The Solution of the Generalized Boussinesq’s

Problem for Elastic Foundation, Part 1

By Bennosuke Tanmmoro®, Dr. Eng.

(Received Sept. 20, 1957)

Synopsis. The purpose of the present work is to show the way of getting the
stress distribution in the three-dimensional semi-infinite elastic solid, when any
distributions of one kind of normal pressure and of two kinds of shearing forces
are applied on the bounding plane.
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§ 1. INTRODUCTION

First, the general solution of this boundary-value problem is recapitulated, ¥
which is expressed in the form of Fourier integral. ’

Secondly, as important applications of the general solution, two kinds of
examples are given. One is to the normal pressure of quadratic distribution,
and the other to the shearing force of linear distribution; both extending over
a rectangular area. All the results are still in the form of Fourier integral.

Thirdly, a tentative rule for its numerical integration is therefore given,
which is derived from interpolation formula in two dimensions®. By means
of this rule a simplest case was treated with a hand-operated calculating
machine.

§ 2. THE BOUNDARY-VALUE PROBLEM

Boundary conditions with which we are to be concerned are thus:
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D (32).m0 = Fi(x, ),
i (yz)z=0 — F(x, ), J ............................................................... 1)

i) (2%),m0 = Fy(x, ),

F: (x, ¥) being external forces distributed on the bounding plane z = 0 within
some prescribed area.

Coordinates to be referred to are illustrated in Fig. 1.

Loaded area
0 \ x

l .

l(x, ¥2)

Fig.1. Coordinates

§ 3. THE GENERAL SOLUTION

The general solution of the above boundary-value problem is given in the
following®:

2z = L[ [ daap(” [ [0 +72) Fie ) cosate — ) cos 5y — )
+ B2 Fy(&, ) cos aCx — ) sin iy — 1)
+ az Fy(€,7) sina(x — &) cos f(y — 77)} e~v2dé dy,

vz = L0 Cdwap” |7 52 Fice, ) cosate — & sin gy — )

+( 1— ﬁ;,g) Fy(&,7) cos a(x — &) cos 8y — )

+ %2 Fy(&, ) sinalx — € sin 40y — 1) | o< i d,
T — %%S?S:da dﬁgi’wtw[az Fi(&,7)sina(x — &) cos By — )
+ %2 Fy(&,7) sinalx — &) sin By — 1)
i

-+ ( 1— ﬁz) Fy(&,p)cosalx — &) cos By — 77)} e~v2dé dy
r ’ ’ 2)

= %:S:d“ dﬁsojmgo_ow[?fj(l + Zggz - TZ> Fy(&,p)cosalx —E)cosf(y —7)

+ 7_‘@2<zgﬁj‘f — a22> Fy(&,n)cosalx — &) sin f(y — )

T2 1 oky — £2) G sinate — £ cos fly — ) Jerededy, |
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vy =Ll (g dads]” {7 [E(1+20%~72) Fics mcosata— ) cosply—n)
+2/f3<1 + 0/: ——5}) Fy(&,7) cos alx — &) sin f(y — 1)
+ £¥_2<zg‘f — ﬁez) Fy(&,p) sina(x — &) cos f(y ~ 77)] e~ d& dy;
v =L aaag]” (7 ] ~‘ff§(1 — 20 —12) Fy(&,7) sin a(x — £)sin f(y — 1)
L@ < @ ) (&) sin a(x — €) cos By — 1)
f (1 - 20» ) Fy(&, ) cos alx — &) sin By — vz)} —v dé dop;
w=y 1 /g | auap]” cogﬂw[?ﬂ — 20 — 12) Fy(&, 1) sin a(x — &) cos By — 1)
— 9;?(20' + 12) Fy(&, p) sinalx — &) sin f(y — 7)
_ ; {2 — ’_;:.(za + 72)} Fy(&,9) cos a(x — £) cos f(y — 77)] e~v= dE dy,
9 = 2%127!5:5:@ dﬁgongojw[%(l — 20 — 12) Fi(&,7) cos a(x — &) sin By — 1)
_ HZ — g@g + 72} Fi(&, 1) cos a(x — &) cos By — 1) (3)
— 20 + 12) FiCé, ) sin ax — £) sin pCy.— 1) er< e iy,
w = 2,3 /J‘ S d dﬁS S‘” [ﬁ i (201—0)+72} Fy(€, p) cosalx—E) cos f(3—1)
_ %(1-« 26 + 12) Fy(€,7) cos alx — &) sin f(y — 7)

-—70;%(1 — 20 + 12) Fy(&,7) sina(x — &) cos By — 77)] e~z dt dy.

