
      The Solution of the Generalized Boussinesq's

        Problem for Elastic Foundation. Part Ⅱ

        '

               By Bennosuke TANIMOTO*, Dr. Eng.

                        (Received Sept. 20, 1957)

  Synopsis. The purpose of the present work is to show the way of getting the
 stress distribution in the three-dimensional semi-infinite elastic solid, when any

 distributions of one klnd of normal pressure and of two kinds of shearing forces

 are applied on the bounding plane.
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                       g 1. INTRODUCTION
                                                                '
   First, the general solution of this boundary-value problem is recapitulated, i)

which is expressed in the form of Fourier integral.

   Secondly, as important appllcations of the general solution, two kinds of

exampies are given. One is to the normal pressure of quadratic distribtttion,

and the other to the shearing force of linear distribution; both extending over

a rectangular area. All the results are sti}l in the form of Fourier integral.

   Thirdly, a tentative rule for its numerical lntegratlon is therefore given,

which is deyived from interpolation formula in two dimensions2). By means
of this rule a simplest case was treated with a hand-operated calculating

machine.

             g 2. THE BOUNDARY-VALUE PReBLEM

    Boundary conditions with which we are to be concerned are thus:

            tt      tt" ProM
fessor of Civil Engineering, Faculty of Engineering, Shinshu University,

Nagano, Japan.



46 Bennosul<e TANiMoTo No.7
      i) (zA7)...o=tL(x, y), 1

    ,11i (,tsz.L: g' k::; ;:: l ''''''''''''''''''''''''''''''''''''''''''''-'''''''･･･････････(i)

jF; (x, y) being external ferces distributed on the bounding plane 2 == O within

some prescribed area.

   Coordinates to be referred to are illustrated in Fig. 1.

o

Loaded area

x

y

e
(x,y,e)

                       ptig.1. Coordinates

                 g 3. Tas GENERAL SeLUTION

   The general solution of the above boundary-value problem is given in
following3):

  2z --d 1.i.i･,･S,OOS,eedodpS:..Seeoo[(2 + rz) a(e, o) cos ex(x - e) cos p(y - rp)

         + Pz F2(e, rp) cos a(x - 6) sin ,B(N -- ?)

         + ac IJb(6, rp) sin cr(x - 6) cos P(y - rp)] e-72 dg drp,

 yAa == },S,ooS,OOdcr dPSee.See..[P2 fi1(6, q) cos cr(x - 8) sin P(y - rp)

         +( 1 - g22) E,(g", q) cos a(x -- e) cos P(y - n)

         + E¥P2 Fh(9, rp) sin ev(x - 6) sin P(y - rp)] e-7a de drp,

 2x -' ili,S,coS,OOdo dpSee.See.[crz L(g, rp) sin a(x - e cos B(y - v)

         -- E!tPz lrb(g, v) sin ex(x - e) sin P(y - o)

           r
         + ( 1 - cr-r2z) fb(g, ?) cos cr(x - g) cos p(y - rp)] e'yg dg dny,

 XfiX " ilE22S,coS,codcr dPSee.See..[S;"(1 {- 2a£---,L nd rz L(g", rp)cosa(x- g"')cosp(y-q)                                     )

         + S.},(2atP - ev2z) a.(8, rp) cos cr(x - g") sin B(Jy - v)

                                            '         + 3fa( 1 -f- ottL- - ecz) fib(e, rp) sin a(x - o cos B(y - rp)]end7g d4 dv,
f

I

the

f(2)

'
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  5]Iy) == i-l,eS,OOS,OQdcr di3S2i..Si .[tt..(1 + 2a//L2E -- rz) E,(e, n) cos cr(x - e) cosp(iy ---o)

         + //S-(1 + a;'il - 2S--i-2) .Fh(e, rp) cos cr(`t -- g) sin P(y - T)

         + #,(2aEil":' - B2z) .gili(g, q) sin cr(x - 6) cos P(y - q)] e-yZ dg dns

  fY =: I,2S,OOS,codo dPS℃.See.[H crrP2(l w 2a - rx) L(6, v) sin a(x - e) sin P(y - q)

         -F ;I (1 - 2aPr-:, -- tPz) JFle(4, 'o) sin a(x - e) cos P( y - v)

                                                        '         + 9 (1 - 2a7-i- - t?2) jFig(6, ty) cos ex(x -- e) sin p(y - ny)] e-7z de drp;

