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     Synopsis. This article is an extension of my previous one't`:ge) to more precise

 values, in which e"'s are of 27 decimal places. With an ordinary hand-operated calcul-

 ating machine, this table enables us to compute ethciently logAi; e,, Ar", sinhlV;

 sinhmai IV; etc. to 27 decimal places. Examples are added for illustration.

    1. The principle of the present procedure of finding precise logarithm

of a given number is as fo!lows.

    Let us suppose to find natural logarithm of a number, IV say; and write

                    loge lV :A'n+E, or' !V=en･es, <1)

abeing a small fraction. By Taylor's expansion theorem, es may be ex-

panded in power series of E, in virtue of which the equation 'last written

takes the form

                       e== (et-V. - 1)- "2i'---fi3･-'''. ･ (2)

IV is divided by an en which is the most approximate to N, and the

quotient is divided by the second en which is again the most approximate to

the first quotient; such divisions, or often multiplications, are performed

several times. The last quotient thus obtained becomes almost equal to unity.

6in equation(2) will then be found easily, by the procedure of iteration.

The sum of fractional values of the above n's and s gives the wanted }oga-

rithm.

    All numbers, large or small, whose logarithms are desired, can be reduced

to those of first place, since for example

                      loge 326. 8 == ?lif + loge 3. 268,

where ]ii == loge 10 == 2. 302 585 ･･･ (cf. equation (7)).

*) Professor of Civil Engineering, Faculty of Engineering, Shinshu Univgrsity, Nagano,

 japan.
*':: ) B. Ta4imoto;. "18-Fagure en-Table and its Applications," Journal of the Facttlty of

 Engineering, Shinshu University, 1956.



    2. With the ordinary caiculating machine, capable of 10-11-21 places,

multiplication of higher precision is effected by the formula

  (A + Bx + Cx2 + ･･･)(A' + B'x + C'x2 -i- ･･･)

     m ,<l.At + (ABf + BAr)x ÷ (AC' + BBt + CAr)x2 + ･･･, (x = 10-9). (3)
 '

The product AA' is obtained in the right dial of the machine, and the left

half of AA' is recorded on calculation sheet. Then the remaining right half

of AA' is shifted to the !eft part of the dial by the transfer lever, and then

AB' and BA' are superposed. The left half of tke diaHs recorded. By such

operations, any two numbers can be multiplied, however precise they may be.

    Division of higher precision can also be effected by putting

             Al+., BB'xX .* cCi2'+÷.Ii' == ao + aix + a2x2 + ･'', (x == lo-"),

and, clearing and rearranging,

    (A' + B'x -- C'x2 + ･･･) - Aao - (Bao + Aai)x

                - (Cao -- Bai + Aa,) )x2 - ･･･ = O, (x == 10un9), (4)

ao, ai, a2,...being lows of nine consecutive figures of the wanted qttotient. To

perform this division, A'+ B'x is first set on the right dial. This is divided

by A and the first nine figures of the quotient, ae, is obtained on the left dial.

The remaining figures on the right dial is shifted to the left part of it. Then

C' is supplemented on the right dial succeeding to the above figures. From

this low of figures, the product Bao is subtracted. The resulting low of

figures is divided by A; then ai is obtained on the left dial. By such

procedures, any division can be performed, however precise the numerator and

denominator may be.

   At times the bell sounds in the course of subtracting Bae, and the right

dial becomes negative. This inconvenience can be ridden over by putting

                  ae' ::= ae+nx, or ao nv- ao' -nx,

ae' being the apparent quotient, ao the proper one, and so n one or two units

in the last digit of ae' or a,. By substitution into equation (4), we have

    (A' -l- B'x +'C'x2 + ･･･) - Aao' + (- Bao' + nA - Aai)x

                         -Y (- Cae + nB - Bai - Aa2)x2 + ･･･ = O, (5)

n being chosen so as to make the negative Tight dial positive.
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    3. The en-Table attached was prepared as in the following way.