Here zz, yz,---xy denote six stress-components referred to rectangular coordi-
nates {(Fig. 1), and #, v, w are displacement-components in directions of axes
of x, vy, z respectively. u is the modulus of rigidity for the solid, and ¢

Poisson’s ratio, so that u= Ef2(1 + 0¢); «, B, r being parameters provided

o 4 B2 =1~
It has been verified by substitution that equations (2) and (3) satisfy the
three stress-equations

oxx 0%y | 02% .o .. ,
0x ay 0z

and the Hooke’s law

ou _ 1o 2D, e w  v_2A+0)0s L
ox Elxx U(.yy ]_'2‘7)f’ ay+az_ E ’

and also that, when z=0, ?z, 2}, z% in (2) reduce to
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3

oo

(22),_y= = (e ds(”_[7 Femcosats — &) cos gy — ) d2 dy,
= = :S:da dﬁSinTmFg(é, 7) cos alx — &) cos f(y — ) dé dy,
(22), o= o b0 decdp)” [ B, ) cos alix — &) cos By — ) dé d,

the Fourier representations of the boundary conditions (1). This proves the
validity of our solutions (2) and (3).

§ 4. APPLICATION. L ---NORMAL PRESSURE

Our attention is here confined to the case of normal pressure distribution
of the quadratic form
(ZZ)Z=0 = F(x,y)=A+ Bx 4+ Cy -+ Dx* + Exy + Fy? -oeeevereeiennn (4)

which is valid for a rectangular area whose sides are 24 and 2b, and vanishes
outside this rectangular area. The two kinds of shearing forces Fy(x, ¥) and
F,(x, y) are supposed to be zero throughout (Fig. 2).

Normal pressure, eq. (4)

i/\”’

z

Fig.2. Normal pressure distribution

In this case the double integral in (2) and (3) must be written
[" " dean =1 " dear.
Then by substituting (4) into the first equation of (2), we have
2e =L\ Cawap(’ [* A +r0a + Be+- 0y + D+ Bey + Pyt
X cos a(x — &) cos By —p)e~v2dé dy
= lzng:d“ df(l +7z)e =

7=J0
X (b_bgia(A + BE + Gy + D& + E&q + Fy) cos alx — &) cos f(y — 1) d dy.

Having performed the integrations with respect to £ and 7, the first stress-
component zz in (2) is written
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2:A§0+ng+C§y+D£Yz+E;£w+F§yz’ ...................

in which
—~ 1 (oofee b (a
220 = %ZSO So da dp(l + 72) e_vzg_bg_acos alx — &) cos f(y —p) dé dy
~4 OOSoo(l +72) e*vzl— Cos ax cos By sinaa sin fb da dp
22y = %5:5:(1 +72) e—“/zaiﬁ(»— @ sin ax cos By cos aa sin b

-+ %{ sin ax cos Sy sin aa sin ;9[)) dadp,

;Z\y = gq—jsoj:(l +rz) e 1 <—— b cos ax sin By sin aa cos fb

2 B
+ écos ax sin By sin aa sin ﬁb) dadp,
— 4 (oofeo _ 1 o . .
22y? = ;QSO So A+712)e YZ&-B<4“ cos ax cos By sin aa sin Bb
+ %?cos ax cos By cos aa sin b — -C%gcos ax cos fysin aasin ﬁb) dadp,