  " = 2ff1'2pmt,S,coS,OOdcr dPSee.Sca..[il.2,(1 - 2G - r2) L(6, v) sin cr(x - O cos p(y - rp)

         " ttr･ e(2a + rz) Ei(6, ij) sin ev(x - O sin p(y --- rp)

         - ･//--{2 - g,2･-(2a + rg)} E](g, v) cos cr(x - e) cos P(y --- rp)) emyz d6 drp,

  v = 2}.l, .,z,S,OOS,OOda d5jee.S℃..[9-.-,(I pt 2a "-" rz) L(6, rp) cos cr(x - 6) sin P(y - op)

         --- ;{2 - 9;-(2a + rz)} 4(g, rp) cos cr(x - e) cos p(y -q) ･(3)

         - //l- (2a + r2) F>(g", v) sin cv(x - e) sin P(y,- ny)] e-yz de de,

  w == 2･ff1-,,?}S,coi,OOdo dPSee.leeou[- ;-- {2(1-a)+rz} L(e rp)cosa(x-o cosp(y-rp)

         - tle(1- 2a + r2) 4(g, rp) cos cr(x - 6) sin P(y - rp)

           ?
         -Y"(1 - 2o + rz) jFig(6, o) sin ev(x - g) cos P(y --- lj)] eny7z de drp.

     rtts A AHere zz, y2, ･･+xy denote six stress-components referred to rectangular coordi-

nates (Fig. 1), and zi, v, w are displacemenFcompoRents in directions of axes

of x, pt,z respectively. pt is the modulus of rigidity for the solid, and a
Poisson's ratio, so that ge = E72(1 ff- a); ev, P, r being parameters provided

                           cr2 ri- P2 = r2.

    It has been verix"ied by substitution that equations (2) and (3) satisfy the

three stress-equations

                    A t-'N rt'S                    6-ax-.2- + Q-..t-i-Y-- + a-/-i-- =:o･ ･･････,

and the Hooke's law

     g..w.=s{.A.-.(,"',.f,)}, ...... g.sv+3.//-?g.-.ywwmagL),A2, ･-････,

                         t-h A rtXand also that, when z=:O, zz, zy, zx in (2) reduce to
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  (fi)...o =" ;2SocoSooodcr dPSee..gco-.fl(q"+ , g) cos ex(x - c) ces B(y - v) dg" an,

  (Fz)..., = ;'ES,OOi,codcr dPSee.S℃.n.(g", v) cos a(x - g"" ) cos p(y - q) d6 d?,

  (2x).=, = k,2S,OOS,codcr dPSee..Sco-.f7h(e, rp) cos ev(x - g) cos p(y - q) de d?,

the Fourier representations of the boundary conditions (1). This proves the
validity of our solutions (2) and <3).

           g 4. APPLICATgON. g. ･･･NORMAL ?RESSVRE

   Our attention is here confined to the case of normai pressure distribution

of the quadragSc form

         (f')z-=o": Ei(sc, y) =- A+ Bx + Cy + Dx2 + Exy + Ey2, ･-････････････････(4)

which is vaiid for a rectangular area whose sides are 2a and 2b, and vanishes

outside this rectangular area. The two kinds of shearing forces 4(x,y) and
Ib(x,y) are supposed to be zero throughout (Fig. 2).

                                        Norrnal pressure, eq. (4)

o b x

                a ×Xssa

                Y2
                    eig.2. Normal

    In this case the double integral '

                    See.See.de dv r="

Then by substituting (4) into the first

  22 = l2S,coSoooda d3SlbSfa

    ==di1,S,coS,OOdev dP(1 + rz) e-7a

     xsb-,sf.

Having performed the integrations
          ncomponent z2 in (2) is written

. L./ b

JiJ7

                    pressure distribution

                   in (2) and (3) must be written

                    SlbSf.dg drp･

                      equation of (2), we have

         (1 + rz)(A + Bg -t- Crp + De2 + asrp + I572)

                  × cos a(x - g"1 cos B(y - v) e-7z dg dq

(A + Be -t- C? -f- Dg2 + E6n -l- R?2) cos cr(x- 8) cos P(y - v) d.-fi dn.