    First,

                      e-i+"t:+&,!+-g!iL+'" '
                                                                 '
was computed to 30 decimal places, the result being:i:)

                 e = 2. 718 281 828,459 045 235,360 287 471,353.
                                                            ,
    Secondly, the pivotal values

             IYZ, i>f'b-, iVT, iY/g, ore', and (T/?)3

were cornputed'ls:ic); these values beiRg

             l9/U== 1. 395 612 425,086 089 528,628 125 319,

             or-U == 1. 221 402 758,160 169 833,921 071 995,

             il/V == 1. 153 564 994,895 107 753,461 339 625,

             iiY? == 1. Il7 519 068,741 863 648,622 059 717,

             IJ/ e =- 1. 095 169 439,874 664 284,656 241 323,

          (V'i)3 == 4. 481 689 070,338 064 822,602 055 460.

    Thirdly, square roots of these values we];e extracted successively. .

    To extract square root ofagiven number, we put ,

      A+ Ba: + Cx2 + ･･･ == (ao + aix + a2x2 + ･･･)2, (x == 10-9),

from which we obtain

      (A + Bx ÷ Cx2 + ･･･) - ao2 - 2aeaix - (ai2 + 2aoa2)x2 - ･･･ == O.

This formula enables us to get precise square root of a given number.

    Several examples xAThich folloxv will serve as illustration. .

                                                                         tt                  t t tttumttttt t .... t
  *) This is correct to the last place of decimals, since three figures more were retained

   in the course of computation of the series.

  **) Reference may be made to my book: "Numerical Computations and Methods of
   Handling a Calculating Machine" (in Japanese), 1959, Kanehara Book Publication Co.,

   Ltd., Tokyo.



   4. Example 1. To find loge2. Referring to the en-Table,

            3･
       2÷e4 = o. 944 733 105,482 029 414,276 093 102 =: Ni,

   'l       N, × eii == O. 993 170 607,582 819 029,409 600 186 = Nli,

             -L
       IV,, × e i6e = O. 999 397 362,219 079 577,178 881 259 = fV3,

             -=･
       N, × ei 536 =- 1, oeo o4s 223,389 322 235,209 714 892 == N`,

             -..2-7
       rv, ÷ e20 aSO := o. 999 999 394,101 795 532,475 l31 602 == Ns,

               lt
       N, × ei 572 86d･ == 1. ooo ooo o29,ss4 490 026,791 928 638 == IVb.

A rough approximation to E is then obtained thus:

       Ei = (IV6 - 1) - fliZ ;:=; O. 06 029,884 490 026,792 - O. Oi5 446,541

         = O. 06 029,884 489 580,251.

Then the accurate value of E is

       E2 - (iV6 - i) rm {" - E2,l:3

          : O. 06 029,884 490 026,791 928 638

                - O. Oi5 446,541 358 736 - O, 02i O04 448

         -- O. 06 029,884 489 580,250 565 454.

Hence the wanted logarithm amounts to

       ioge 2 = {} - S?oT - il;Tt ww i si36 +2o iso rm i s7S s64 +e2

            -ma O. 693 147 180,559 945 309,417 232 120.

An autematic computer, FACOM 128, afforded'")

       loge 2 = O. 693 147 180,559 945 309,417 232 121,4･･･;

and so our result, equation (6), is true except for the last digit.

   5. Example 2. To find £,ff- :logelO.

:s' ) This is due to Mr. S. YAMAsmTA, operator of the FACOM 128.

No. 9

(6)
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      lo ÷ e2 =: 1. 353 352 832,366 126 918,939 994 950 : Ni,

            K
      IV, ÷ e3 = O. 969 719 678,644 050 628,099 066 593 == N,,

            k
      Af, × e'32 = 1. 000 501 885,563 147 616,988 530 778 ::: N3,

             1
      N, ÷ e"Ji4B' = 1. 000 O13 478,501 546 536,449 758 742 =: Na,

            ....1-i
      N, ÷ e8i 920 =: 1. ooo Ool 271,380 270 553,895 812 631 = Ns,

                          '
             1
      IV, ÷ e786 432 == o. 999 999 999,813 707 142,368 677 302 = N6.

               e2   e = (N6 - 1) - -"2- == - O. 09,186 292 857,631 322 698 - 17 352514

    =: - O. 09,186 292 857,648 675 212.

   SiF == ioge io == 2+ -3i' - 3-i2 ÷ '2rmormi4s + si 62o + 7s6i432 +S

     = 2. 302 585 092,994 045 684,O17 99I 454.

This is in perfect accordance with the value computed by the

the latter part of which is ･･･991453,68･･･.