22y = %S:S:(l + r2) e-VZC%B(ab sin ax sin Sy cos aa cos Bb

— g sin ax sin 8y sin aa cos b — %sin ax sin By cos aa sin b

—F%;sin ax sin By sin aa sin ,Bb) da dp,

22yt = -:;1250 5:)(1 + 72) 6‘72&123<b2 Cos ax cos By sin aa sin 36

-+ %b cos ax cos By sin aa cos 8b — 2 cos ax cos By sin aa sin ﬂb) da dp,

‘82
where, as before,
a® - B =

The second stress-component 372 in (2} is written

Y2 = Ay2o -+ Byzy + Cyzy + Dyzat -+ E yany -+ Fyz,2 | cooeeeeeveenenn:

in which

o~ 4 co o » . . .
Yao = —| |, 16_75 cos ax sin By sin aa sin pb da dp,
[¢

o~ 4 [+ © . . .
yzg = ?SO So &e—%(— a sin ax sin By cos aa sin pb

-+ }gsin ax sin By sin aa sin ﬁb) da dp,

Zy = o Ze=7Z( bc 0s ax cos By sin aa cos
Yz nzSo So % ( Py cos B

6)
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— é cos ax cos By sin aa sin ﬁb) da dp,

- 4 (of~z s . . .
yad = | | ~e” (@ cos ax sin By sin aa sin b
“ [44

+ %{Z cos ax sin By cos aa sin $b — C% cos ax sin Sy sin aa sin ﬁb) dec dp,

—~ 4 o ooz .
YEyy == ngo So - ez (~a,b sin ax cos By cos aq cos b
T Y

b
-+ =sin ax cos By sin aa cos Bb + % sin ax cos By sin aa cos pb
[44

1 . . .
— dﬁsm ax cos By sinaasin fb) dadp,
—~ 4 oo (oo~ o . . .
Y2yt = }i”So So Loz (Ir cos ax sin By sin aa sin 5b
= @

+ gécos ax sin 8y sin a@ cos Bb — gz Cos ax sin fy sin aa sin ﬁb) dadp,

8
o B =R

The third stress-component zz in (2) is written

28 = A z2xo + Bzxx +C zxy + Dzxyr + E zxxy - fv‘zxyz’ ............... R

in which
2% = iléngm_z e~7#sin ax cos Sy sin aa sin Bb da dp,

Z - “/Z<a COs ax €os By cos aa sin 8b

ooﬁ

— Cl;cos ax cos By sin aa sin ,Bb) da dp,

—~ 4 o oo » . . .
2Xy = WZS S —6—72<~—b sin ax sin By sin aa cos b

03

-+ % sin ax sin By sin aa sin ,Bb) da dp,

ZXxh = fgj So ‘Be"yz(aZ sin ax cos By sin aa sin 8b
2a .. R s 2 . L
-+ - Sinax cos By cos ae sin 5b — o Sin ax cos By sinaa sin 8b) dadp,

—~ 4 o ffoo .
EXxy = Z ¢~z —ab cos ax sin By cos aa cos fb

0Jo g

b . . . .
+ - Cos ax sin Sy sin aa cos 8b -+ 2 cos ax sin By cos aa sin §b

B

— c%@COS ax sin By sin aa sin ﬁb) da dp,

i

4

3

ZXHP So So Ee Vz(b" sin ax cos By sin aa sin 5b

(10)
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A ngin ax cos By sin ae cos b — 1%,, sin ax cos By sin ae sin ﬁb) da dp, J

@ - B =R
The fourth stress-component ¥x in (2) is written

fx;} == AE(O -+ B;C}x -+ C}}y -+ Dax +E9/C}xy + [4“;;;;3,2’ e s {11)
in which
Ko = %S:So B (1 + 20‘8 ~—rz> e~YZ cos ax cos By sin aa sin fb da dg,
e b

+ (1[ sin ax cos By sin aa sin ,Bb> da dﬁ,

— o oo,y Q2
XXy = igo S N <1 + 2052 — 7'z> e~z (»—- b cos ax sin By sin aa cos pb

o By

-+ L cos ax sin By sin aa sin /3b> da dp,

B

— ©o 2
XXx? = S So [é; (1 -+ Zogg — rz) e~z (cﬁ cos ax cos By sin aa sin 8b

+ %—cos ax cos By cos aa sin fb — (%2- cosax cos By sinae sin ﬁb) do dp,

Ai,b.