                   with respect to 6 and n, the first stress-
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         t-S n .MS A X-S n i'M'H         zz ==i A neo -f- B z2x + Czzy + Dzxx2 -f- E z2xy + Fzzy2 , ･････+･････････+･･-･-(5)

in which

  2,o ==i i-,j,OOi:da dP(1 + r2) e-y2Sb-,S"-.cos ct(x - g) cos P(y - o) dg d7

                                                            '
    = ill2S,coS,OO(1 + r2) eum72.IB cos crx cos B y sin cra sin pb dev dp,

  E)tx := g2S,coS,coa + rz) e-7gtip(-- a sin crx cos py cos aa sin pb

                     -i- ff1, sin at cos By sin cra sin pb) d(y dp,

  ft3' ="" 22SocoSoco(i + rz) ermveai･p(- b cos cvx sin py sin aa cos pb

                      + } cos crx sin Py sin cra sin Pb) dcr dP,

  2zx2 = i42SocoioOe(1 + rz) emvzalp-- (a2 cos cvx cos By sin cva sin Pb (6)

         + tZta cos crx cos Py cos cra sin Pb - E2-,Ecos crx cos Py sin crasinpb) dcr dP,

  E)txy == S2SoOOSoOO(1 + rz) e-7z.lp(ab sin cvx sin py cos cra cos pb

                - !l sin crx sin f3J, sin cra cos Bb --- epi sin cvx sin py cos eva sin pb

                'uF EI,t23- sin cr r sin I9y sin (¥a sin pb) dcv dp,

  2ty2 == i3f SoooSoOO(1 -f- rz) e-vealp(b2 cos cvx cos By sin aa sin Bb

         + llib cos cur cos py sin cya cos pb -- SE cos crx cos py sin cra sin Pb) acr dP,

where, as before,

                           cr2 .F P2 ... r2.

                              rtx    The second stress-component yz in (2) is written

         rfUX rt'L A rtN rt-N A A         yz ==tAy2o -l- Byzx -l- Cy2y -f- Dyzx2 +Eyzxy +Fy2y2 , ････････-･･･-･････(7)

in which

  5)zo =nt #2-SeOOSooo-,Z,t e-Ye cos ax sin Py sin cva sin Pb da dfi, 'l

  yt-zX. = ;$,SoOOSococrge-7z(- a sin cvx sin Py cos exa sin Pb

                        + i-I- sin cy t sin Py sin cva sin Pb) dcr clB,

  y'Mz"y ta ff42.SoOOSoOO{e-yx (bc os cvx cos Py sin era cos Pb
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rs
YZx2 ..

AYZxy =r

t'-s
YZy2 .,,i

   The

     rtx     zx =r A zxo + B zxx + C 2xy -i- D zxx2 + E zxxy -i- .F' zxy2

in which

 2x})o == 3SoOOSoOOEe-ygsin crx cos pJ; sin na sin pb dev dp,

 2J}v)x tr= }41i2SocoSoOO-p2 e-7z(a cos ax cos pJy cos cva sin Bb

                    - kcos crx cos py sin cra siR pb) dcv dp,

 2xy t== }32SoOOSoOOSe-72(-b sin ar sin i3 y sin eva cos 3b

                    -l- X Siii crx siR Py siR cra sin Pb) dcr dP,

 2xx2 == il-,SoOOSocofg3 epmyz(a2 sin ajv cos P y sin (xa sin Bb

                    ･11         + 2-a sin evx cos py cos c¥a sin 3b - g.-

           cr                                    cr-
 2xx.v = iill2SoOeSoco-E- e'7g(-ab cos cvx sin p y cos on cos pb

                  ba
                  cy B
                - bl1-scos ax sin sJy sin eva sin Bb) do dp,

 zrsty2 == 52SocoSeOOSe-7z(b2 sin cvx cos Py sin cra sin lsb

                   Bennosuke TANIMoTO

            -- .E cos cux cos fi), sin, cya sin pb) dcv dp,.

ga-SoOOSocoa-ZeFYa (aL' cos cvx sin Py sin cva sin Pb

 + Z-a cos crx sin py cos cua sin pb - -2-,s
                               cos crx sin Sy sin cva sin Pb
                             ev-    cr

#'2'SecoSoco'cZlenvVg (-ab sin exx cos By cos cva cos sb

                                              ' + 2- sin crx cos py sin cya cos pb + S sin ex cos py sin na cos pb

            ---- zi sin crx cos Py sin cya sin Pb) dcr dP,

i4i."SoooSoO(]EZ- e-v2 (b2 cos cux sin i3 y sin cta sin Bb

 + 2pb cos crx sin py sin cva cos pb - B2-, cos cvx sin py sin na sin Pb

                 c¥2 + P2 ... r2.