   The recipyocal of equation (7) is

                1          M ==                   == O. 434 294 481,903 251 827,651 128 919.
              Ioge IO

   6. Example 3. To find logen, where

               z = 3. 141 592 653,589 793 238,462 643 383.

      x÷e == 1. 155 727 349,790 92! 717,910 093 183 =v- N.

            x
      N, ÷ e7 == 1. 001 874 497,670 597 732,311 176 831 == Af2,

           k
      N, ÷ eSi2 == O. 999 919 62･ 1,222 804 341,507 818 373 == N3,

            -i--
      IV, × ei2 288 =: l. OOO OOO 998,201088 852,709 259 500 = N4,

              1
      N, ÷ ei 048 576 ; 1. ooo ooo o44,526 275 235,378 467 282 =: Ns.

   ei == (Ns - 1) - t-2 = O. e6 044･,526 275 235,378 - g9!,29s

     = O. 06 044,526 274 244,083.

FACOM

(7)

5

128,

(8)



    E2 = (Ns - o-- ii/i2 - g2, :3

      = O. 06 044,526 275 235,378 467 282 - 991,294 549 030 - 14 713

     == O. 06 044,526 274 244,083 903 539.

    Iog, rr =: 1 + -l} + s-ll2- 12 lss ÷ 1 o4g s76 +e

         = 1. 144 729 885,849 400 174,143 427 349.

   7. Example 4. To find e'/?, where

              V 2 = 1. 414 213 562,373 095 048,801 688 724.

                                '
By referring to fractional values of n in the en-Table, we have

       v-ii =n+ E -- -;-- i:E- gilrt +7 ii6s Ni go li2 +2 ogAsL, + e,

so that

                E r - O. Oe 020,693 770 946,531 103 483.

Then we have

        31
       e2 ÷ e'2 =: 4. 123 352 997,269 820 753,397 328 867 = IVi,

             2
       IV, -i- e3Sd = 4. n2 61 9 068,349 070 260,453 568 380 = N2,

             ±       IV, × e7 'aS == 4. I13 202 856,847 386 040,299 223 139 := N3,

              1
       N, × e90 i'2 == 4. 113 248 502,551 395 O19,996 931 557 =: IV4,

               i
       N, × eft' 097 i52 = 4. 113 250 463,901 589 582,152 828 708 =: Ns =

On the other hand we have

   es =i+E+ .2'}" + .{;3.

     =: 1 - O. 06 020,693 770 946,531 103 483 + 214,116 077 994 - 738

     = O. 96 979,306 229 267,584 973 773.

Hence we obtain

en.

No. 9

(9)
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           e/'2' =: en × es = 4. 113 250 378,782 927 517,173 584 865.

   8. Example 5. To find sinh Vny2 and cosh V-li'.

                                'Frorn equatioR (10),

           -/i 1           e =e/-2-- =: O- 243 116 734,434 214 21o,so4 s62 14o.

Hence we obtain

     sinh V-2- =: i (e/'2- e-/iT) : 1. 935 066 822,174 356 653,184 361 362

     cosh V'i}' =: Ke'/E"+ e-/'7) -- 2. I78 183 556,608 570 863,989 223 502

These values are checked by

                  cosh2' V-i}' - sinh2 V-ii= + O. o27, 8･･･,

which is computed by a continuous operation of the machine.

    9` Example 6. To find sinh-' ,v"-2' and cosh-i V-i}-.

we have in general

                 sinh-ix = log (x + Vx2 + l) :r log N,

                 cosh-ix = log (x + Vx2 - D = log N'.

In this case

                N == 3. 146 264 369,941 972 342,329 135 066,

                N' =:: 2. 414 213 562,373 095 048,801 688 724.

Then we caR proceed as before, and arrive at the results

            sinhrmi V"Ei- =: 1. 146 215 834,780 588 843,900 393 654,

            coshrmi V-2M == O. 881 373 587,O19 543 025,232 609 320.

    10. Precise value of IV' can also be computed by using the

and v denoting given numbers. In fact, if we put

               tt
                             P= N'
                        '
and take logarithms of both members :

,

(10)

en--Table,

.7

N



                      loge P =p Ioge N, = cr say,

we then have

                               P = ea,

which is the required resuk, logeN and ea being computed by the preceding

procedures.

