)®
9 36 7 12
2,6,1 TS T TS 4) 87 127 PYIEC Y
6,10, 2(sm)? )t 2Anm)? nm)
@2s)! [ 1 1 " 1
’ 225(2s)tmm (25 — 1)1 (nm)? 225=2(2s — 2)1 (nx)®
1,5,9 + ! ! - !
T (2s — 3)! (mm)t  2%5—4(2s — 4)! (nx)® (25 — 5)! (nx)®
— 1)s — 1)s+1
oy =D (— 1) ]
11 (nur)2s 0! (nm)2stl
0, 1 1 1
291 - -~
9 225 (28)1 nm (2s — D) (nx) 225—2(2s — 2)! (nx)?
’ 3,7, 11 + ! + = L
4, 2625 (2s — 3)! (mm)* * 2254(2s — 4)! (x)® (25 — B)! (5em)®
N e
9 1! (nm)2s 0! (nn)zHlJ
22s—1 + 1 2253 41
(2s)! { 5 —
225=1(2s — 1) (mm)?  2%5-3(2s — 3)! (nn)*
2,6, 10, -
4 2255 + 1 3(.__ 1)s+1
225~5(2s — 5)! (nx)® 2+1! (nr) 25]
o2s—1 o ] 0%5—3 _ 1
91 —~
225=1(2s — 1)! (nr)?  225—3(2s — 3)! (nm)?
4,8,12, -
n 22s—5 — | (__ 1)s+1
225=5 (25 — 51 (nm)® 2-11 (m)Zs]
1 (2s -+ 1! { ! :
3’ : 225+1(2s + 1)) s (25)) (nm)?
’ 1 1 1
5 11,59, | - -
* 28s-1(25 — 1)1 (nx)? + (25 — 2)! (nx)? 225-3(25 — 3)! (nx)®
25 +1 _ ! (— 1)s+! (— 1)s+1 5
(2s — 4)! (nz)® 21! (nx)2s+t 01 (sm)2s+2
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1
7 7 S1 p" cos nwp dp
2s + 1)'[ : :
@G+ Tas 1 i @91 (o)t
3,7,11 - + . + L
PSR T e (05 — D)1 () | (25 — 2) (ma)* | 2%5-3(2s — 3) (mx)®
! S Rl
3 (25 — 4)1 (nm) 21! (mm)s+1 0! (mm)?s+2
225+ 1 225-2 4 1
5 (25 + 11 = .
225 (25)1 (nm)t  2%5-2(2s — 2)! (nr)
2,6,10, -
2s + 1 25441 ey 2(—1)p J
225—4(2s — 4)! (nx)® 0! (nm)2s+2
. 225 — ] 225—2 —1
[ -
(2s+ 1) 225 (2s)! (mm)? 225—2(25 — 2} (mn)*
4,8’ 12’ b 225_4—" 1 3(__ 1)S+l ~
+ 225—4(2s — A1 (ma) | 2821 (nm)®s
5 .
VIL S o7 sin nzp dp
0
¢
v n S o7 sin nrp dp
0
1
0 1,2,8, - | — (1 — cos nxt)
nw
1 1 .
1 1,2,3,« | —-—&cosnat + sin nxé
9 (nr)?
2 1,2,3, - | — iéz cos naé + 2 & sin naé z (1 né)
3“3y nn o L7 (nﬁ')z 7T (7/”[)3 COS Mg
3 1,2,3,- | — }-53 cos naé + &2 ¢in naé + ~§-~-E cos uaE — -—6~— sin nwé
| nw ; (nr)? ‘ (nm)? ()t
1 4 12
— —&tcosnal + —— £ sinuré + —— &% cos uné
ne (mar)® (nm)?
4 1,2,3,