                     "third stress-componeiit 2x in (2) is written

    A rtS. rc's tn'. A t'Nx
'

No. 7

) da dP,

) da dP,

<8)

............... ,.....+e'
(9)

sin crx cos Py sin cra sin Pb
) dadfi,

+ - cos exx sin Py sin na cos Pb + - cos ax sin Py cos cra sin -Pb

)

1

;
}

,

(io)
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         -i- 2-pb sin cux cos Py si,7, c-v}a ;?, sHnv-Pbr,uJr 3/,t sin evx cos }3y ?in aa sin fib) ,dex dP, 1

                                                              '                              A･   The fourth stress-component xx in (2) is written .

                                                               '     rtS t--S rfNh A rtX X-'N XM'S ,     xx == Axxo +Bxxx +Cxxy -f- DxxxB -i-Exxxy +FxxJ,2, ････････`:･･････････:(11)

                                            ･1 ,･
  xAx. == g,SoOeSooop--C-tV.,. (1 + 2a£1, --- r2) e-7a cos crF cos py sin eva sin kb dcy dp,

  x"-rXx " i4-i･SocoSeco-pS?e (1 + 2a{E,2, - rz) e-7g (- a sin cvx cos py cos cva sin fib

                                                    '                     --F cl-E sin crx cos i9y sin cva sin pb) dcu dp,

                                                 '
 x'-x'", =t :,SoOOSoOO-p-`;-.-. (1 --I- 2ai9-il･ - r2) emyg (--- b cos cux sin Py sin eva cos Pb ,

                                                            '                     + k cos crx sin fiy sjn cva sin pb) dcv dp,

  xr-x"x2 := }4i-2jocoSoOO-//l-2 (1 + 2a[-l--i, - rz), e-7z (a2 cos cvx cos By sin cra sin Bb

         + 2-.a cos crx cos py cos cva sl'n pb - .-22 cos cux ces py sinev'a sin pb)' dcu dp, (i2)

 lg}x)xy == -SSocoSoOO-fir, (1 -F 2a£F" - ;"z) e-va (ab sin crx sin fiy cos cva cos Pb ,

                --g･ l--- sin crx sin Py sin cra cos Bb -- S- sin cvx sin P)J cos cra. sin Pb

                -f- Egl-B sin a' v sin P), sin cva sin Bb) dcr dp,

  iitt)x2 :il-2SocoSoOOrk-;･ti- (l + 2a,-,Pi--- rz) e-7x (b2 cos evx cos Bysin cva sin Pb ,

         + aplb- cos cr:u cos py sin cra cos Bb - S, cos cvx cos Py sinaa sin Pb) dev di9,

                         cr2+B2 .,, r2. ,
                             .r-s ..   The fifth stress-component yy in (2) iswritten

      tMX A t-'S rt's rtX rt'M "rh.     yy =Ayyo +ByNx +Cyyy -i-F Dyyx2 --F EyyxJ, {- Fyyy2 , ･････-:･･･････････(13)

in which

 5[y) o r #2SoooSooo-d//･E (1 + 2a//22 --- rz) e-ve cos cvx cos py sin cra sin pb dcr dp,

  Dx = 32jocoSoooum.Bri (,i + 2at6: -- r2) e-yg (- a sin ex cos py cos aa sin Bb

                           + !g sin a'x cos Py sin aa sin Pb) dcr dP,

  5])/yy = i2eSooojoOO-EIe-2 (i + 2cril'V]' - rz) e-viz (-'bcos cytsin i3y sin cva cos pb ･･･
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                   + } cos cvx sin Sy sin cua sin Pb) dcz dP,

5)yx2 im-- i4i2SeOOSoOOagti (1 + 2a////- - r2) e-yz (a2 cos cvx cos Py sin an sin pb'

       + 2-cra cos ax cos pJy cos au sin Bb - ;2ItE cos crx cos Py sin cva sin Bb) dev dP,

                                                              ･(14)
y"-yN ., r 1,,ioOeleOeL£-, (i + 2aSi". - rz> e-yz <ab sin cvx sin Py cos cra cos Pb

              - ,-biin evx sin py sin cva cos pb - -a-p sin au siR p.y cos cra sin pb

              -} t/ilpi- sin crx sin py sin cva sin pb) dcv dp,

5Ii5,y2 r= i4i-ESoOOSoOOai-3r-, (1 + 2agi-3U!- - rz) e-ya (bL' cos cr c cos tg y sin cua sin pb