   Example 7. As an example, we shall get the precise value of P== n/7.

Taking logarithms of both mernbers, and referring to the preceding values,

we have

     Ioge P = V-l; loge r,

            : 1. 414 213 562,373 095 048,801 688 724

                             × 1. 144 729 885,849 400 174,143 426 439

           = 1. 618 892 529,822 026 668,464 528 924, =: cr.

                3111 1     cr =n÷S = -2M+g+ tst -32 768-1835 O08+ C"
                   '
     e = - O. 06 O18,754 207 210,503 725 044.

     en = exp (-li- + -il- + lis ww 32 ;6s - 1 83g OOS)

       m 5. e47 497 362,032 721 660,552 626 l22.

                 E2 E3
     ee = 1+S+i+'6-

       == 1 - O. 06 O18,754 207 210,503 725 044 + 175,860 144 048 - 1 099

       = O. 96 981,245 792 965,356 417 905.

     P =en × ee == r,/i =; 5. 047 497 267,370 911 126,173 634 091.
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0．333333333，333333333，333333333

0．250

0。200

0。187500

0．166666666，666666666，666666667

0．142857142，857142857，142857143

0、125

0．111111111，111111111，111111111

0．100

0、093750

0．090909090，909090909，090909091

0．083333333，333333333，333333333
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6κ

7．389056098，930650227，230427461

4．481689070，338064822，602055460

2．718281828，459045235，360287471
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1．011787683，559331491，514113844

1．011428447，744338224，409788839

珊
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0，0104！6666，666666666，666666667

0．008928571，428571428，57！428571

0．007812500

0．006250

0．005859375

0．005681818，181818181，818181818

0．005208333，333333333，333333333

0。004464285，714285714，285714286

0。003906250

0．003125

0，002929687，500

0．002840909，090909090，909090909

0．002604166，666666666，666666667

0。002232142，857！42857，142857143

0．001953125

0．001562500

0．001464843，750

0．001420454，545454545，454545455

0．001302083，333333333，333333333

0．001116071，428571428，57142857エ

0．000976562，500

0．000781250

0．00073242！，875
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0．000651041，666666666，666666667
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0．000488281，250

0．000390625
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0．000279017，857142857，142857143

0．000244140，625

0．000195312，500

0．000183105，468750

0．000177556，818181818，！81818182
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1．010471109，010597784，146745853

1，008968550，01776304！，42831768Q

1．007843097，206447977，693453560

1．006269572，003762010，144984985
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王．000366278，000911574，085842186

1，000355176，696675306，693811009

1．OOO　325573，820989｝．73，0063285！（＞

1．000279056，7862457！3，538476715

1．000244170，429747854，937005234

1，000！95331，574728152，193169310

1．000王83122，233579571，457356971

1．QOO！77572，582326656，268346455
・．・…6276・，4・6666666，6666666671L・…62773，662861925，759229682
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0．000139508，928571428，571428571