(12)

— 4 [oofoe oy 2 . .
Xy = )\, 52 (1 + Zoi2 —yz) ez ((zb sin ax sin By cos aa cos b

o By
-fi sin ax sin Sy sin a@ cos fb — % sin ax sin By cos aa sin fb
+ —}-Bsin ax sin By sin aa sin ,81)) da dp,

Xat = fl ( g @ ( -+ Zoﬁ : »—rz) e~z <b2 cos ax cos By sin aa sin b

Jo pr?
-+ g[ézcos ax cos By sin ag cos b — Pcos ax cos fysinaa sin ﬁb) dadB,
o 4 =1t

The fifth stress-component 3737 in (2) is written

3y = A 930 + Byyx + Cyyy + Dyyst ++ Eyyey + Fyyyz, woee T (13)
in which

VYo = f— S:SO e <1 + 205 — 7z) e~Y% cos ax cos By sin ag sin pb da df,
Sl\yx = ?%So S \1 + 20/3 »— rz) ez <~— @ sin ax cos By cos aa sin fb

+ }Y sin ax cos By sin ae sin ﬁb> da dp,

”‘.«é:“"ﬂ§~< g% ) ~z<~\ x sin By sin a »
YYy == nﬂgo 30 e 1420, —7rz)e b cos ax sin By sin ac cos 8b
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+ }3 cos ax sin By sin aa sin ﬂb) da dg,
’
}/*3)1»2 = grr-ﬂ (1 + %Qf’ — rz) e~z (a2 Cos ax cos By sin aa sin b
E 720 Jo a../‘z ~ ﬁz
-+ f?’-gcos ax cos By cos aa sin b — g; cos ax cos By sin aa sin ﬁb) dadp,
“ « (14)
VYay = igmgwﬁ— (1 + 20[—['2 - rz\. e~z (czb sin ax sin By cos aa cos pb
- 7:2 o lo a-r.‘l ﬂ? :
— f-z sin ax sin By sin aa cos b — gsin ax sin 8y cos aa sin b
-+ (71,8 sin ax sin By sin «a sin ﬂb) da dp,
— 4 co {foco 2 o . .
Yyy? = PSO So Zg—é (1 -+ 20%5 — rz) ez <b~ €os ax cos By sin aa sin fb
+ %bcos ax cos By sin aa con pb — /%é cos ax cos By sin aasin ,Bb) dadp,
o+ B=h
The sixth stress-component Zc\y in (2) is written
9/53;—_—:A@O+B@x+c;}}y+D;€§xz_[_E@xy_*_[?@yz, .................. (15)
in which
XYo = — %S:S;g—g(l — 20 — rz) e~7¥ sin ax sin Sy sin aa sin b do df,
ﬁ?yx = — iSmr’l(l — 20 —7yz)e (a cos ax sin By cos «a sin 8b
z2Jo Jo 2
— (1)( cos wx sin By sin aa sin 8b ) da dp,
—~ 4 o0 (foo § _ . .
2y ===\ |\, ?2(1 — 20 —yz) e (b sin ax cos fy sin aa cos 8b
— f]é sin ax cos By sin aa sin pb ) dedp,
- 4 (=] o o . . .
Xyt = ——) ?(1 — 20 —yz) eV (a sin ex sin By sin aa sin B
+ —zfsin ax sin By cos aa sin b — s—gsin azx sin By sin aa sin ﬁb) de d, /(16)
—~ = 4_ co ffeo 1 X _
yay = =50 e }—2(1 — 20 —yz)ev? <ab Cos ax cos Py cos aa cos b
— z cos ax cos By sin aa cos pb— gcos ax cos By cos aa sin Bp
+ c%@ €os ax cos By sin aa sin ﬁb) de dg,
4 °°(°° 1 N o . . .
Xyy = =)0 1o = (1 — 20 — yz) e~z ( b® sin ax sin By sin aa sin b
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%sin ax sin By sin aa sin ,@b) da dp,

-+ g—lzsin ax sin By sin aa cos b — 3
ol -4 ﬁZ — 72.
The first displacement-component # in (3) is written
U= Atto+Bux +Cuy +Dusr -+ Ethyy = Fuyt, oo 17

in which

o 2 f=f= — 2 —
Uo == {cﬁﬁgo So ﬁ72<1 20 — yz) e~7% sin ax cos By sin ae sin Bb da df,