24 . 24
. @;45 sin nxé + W (1 — cos nr€)
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¢
4 7 S o" sin nrp dp
0
0 @s) [ &% cos nwt £2s-1 gin naé §2—2 cos mrf
2’ ) @\l nx | (25 — 1)! (nn)? (25 — 2)} (nx)®
4, 1.2.3 ... _ gs8sinmnf gE—icosmnf | €% ~Ssinmxf
(2s — 3)! (nx)t (25 — 4! (x)® (25 — B)! (nx)®
2s T (— 1)> 1gginpat  (— 1)s(1 — FOS n:r&)]
11 (sem)s 01 (s2m) 25+1
1 (25 + 1)1 [_ £25+1 cos nmé  E2s sin nné &25—1 cos nré
5 (2s + 1) nz (28)! (nx)® (2s — 1) (nx)?
. 1123 .. £2s-2 gin nwé £25—3 cos pr &2s—4 gin nxf
(2s — 2)! (mem)* (2s — 3)! (nx)® (2s — 4! (nx)®
2s+1 4o (— 1)s~1&cosnnf = (— 1)s sin nné
1! (nrr) 2541 01 (ﬂTL‘) 254-2 J
.-
VIIL S 0" cos nmp dp
0
£
e 7 S o7 cos nrp dp
0
1 .
0 1,2,3,-- | —sinnné
nr
1. . 1
1 1,2,3,-- | —&sinnné — — (1 — cos nat)
i (nm)®
1 . 2 2 .
2 1,2,3,--- | —&sinnné + ———&cosnxt — —— sin naé
9w (r2m)* (ner)?
3 1,2,3 lﬁasinn‘qL 3 2cosnné 6 & sin nn€ 4 6 (1 — cosnnt)
y Ly Oy 70t — S s G — 76 ¢ 7T - — S T
P sy (nz)® (nz)
. X 4 12, .
—£&% sin naf + - &% cos na§ — &% sin mrt
(nm)® (nx)?
4 1,2,3, -

24
— ———&cosnné -

(nz)* (1

2
(n)®

sin nrxé
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¢
¥ n S o cos nrp dp
0
0 (25) [525 sin nwé £%5—1 cos nrt E25—2 gin nné
2’ (2s)n= (2s — 1)t (nx)? (2s — 2)! (ux)?
4’ 123 ... . £25-3 cos nné &2s—4 gin naé §2s=5 cos mnf
’ e (25 — 3)! (mz)* ' (25 — 4)! (mx)® | (25 — 5)! (nx)®
2 ey (=1p—'écosmaé (= 1)s sin maf y
11 (nx)2s 0! (sur)2s+1 J
. (25 +1)! ( E2+lgin pné 25 cos naé &%5—lgin nak
3’ TL(2s - Dlux (28)1 (nz)? (2s — D)1 (nm)®
5, 123 .. _ EsPcosmag n &2s—3 gin nné n &%5—4 cos nné
’ T (2s — 2)! ()t (25 — 3)] (m)® | (25 — 4)! (nx)®
25 +1 et (— 1)sésinnzé  (— 1)s+1(1 — cos nrf)
1! (nx)2s+1 01 (ner)2s+2 J
7 .
IX. S osin nwp dp
£
7
7 7 g o” sinnwp dp
. 1 .
0 12,3, Ej;(cos AT — COS #xy)
11,23 | —(Ecosnnt ) — - (sinnmé — si
32,3, | — 7l — nmy) — nré — 7
— ; 7 COS nay s (sin nxé — sin nzy)
1, o, 2 . ,
— (&% cos nné — 7* cos nwy) — - (& sin na& — 7 sin nay)
) Loa .. nw (niz)
_ e (cos nré — cos nxy)
1 3 . .
— (§%co na& — 7* cosnmy) — —, (§% sinnxng — y* sin nay)
3 123" ()
y Ly Dy U0 6 - 6 : :
— = (& cos nné — 7 cos nmy) -+ W‘* (sin nné — sin nwy)
L (6* cos mmé — yptcos nmy) — 4 (&% sin nné — 7® sin nay)
nw ® (nrr)? 7 7
— 2 2 Esin urs — i
4 1,2,3, )’ (6% cos nrné — 7? cos nxy) + (72ﬂ)4(§ sin nrf — 7 sin #zy)