0．000122070，312500

0，000097656，250

0．000091552，734375

0．000088778，409090909，09090909！

0．000081380，208333333β33333333

0。000069754，464285714，285714286

0．000061035，156250

0，000048828，125

0，000045776，367187500

0。000044389，204545454，545454545

0．000040690，104166666，666666667

0．000034877，232142857，142857143

0．000030517，578125

0．000024414，062500

0．000022888，183593750

0．000022194，602272727，272727273

0．000020345，052083333，333333333

0．000017438，616071428，571428571

0．000015258，789062500

0．000012207，031250

0．000011444，091796875

0．000011097β01136363，636363636

0．000010172，526041666，666666667

0．000008719，308035714，285714286

0．000007629，394531250

0．000006103，515625

0．000005722，045898437，500

0．000005548，650568181，818181818

0．000005086，263020833，333333333

0．000GO4359，654017857，142857143

0．000003814，697265625

0．000003051，757812500

0．000002774，325284090，909090909

0．000CO2543，1315104王6，666666667

0．000002179，827008928，571428571

0．000001907，348632812，500

θπ

1．000139518，660394557，623287386

1．000122077，763383771，076503520

1．000097661，018526806，249987854

1．000091556，925454486，389489607

1．000088782，350010491，441468399

1．000081383，519792315，986470888

1．000069756，897184926，377448912

1。000061037，018933045，421779121

1．000048829，317112298，298300215

1，000045777，414941383，836928725

1．000044390，189760772，222050687

1。000040690，932020183，657631603

1．000034877，840360589，079356176

1．000030518，043791024，295451285

1．000024414β60525649，210960899

1．000022888，445530222，523482656

1。000022194，848574734，483328681

1．000020345，259045309，018451585

1．000017438，768124977，68130929！

1．000015258，905478413，948140044

1．000012207，105756109，135064060

1，000011444，157280743β28546060

1．000011097，362711637，664841308

1．000010172，577781985，143956897

1．000008719β4604899！，079626470

1．000007629，423635154，471743185

1．000006103，534251489，387．979968

1．000005722，062269373β56979944

1．000005548，66596！971，853648136

1．000005086，27595589LO22240882

1．000004359，663521162，530935596

1．000003814，704541591，866050788

1．00000305玉，762469117，6！0032579

1。000002774，329132534，859008257

1．000002543，134744178，347596906

1．000002179，829384753，192151058

1．000001907，350451803，060028725



12 27-Figure en-Table and its Applications No. 9

F

t
l

F-

77

l
･

I

l

l
E
E

li'
6ss 360

i/
 1720 S96

lr
 17S6 432

IJ
 fg17 seg

if'

 l 048 5T6

111 31o 72o

1!1 441 7g2

IJ
 Y1 572 864

ii
 11 s3s ees

l/2 og7 lsL'

li
 f2 6J21 410

1/2 ss3 s84

lf
 t3 145 728

li
 te 670 O16

114 lg4 3o4

1!s L)42 8Se

1!s 767 16S

116 2gl 4s6

1,f7 34o o32

lf
1S 3S8 6e8

ilio 4ss 7ee

n

O. OOO OOI 525,878 906 250

O. OOO OOI 387,162 642 045,454 545 455

O. OOO OOI 271,565 755 208,333 333 333

O. OOO OOI 089,913 504 464,285 714 286

O. OOO OOO 953,674 316 406,250

O. OOO OOO 762,939 453 125

O. OOO OOO 693,581 321 022,727 272 727

O. OOO eOO 635,782 877 604,166 666 667

O. OOO OOO 544,956 752 232,142 857 143

O. OOO OOO 476,837 158 203,125

O. OOO eOO 381,469 726 562,500

O. OeO eeO 346,790 660 511,363 636 364

O. OOO OOO 317,891 438 802,083 333 333

O. OeO OOO 272,478 376 116,071 428 571

O. eOO OOO 238,418 579 101,562 500

O. OOO OOO 190,734 863 281,250

O. OOO OOO 173,395 330 255,681 818 !82

O. OOO OOO 158,945 719 401,041 666 667

O. OOO OOO 136,239 188 058,035 714. 286

O. OOO OOO 119,209 289 550,781 250

O. OOO OOO 095,367 431 640,625

en

1. 000 OOI 525,880 070 403,810 388 521

1. 000 OOI 387,163 604 155,997 156 601

1. 000 OOI 271,566 563 648,410 904 139

1. 000 OOI 089,914 098 420,225 107 943

1. 000 OOO 953,674 771 153 745 446 789

l. OOO OOO 762,939 744 163,378 582 220

1. 000 OOO 693,581 561 550,307 317 O19

1. 000 OOO 635,783 079 714,143 226 669

1. 000 OOO 544,956 900 721,100 732 198

1. 000 OOO 476,837 271 889,980 791 655

l. OOO OOO 381,469 799 322,085 393 694

1. 000 OOO 346,790 720 643,251 696 377

1. 000 OOO 317,891 489 329,572 119 248

1. 000 OOO 272,478 413 238,307 525 666

1. 000 OOO 238,418 607 523,274 189 159

1. 000 OOO 190,734 881 471,145 191 941

1. 000 OOO l73,395 345 288,652 964 303

1. 000 OOO 158,945 732 032,913 193 886

I. OOO OOO 136,239 197 338,594 317 101

1. 000 OOO 119,209 296 656,208 889 946

1. 000 OOO 095,367 436 188,098 653 425

  Note. The computation of preparing the above en-Table was

or three persons; each proceeded on independently, as he checked

step. Several persons were engaged in the proof-reading; and this

the printed sheets.

carried out by two

 his own preceding

work was done for