2 ("
uxﬂ?ﬁﬁgo SO Br

(1 — 20 —r2) 2 <a €os ax cos By cos aa sin Bb
—_ Elz cos ax cOs Sy sin aa sin ,Bb) da dp,

I DD
u"“}?z;}'jo So WG 20 —rz)e 72( b sin ax sin By sin aa cos pb

+ % sin ax sin By sin aa sin ,8b> da dp,

Upt == 2 SwSo .37’2<1 — 20 —yz) e ? (az sin ax cos 8y sin aa sin b

+ g*asin ax cos By cos aa sin fb ~—%sin ax cos By sin ea'sin ,Bb) da dg, (18)

2 .
Uyy == = /J go ﬁrg(l 20 — 12) e~ <—— ab cos ax sin By cos aa cos Bb

gcos ax sin By cos aa sin Bb
— % cos ax sin Sy sin aa sin ﬁb) de dB,
Uys = —2—§ SO .37’2<1 20 —yz)e vz (bz sin ax cos By sin wa sin Sb

72

-+ gcos ax sin By sin aa cos gb -+

+ -%Zfsin ax cos By sin wa cos fb — -

8 ﬁz

sin ax cos By sin agsin /3b> da dp,

a? -+ ‘BZ s r?
The second displacement-component v in (3) is written

'I)’—“:AUQ"*‘B'U:("}‘C'U}'+D'Ux2+Eny+F'I)yZ, ................................. (19)

in which
Vo == :Z/JS:SO e (1 — 20 — y2) e~¥2 cos ax sin By sin aa sin fb da dp,
So ar2(1 — 20 —72) et ( a sin ax sin By cos aa sin b

-+ 1 sin ax sin By sin aa sin ,Bb) da dp,

2 _ .
vy = EZZS So &}2(1 20 — yz) e—7%(b cos ax cos Py sin aa cos b
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-~ COS ax oS By sin aa sin /31)) da dp,

p

5 S‘”g <
VUxz =2 ¥z a* cos a. 8 @
x =0 Yo a? cos ax sin y sin aa sin §b

2a . . . . .
—}--C-g cos ax sin Sy cos ag sin b — %cos ax sin By sin ag sin ﬁb) da dp,

2 w1
Ury == Eg;-go \0 ar_(l — 20 —yz)e? <~ ab sin ax cos By cos aa cos b

b . . . .
+ - sin ax cos By sin aa cos fb + %sin ax cos py cos aa sin Bb

B
1 . o . }
— = sinex cos fy sin aa sin b)) da dp,
ap
Vyz = ]—"%"So So alr (120 —y2)ev <b° cos ax sin By sin aa sin B
| 2b . . 2 . . .
+ 5 cos ax sin Sy sin aaq cos b — B cos ax sin fy sin ag sin b ) dad,

af o B =g

The third displacement-component w in (3) is written

‘ w:Awo—]_wa.i_Cwy+Dwxz+wa3,+[4‘wﬂ’ .............. EXITRPRRRIES
in which
o 2 (=
Wo = — &”Jo (0 P {2(1 — o) + rz} e~72 cos ax cos By sin aa sin fb da d,@
u‘}x = ~? Smg {2(1 — a} -+ yzhevE (»—a, sin ax cos By cos wa sin fb
: z2edo Jo afy
'*'%g sin ax cos Sy sin aa sin ,Bb> de dp,
w o »a—(oogw-L {200 — 0) +yzl ez <—b cos ax sin By sin aa cos b
o z2udo Jo eyt i

+ ‘-};cos ax sin ﬁy sin g sin ﬁb) da dﬁ,

Wz = — - 2 Smggoaﬁ/ {20 —a) +rz} ez (az cos ax cos By sin aa sin B

. .92 . o . :
. gwcos ax cos By cos aa sin b — - C0S @x COS By sinaa sin pb)da dB,
@ 4