       + 2-pbcos cvx cos fiy sin cva con pb - 3i cos cvx cos py sin evasin pb) dcr dp,

                      cv"-+fi2=r2. 1
                            A   The sixth stress-component xy in (2) is written

   A rs rtS rs X'nt- A A   xy : A xyo +B xyx -I-- C xypu + Dxyx2 + E xyxy -i- F xypt2 , ･･･････+-･t･･･････(15)

 which

x`--yX o ==: - S,2S,Oel,oo;,(1 - 2a - r2) e'ya sin crx sin Py siB cua sin Pb do dP,

x'Jy" x == - g2SocoSoco-rl,(l - 2a - rz) e-72 (a cos crx sin Ppt cos cua sin Pb

                   - k cos cvx sin py sin eva sin pb ) dcr dp,

1ffyl) y :=r -#,SoOOSoOO-rl,(1 - 2a - rz) erwyz (b sin cvx cos Py sin cra cos Pb

                   - } sin crx cos Py sin cra sin Pb ) dcv dP,

x"yx2 === pm ;lll,SocoSoco-rii(i - 2a - rz) e-7g (a2 sin crx sin py sin cra sin pb

       + ?.-q-sin crx sin Py cos cta sin Pb - ,-2,,sin evx sin py sin cra sin pb)dcv dp, (16)

xr-yX xy == - i,ESoOOjoOO-717,(1 - 2a - rz) e-7z (ab cos evx cos By cos cra cos Pb

              - zb-g cos crx cos p y sin cra cos pb - pa- cos cy c cos B y cos aa sin Bb

              + tttt cos crx cos Py sin eva sin Pb) da dB,

XAYy2 =` - 5LSocoSocor12 (1 pm 2a - r2) emya (b2 sin crx sin py siR cra sin pb ･･
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 Uo pt fi'-D7,So So BF(1 -- 2a - rz) em7X sin cux cos Py sin cra sin pb dcr dp,

      ' zax = itti -p,SoOOSoooi-i 2-(1 - 2ff - rz) e-ya (a cos evx cos py cos ava sin pb

                      -- :-g cos evx cos Py siB cva sin Pb) dct dP,

 zav == iiJ22ziSecoSecormigl).D(i - 2a -- rz) e-7z(- b sin ar c sin ie), siB ava cos pb

                      + } sin crx sin Py sill eva siB Pb) dtt dP,

 ux2 =xt ff2?･ilSoooSoOO-plr,(1 - 2ff -- rz) e'yg (a2 sin cut cos py sin aa sin pb

        + 2".asin evx cos py cos aa sin pb -- 3, sin avx cos py sin aa'sin pb) do dP, (ls)

 uxy t=r -37,SoO"Soco-plr,(1 -- 2a - rz) e-v2 (- ab cos evx sin py cos cya cos pb .

               -F £cos evcu sin P y sin cra cos g9b -f- Scos ctx sin B y cos cva sin Pb

               - .2p cos crx sin 13:y sin aa sin pb) dtt dB,

 acy2 == ff2al}So"3SoOOp-S,(1 - 2a - rz) e"vz (b2 sin crx cos py sin exa sin pb

        a- lliib- sin cr c cos pN sin ava cos pb - R･2･ ･E sin cvx cos py sin evasinpb) dcr dp,

                        cr2 + P2 w r2.

   The second displacement-component v in (3) is wrltten

     v=:Avo +Bvx +Cvy +Dvx2 +Evxy +Fvy2 , ･･･････････-･･･････-････････-･-･･(19)

iB which

 vo ==' 37S,coS,OO./{l)2(1 '-- 2a pt rg) e-ya cos crx sin py sin cra sin pb dcr d}s,

 Vx == ff?'pSoooSoco.l2(1 --- 2a - r2) e-YZ (-- a sin avx sin Ppt cos cra sin Pb

               -f- k- sin cyx sin 3 y sln cva sin Bb) do dp,

  vy ==f i?-ptSoOeSooo-.lr-2(1 -2a - r2) e-7e(b cos crx cos fiy sin cra cos fib

7 On the Generalized Boussinesq's Problem. Part 'ff 53

      -f- li-lijsin crx sin B3, siii cua cos Pb - R2-,sln crx sin Py sin cva sln Pb) do di9,

                     cr2 + p2 .. r2.