S ) \
4 (cO3 Haé — Ccos ury
(nr)® 7
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7
¥ 7 S o7 sinnzp do
&
(25)1 [ £ cos nn§ — p*scosnmy  €5~1sin né — 9?51 sin nay
0 ’ (28)! 5z (25 — 1)} (nx)?
2’ E2-2cos ppnf ~— pB—2cosnay | EB-8gin naé — y?s—3sin nay
, -
4 123 .. (2s — 2)! (n=)® (2s — 3)! (nx)*
E2s-4cos nat — p¥—Lcosnry  E¥-Sginnuxi — 525 sin nry
2 (25 — ) (mxr)® (25— 5)! (nr)®
n (= 1) (€ sinnné —p sin nay) | (— 1)s(cos naé — cos nay) ]
1! (nm)2s 0! (mm)?s+1
(25 + 1)1 [EZS“ cos nrt — ptlcosnmy  E8sinnné — 5% sin nay
) ’ (25 + 1)l nz (25)! (n2xr)?
3’ £25~1cog nné — p25-lcosnay | E3-2gin uré — 7?—2sin nny
5’ L2 . (2s — 1)! (nx)? (2s — 2)! (nz)*
b ki ¥ ?
£25=3 cog nné — p¥—3cosnmy  EB—4sin nné — p¥—tsin nny
2541 (2s — 3)! (nz)® (25 — 4)! (nx)8
+ (— 1)s (€ cos nné — 7 Cos nay) (— L)ys*+i(sin nrf — sin nay)
11 (nx)2s+1 01 (ser)2s+2 ]
7
X. S p” cos nwp dp
£
7
¥ 7 S p” cos nxwp dp
¢
1. .
0 1,2,3,-- | — o (sin nné — sin nwy)
T
1 1,2,3 1(6 i & sin zn) 1 (cos naé — cos nxn)
, v | — —(&sinunf — ) — —— & — yis
' nr 7 7 (nr)? 7
| . 2
- (&2 sin neté — % sin nry) — %2 (€ cos na€ — 7 cos nry)
T
2 11,23,
2 . .
—— (sin nxé — sinn;
+ (m)a( € 77)
1o . 3 .
— — (& sin nxf — 38 sin nay) — , (€% cos naé — 7* cos ny)
5 Lo3 . nr (nr)
o + 6 (& sin nr s sin nry) -+ 6 (cos nm? — cos nxn)
e n 7zs — 157 s T T
(nz)? =T / (nm)? ' 7




86 B. TaNmmoTO No. 10
; . -
! ¥ 7 S o cos nxp dp
¢
B 1 4
— ﬂhn(é" sin uxé — 7t sinnay) — )y (6% cos nné — 7% cos nxy)
Io4 1,23, | + —12—-(52 sin #rt — »? sinnay) -+ ——4—(5 cos nné — 3 Cos nxy)
| (nrm)? (nm)*
| 24
o W(Sln nré — sin nxy)
(25)1 [ & sinnxé — 2 sinnny €251 cos nré — 52—1cos nay
0 L (26) nm (28 — D) (mm)?
2’ E¥-2gin nné — y¥-2sinmury  E25-8cosnnt — 7253 cos nay
4 193 .. (25 — 2)1 (nx)3 (2s — 3)! (nrx)?
Ex—tsinnné — yPS~dsinnay  £25-5 cos nat — 3255 cosnry
g (25 — 4)! (nx)® (25 — 5)! (nx)®
I (—1)5(& cos nné — p cos nry)  (— 1)s+1(sin naé — sin nay) ]
1! (m)2s 0! (nz)s+1
(25 + 1)1 [_ gt sinnn§ — g tlsinnay €% cos naf — y* cos nay
1 ’ (2s + V! nr (2s)! (nx)*
3 £2%-lsin naé — p2—lsinnay  £25—2 cos uxb — 52~2 cos ny
5 1.2.3 .. (25 — 1)! (sem)® (2s — 2)! (nm)*
’ b b bl
§%-3sin nré — pP-3sinmmy  E¥—4cos nrt — ¥4 cos nay
25 + 1 (25 — 3)! (nx)® (2s — 4)1 (n=)®
" (— Vs+H(Esinnxé — 3 sin nay) (— 1+l (cos nné — cos nm;)}
1! (nm)2s+1 0! (nr)s+2
1
X1 S o7 sinnwp dp
7
1
7 n S o7 sin nxp dp
7
1
13,5, - n—T(COS nwy + 1)
0 -
2,4,6,- | —(cosnmy — 1)
nw
1 13,5, - (ycosumy + 1) — 5 sin nren