 The firs£ displacement--component u in (3) is written

  u t= Azao+Bux +Cuy +Dzax2 +Euxy +Fuy2, '''''''''''''''''''''''''''''<17)

which

    2 oo oo 1
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                   - tt- cos crx cos Py sin cra sin Pb) da dfi,

  Vx2 ='- tk?,'x'.2SocoSoOOulalr･: (l - 2a - r2) erw7z (a2 cos ax sin py sin cra sin fib

  '         -f- l--// cos crx sin Py ces (ua sin Pb r .-2, cos ax sin Py sin ava $iR Pb) dcv dP, (20)

  v:･J･ ==2 7..l-/-}SoOeSoooeviti(1 - 2c - 7x) e-vz (- ab sin evx cos Py cos aa cos Pb .

                                                               '
                + .-b sin cvx cos pJy sin eva cos pb -f- Ssin (vx cos Py cos cra sin. Pb

                      - EglB Sin aX cos i9Jy sin eva sin Bb) dcv dB,

  vl･2 =:-, /37,-,SoOeSoOOa-iS /2. (1 - 2a -r2) em7`" (b2' cos crx sin py sin cva sin pb

   l
   j" + ?Rb- cos crx sin By sin cya cos Pb - //£ cos ax si ;,i BJy sin cra sin Pb) dndP,

   , cv2+P2=r2.
   I' The third displacement-component w in (3) is written

     w =:: Awo +Bwx +Cwy -f- Dwx2 -l- Ewxy -l- )F'wy2 , ''''''''''''''.',''''''''''J(21)

  Zbo == - '.'?7,S,OOi,com,,}-r {2(1 pm a) + rz} emave cos cifx cos f3 y sin tva sin Bb dcr dp, 't

  zi'x 'L=" - tk' l]pSeO'Soco,','l}i. {2(i mu (,) -F rz} evv: (-a sin cv u cos pJy cl s cva sin fgb

   i/. +,1-E sin ax cos isy sin (.va $in pb) dcv dp, ,

                                                          '  ees == - ff,li7/,joooS,ooiil}rt {2(i - (r) +rg} em7z (-b cos cufu sin i3y sin aa cos pb I

   1 ' +}cos. cvx sin Py sin ua sin Pb) da dP,

                                       '  wx2 :- il?-)-,-SoOOSoooctf {2(l - a) -f- rz} e-7z (a2 cos crx cos rsy sin cra sm Bb l,

                                  . .. 1  '' -F at-g- cos ax cos py cos cra sin pb =i21i2 cos ax cos by sincva sinpb) dcv dp, k22)

  Wxy = 'm- ft??'IS,ooSooo,T{;l}I7 {2(i pm o) + rz) e-va (ab sin ax sin By cos ua cos 3b . i

                                                               i
              -£sin crx sin lg y sin cra cos Eb - -pa sin (vx sin p y cos (ya sin sb l

                                                               i                      + tlp sin ax sin py sin cua sin pb) dex /dp, il

  zbs2 =t - iF,?2-,!oOOIoOO-.lpi {2(1 - tT) -l- rz} e-yz (b2 cos cvx cos i3iy sin aa sin Pb i,
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         + ?pumbM COS crX COS BY Siill :la BC,OS-nvnyBrb,r '/1. rz CoS a v cos Py sin crasin Pb) da.dp, )

           g 5. APPLICATION. EK.･･･SHEARING FORCE

    This article is devoted to the case of shearing force, whose distribution

is of the linear form

             (5 )Z)...o = ]Fli(x, y) :== A' + B'x + C'y, ････････････････････-･･･････-･････-･(23)

wl}ich is valid within the rectangular area 2a ×2b, and vanishes outside this
area. The two remaining external forces Fi(x,y) and jFb(x,y) vanish

£hroughout on the bounding plane.

    The 'first stress-component lz in (2) is written

                    t"-N t"N t'X rf'-s                    zz == A'zzo -l- B'zzx + C'zzy , ･･････････････････････-･-･･･････････<24)

in which

  zrt2o =r i･i--,-SoOOSoOO.-Zemyg cos a c sin Py sin cra sin Bb dct dP,

  22x == :I,joOOSg':-envvz (- a sin ax sin By cos cva sin pb

             -i- i-! sin crx sin Pysin eva sin Pb) dcv dB, . (2s)

  2ty =: #-,SoOeSooo-,Z,e-7z (b cos evx cos py sin cra cos pb

             - -pl cos (vft cos By sin cra sin Bb) dcv dP.