nr
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1
S p? sinnwp dp
7

¥ 7
1 2,4,6, - 3—(n cosuay — 1) — ——}—~ sin nxy
nw (nm)?
1,3,5, L(rf cosnmy + 1) — 2 7 sin nwy — ~2—(cos nxy -+ 1)
5 nr (n=)? (nr)®
2,4,6, - -1(772 cosnry — 1) — 2 L7 sin sy — : (cos nry — 1)
n (n )2 (nm)®
-1—(7/3 cos nmp + 1) — 3 7* sin nmy — 8 (pcosnmy + 1)
13,5, nr (nm)? (nx)?
5 ; (nrx)?
i(ﬁ cosnumy — 1) — 3 —— 7% sin way — »~9ﬁ(7/ cos nry — 1)
0,46 | (nz)? (nr)?
+ 6 sin nzy)
(nm)*
l«(7}4 cos ury + 1) — ——7% sin nry — 12 (9% cos nzy + 1)
L35 | ™" G e
+ — 24 psinnry + — 2 ; (cos mayy + 1)
A (na)’ (5
ais ;11;(774 cos uapy — 1) — w 4 )er sin szy — (1:3)3 (7* cos nmy — 1)
24 2
+( )47731n7 an + - ()’ L (cos nmy — 1)
(25)! [7723 cosnay +1 g tsinnay  p¥-2cosnmy + 1
28)! nm (2s — 1)! (nx)? (25 — 2}1 (nx)?
1,3,5, .- n y2—3sin nay pB—tcospay +1 72~5 sin nmy'
(25 — 3)! (nnm)* (25 — 4)! (n=)® (2s — B)! (nr)®
’ ey (— 1)sysin nay (— 1)s(cos nmy + 1)]
’ 11 (nz)% 01 (nmy2stl
’ (25) [77~5 cosmmy —1 pB-lsinnay  pP-Zcosmay — 1
28 (2s)! (28 — 1)1 (nm)® (2s — 2)! (nm)?
24,6, . y2—8sin nmy 7®=4cos nay — 1 7?55 sin nxy

(25 — 3)1 (nx)* (25 — 4! (nz)* (25 — 5)! (ma)®

(— s psinnry ~ (— 1)%(cos nay -+ I)J
11 (nz)?s 01 (nm)?s+1
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1
4 7 g o7 sinnzp dp
s
95+ 1)1 [7725“ cos iy + 1 psinnmy g -lcosnap+1
(2s ’ (25 4 Doz (2s)! (nm)? (28 — 1)1 (sm)®
135 4 7552 gin nay 725=3 cos nmy + 1 72 —4sin nay
L B (25 — 21 (nx)t (25 — 3)! (nxm)? (25 — 4)1 (32m)"
3, - (— 1) (5 cos nry + 1) (— 1)s+lsinury ]
5 11 (nx)2s+1 01 (nm)2s+2
p2+lcos nry — 1 7% sin nry 721 cos nry — 1
(25 + 1)1 | - 7 :
2s + 1 (2s + 1)! nx (2s)! (nr)* (2s — D! (nrr)
9 46 e + 7?5=2 sin nay 7*~3cos nay —1  p%~4sin nay
T (25 — 2)1 (nx)* (2s — 3)! (mm)® (25 — 4)! (nz)®
ot (— 1)5 (» cos nan — 1 (— 1)s*+1sin nm/J
11 (mm)2s+t 01 (s2m)2s+2
1
XIL g o7 cos urp dp
7
1
¥ #n 5 o7 cos nmp do
7
1
1,3,5,:- | — —sinnxy
nT
0
2,4,6, - | — — sin nay
nr
1,3,5 ! sin % ! (cos nzy + 1)
,3,5, e | — oy — S—
) o] 7 (nx)? !
2,4,6 1 sin 7 ————1 (cos n 1)
4,6, | — Ty — : o —
nnv 7 (nr)? 7
1,3,5 ! 2sin 7 ———2 (y cos nay + 1) —2 sin 7
3 350y | — Ty — ) F147
5 e (nr)? 7 i N (nm)® /
2,4,6 ! 2 sin # ( cos n 1) + 2 sin#n
sy Uy 00t i/ nHTny — — Ty — — )
nﬂ:} 7 (nx)z 7 ‘7] (7’27?)3 4
! 3 sin s 3 (> cosmmy + 1) + ) sin #nx
- T T e = T 4 7
ol 7 (2ar)? ! v (nrr)w /
3 1,35,
N