                               t's    The seconcl stress-component yz in (2) is written

                    t'LN t"S t'S tnvX                    yz nm A'yzo + B'yzx -l- C'yz)± , ････････+･･････-･･･････････-･･･-･(26)

in which

  NnzS. == ;3-2SoOOSocoe-tt-ia (i - Ei2D cos cvx cos pN sin cva sin pb dcv dp,

  )7zS. .,= ;3,S,ooS,OOemm.:tV2 (i -- e.r'.z) (-a sin ax cos py cos cra siB pb

                  +: sin crx cos Py sin cva sin Pb) dcr dP,, , (27)

  JXzy :: ii,-SocoS,OOe-ip'-2 (1 - tPz) (-b cos cvx sin py sin cra cos fib

                  + }･ cos evx sin Py sin'ava sin Pb ) do dP.

    The third stress-component 2'rx'X in (2) is written

                    rt"N rt-- n'N t-NX                    zx = : A.' zxo +B'zxx + C'zxy , ････････････････････････････････････(28)
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which

z"x-"o = F4,ESoOOSoco-;emu7z sin crx sin Py sin aa sin Pb dcy dP,

2tex e- it-$SecoSoO02i e-ya (a cos evx sin py cos exa sin pb

       -,1,- cos crx sin py sin cra sin pb) dcr dp, ･(2g)

22y nt 1.e.--2S,coSoco;eww7z (b sin crx cos py sin aa cos pb

       - } sin crx cos Py sin cra sin Pb) dty dP.

                            A  The fourth stress-component xx in (2) is written

                 r'lix r'x r's /'x                 xx =-t- A'xxo --l- B'xxx -F C'xxy , ･････E･･･-･･････････-･･･+････････(30)

which

xAx. == t-4.L-SoOOSocoe-zl-ii/.i.e- (2oe2 -- c¥L'z) cos exx sin py ,sin cra sinpb dcr dB,

lllx). =nt #-i2SoOeSocoeLii>℃X- (2ot? - ex2z) (----a sin crx sin py cos cra sin pb

            -l- k- sin cvtsin P), sin cra sln Bb) da dP, (31)

xAxy = 52S,OOSoOOe.-rl,,Z (2oE-i-2 - cr2z) (b cos crx cos py sin cra cos pb

            -- i-- cos cvx cos Py sin cra sin Pb) dcr dP.

                          XNx The fifth stress-component yy in <2) is written

                 r-s n'" rfN x"                 yy =t/l'yyo+B'wx+C'yyy, ･･･････････t･････････-･･････････-(32)

which

5[y)o = e-2S,ooS,OOeLZilx'-Z (i + a ?/.i --- 8-//2) cos crx sin 3y sin cra sin pb de dp,

i'y'Sx =: E,-2S,OOS,coe, rY2(1 -l- aY,?- 2P-tnyz -asin crx sin Py cos cra sin Pb                          )(

                   + ,1-g sin cux sin l3ysin orasin Bb) dcr df3, <33)

5[y)3J == ?,SoOOSoOOe.-rYX (1 + a t,2 - 2B--r22) (b cos crx cos py sin cra cos pb

                   -- } cos ax cos Py sin cva sin Pb) dcr dP.

                          n The sixth stress-component xy in (2) is written

                 r-.. ps A rs                 xy ::= A'xyo +B'xyx +C'xpty , ････+･-･･････+･････････････+････J(34)

whick
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  x"-y". := 3,Soco!oooe-pum-r7Z (1 -- 2a //-:･･- //2-2) sin crx cos py sin an sin Bb do dp,

  IFyr . =, #2S,OeS,Oee-B-tiILr (i - 2o.Pr.g --- 9'z) (a cos crx cos By cos cra sin Bb

                       - .1-; cos crx cos py sin cra sin pb) dtv dB,

  xrty-hy nt R4,SocoSoOOe-/tt7Z (1 -- 2a 9.l- - P-r22) (---b sin crx sin py sjn cra cos pb

                         +S Sin crx sin Py sin cra sin Pb) do dP.

    The first displacement-component u in (3) is writteR

                           u = A/uo +B'ux -FC'uh

in which

  uo == - t2,pt-S,OeS,coei,Y2(2a + r2) sjn ax sin py sin cva sin pb dev dP,

  ux = : - }3,llptSoooSoOOe;,YZ(2a + rz) (a cos ex sin Py cos exasin pb

                    - l- cos ax sin py sin cra sin pb) dcr dp,

  uy =: -ill,LptSoOOSoOOei,;Z (2a -- rz) (b sin ax cos py sin cua cos pb

                    - } sin crx cos P v sin cva sin Pb) dcr dB.