6
i COS %7 1
T (nn>4( 7wy & )
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1
r n S o7 cos nwp dp
7
1 3 6
— —p? sin wny — —— (% Co — 1)+ ——7si
, )i o sin iy (7271')2(77 S 1Y) ) (nn')37] n #ay
y x5 Uy 70t
6
e (COS fiy) — 1
+ ( 7m)‘;( mp — 1)
— ~1~774 sin nay — 4 (p®cosmap + 1) + —12—772 sin sy
L35 nw (nm)? (nr)®
o +24(cosn + 1) 24sin
—— 7T — nnw
4 () 7 (nmy? 7
LI — 4 (p® cos mwy — 1) + 2 sin 1w
= et s mmy = s / = 7
2,4,6, -
-+ 24 (y cos n 1) 24 sin .
mp — 1) — —— 7%
(am)* % €S g (nw)® 7
29)1 [ 7 sin nry  p® 7 cos may +1 7*5=2 sin nay
(2s)! (25)! nz (25 — 1)1 (nx)? (2s — 2)1 (norr)®
135 ... p~8cosnay + 1 gfs—dsinmry  gP~Scosnmmp + 1
e (25 — 31 (sm)* (25 — 4)1 (sox)® (25 — 5)! (sr)®
0, (— s {ycosmry + 1) {— 1)s+lsin nay
4o ] ]
2 11 (sem)2s 01 (se)?s+1
29)! S sinnry gy~ lcosury — 1 7?52 sin sy
o (2s [ s\ nx (2s — Dl ) (25 — 2)1 (n)?
2 46 ps8cosmap —1  pEtsinmay  7PSoScos map — 1
T (2s — 3)! (nx)* (2s — 4)! (nx)® (25— 5)! (n=z)®
— (— 1)s(ycosnan — 1) L= 1p+lsinn m/]
11 (nw)?s 01 (na)2s+1
2s+1gin nayp 7% cos way + 1 p&=1sin nry
1 @+ 112 - +
3’ ) (2s + 1)l sz (25)! (nz)? (2s — 1)1 (nz)?
5: 1,3,5, - 7-2cos nay + 1 _ 72~3sin nwy _pPsTicos g + 1
(25 — 2)! (nx)* (2s — 3)! (nx)® (25 — 4)! (nx)®
25 4 1 (— )stlypsinmay | (— 1)s+1 cosmay + 1]
ot 1 (amyzs+t 01 (nr)2s+2
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§ 1
¥ 7 {, S p” cos nmp dp
o | 7
1 (25 + 1)] { 7?s+1l sin nay 7% cos nay — 1 7%5—1 sin way)
3’ ) (2s + 1)1 5z (2s)! (nz)? (25 — 1)1 (nm)?
’
5 laouss p2=2cosnmy — 1 y2s-3sin uny 72—1cos pry — 1
y Ey My — A
(25 — 2)! (n)* (25 — 3)! (mr)® {2s — 4)! (mx)®
2s+ 1 (— 1)s*1y sin sy (— 1)+ (cosnmp — 1)

e

F 11 (nez)2s+1

)

01 (nm)2s+2