    The second displacement-component v in (3) is written

                           v ==, A'vo + B'vx -F C'v), ,

in which

  vo ==' - il?/p,S[l'Soooei'rZ {2 pm 9-:- (2a + rg)} cos crx cos py sin cva sin pb dcr dp,

  vx ::pt- -i2,-f,ioOeSoooe-ffmmp-V}Z. {2 - Pr2, (2a + rz)} (-- a sin evx cos py cos aa siB pb

                             + k sin cvx cos py sin cra sin pb) du dp,

  vy == -i??.,S,ooS,OOeip7; {2 - Pi-[ (2ff + rz)} (-- b cos ax sin py sin aa cos pb

                             + } cos ax sin Py sin cra sin Pb) dty dP.

    The third displacement-component w in (3) is wrjtten

                           w := A'wo -l- B'wx --F C'wy ,

in which

  wo ==t - ffl-z,!,OOSocoe.veiZ(1 - 2o + rz) cos exx sin Py sin cva sin Pb dev dP,

'
h
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(35)

････････････････+･････+･････+･
(36)

(37)

･･･+･･･････････････-･･････････
(38)

(39)

･･･････････････････････････ (40)

               )
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  wx t= ww t13, J:"L,So"OS: e,ww,?;,2(1 - 2a -e- rz) (- a sin (x' t sin f9 y ces cra sin i3b

                        + ,II sin cvx sin f9Jy sin cya sin Bb) dcr dP, - l

                                                                (41)
  wy ::= rw li2-o:z2!,oots g'Ci77-2X(l - 2cr -;- ra) (b cos crx cos g3 y sin cra cos ggb

                      - k cos crx cos BJy sin cra sin pb) dcv dB.

                 g 6. NUIwwERICAL EVAL{JATION

   For the evaluation of the above iiitegrals, i adopted a method of numerical

integration which was derived from interpolation formulas in two dimensions`).

The rule for the present adopted here is given in Fig. 3. This will be obtained

from the interpolation formula of modified Bessel type, by curtailling 4th and
higher diEferences, Repeated application of Fig. 3 gives rise to Fig. 4. 'Since

the integrals above are of rapid convergence, it is not so iaborious to secure

first two or three significant figures of numerical tesults. ' ''
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    Fig.3. Unit rule Fig.4. Ag･gregate i'ules
      for integration (Domain ef integrat)on =: ooxoo)
      (Domain =: h × k)

                                     t"ts   For instance, let us find the value of za at point x:=:O, y==iO,

when a uniform pressure, its intensity being unity, is extended
                                                    /'-hsquare domain a==l,b=1 (Fig. 5). The iRtegrand in the z2,from
equation of (6), reduce to

            -1-i-ttr--sinctsinpefu-y, == f(a, p; o, o, i) say.

   Lattice-point values of f(cr, P; O, O, 1) for h ==t k == z!4 is given in

In this figure, those in the upper half are not written, since they

written down from the symmetry f<ev, P) =:= f<P, cr).

 2=:1      '
 over a
the first

Fig.

c4n

6
.
be
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                                                    mhT
                                                      1
                                                  ･ -L
                                                 y ""
                              O lx                                           :--K-----)                     ･ .g ,Y .

              Y ×-1
                y

                               (O, O, 1)
                            e
               gig. 5. Uniform pressure over square domain

By multiplying corresponding values in Figs. 4 and 6, and adding the

vLre get

            2a --- -.`-,t43,xrc f(cr, p) :-t i3,`,',26 - o. 6gg,

                                   '
ig representing weights in Fig. 4. This value has been confirmed by
net in which h ==, le =t rr18.
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results,

a finer

                                                        -I!.

                                         1+r : ･          Fig. 6. Lattice-point values of f(.a',P) = T,'"'ium' sm a' smBermY

                         (Pitch h = h = x14)

                                    rts   In this way the stress distribution of 2g is obtained as is glven in Fig.

This numerical result is in accordance with the Love's by rneans of
Boussinesq's potential method5), the numerical computation of which

due to J. KimuraG). ,

 7.

the

was
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                                     A                 Fig. 7. Distribution of 2z in the plane y=O
                               (a =: b =: l)

    In conclusion it is noted that further numerical computations are now
being planBed by the aid of a digital computer.
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