}..
2 —
Way = — 4 j So e {2(1 —06) +r2)e = (ab sin ax sin By cos aa cos Bb

b . . . a . . .
— ~sinaxsin By sin aa cos b — = sin ax sin By cos aa sin b

B

+ L sinarsin By sin aa sin ﬁb) dad,

ap
' 2 oo 2
Was = — g So e {2(1 — o) +yzter? (b cos ax cos 8y sin aa sin 8

(20)

——

(22}
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-+ 225 cos ax cos By sin aa cos pb — 2 cos ax cos By sinaasin ,Gb) da dp,

B
o A B2 =yl

§ 5. APPLICATION. IL ---SHEARING FORCE

This article is devoted to the case of shearing force, whose distribution
is of the linear form

(¥2),m0 = Fy(2, ) = A7 = B'% - C' g, cverveereevresenricereeenennn. (23)

which is valid within the rectangular area 2« X2 b, and vanishes outside this
area. The two remaining external forces F(x,y) and Fy(x,y) vanish
throughout on the bounding plane.

The first stress—component zz in (2) is written
22 = A’ 220 + B'22x ++ C/22y, wrreereeeerreitiiii (24)
in which

—~ 4_ o0 0z . . .
220 = "ES So &e—‘/z cos ax sin By sin aa sin Bb da dp,

—~ 4_ o oo . . .
22y = 7—_550 SO C—(e“vz (— a sin ax sin By cos aa sin b
13

-+ % sin ax sin By sin e sin ,8[)) da dp, (25)

—~ 4 0 (foo .
2zy = E‘?So So Se (b cos ax cos By sin aa cos B

— %cos «x cos fy sin aa sin ,8b> dec dp.

The second stress-component 31,\2 in (2) is written
3;2 = A’;;Eo - B'&Ex -+~ C/&Ey , eeerereesereseiiii (26)

in which

3}20 = %Swgwgif (1 - ‘/;fz) cos ax cos By sin aa sin Bb da dp,

}Ex = %Sm gmgj—z (1 —_ éiz> (——a sin ax cos By cos aa sin fb

1

+2 sin ax cos By sin aa sin ,Bb) da dp, 27)

Ty = A(C[FeE (1 _ P <__ i o
Yy = YTZSO SO af (1 }—z> b cos ax sin By sin aa cos Bb

+ 1 cos ax sin By sin aa sin pb ) da dp.

8

The third stress-component zx in (2) is written

2t = A’ 2% B’ 2%z -+ C/Zhy | ++reeereeeeenrene e (28)
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Z%o = :44005:;8”72 sin ax sin Sy sin aa sin b da dp,
—~ é (oogooz
L

20 = 5\ |, %e*yz <a cos ax sin By cos aa sin pb

- cosax sin By sin aa sin ,8b> dadp,

22y = fggzogjie*’/z (b sin ax cos By sin aa cos b
— é sin ax cos By sin aa sin ﬂb) de dp.

The fourth stress-component xx in (2) is written

X% = A'%%0 - B'xxx + ClZxy, oo

in which

*xo = ilérre_j:j <20§—2 - 0(22> cos ax sin By sin aa sinBb da dp,

T7J0 J0 ar” s
Xy = %:S:%ﬁ (20% — a?z) <~—a sin ax sin 8y cos aa sin pb

[

+ = sin ax sin By sin ea sin ,8b> da dp,

2

— coffcop— 2
XXy = %S S ¢ yz (Zalg~ — azz) <b cos ax cos By sin aa cos pb

_1 cos ax cos By sin aa sin ﬁb) de dp.

B

The fifth stress—component y}) in (2) is written

Dy =A Yo + B’ 9yx A C/ Yy, woreeereerieneens

in which
— 8 o f'eop—yZ 6(2 ‘32 . . .
YYo = :éf S T <1 + o i 2TZ> cos ax sin By sin aa sin b da dp,
~ . 8 o0 (oo p—yZ C’(Z
Yy _EQSOSO ar <1+0r

o [6’7" e . .
ZTZ> ( a sin ax sin Sy cos aa sin pb

%l

4+ };sin ax sin By sinaa sin ﬁb) da dp,

S“‘S‘”e__ﬁ (1 +o a @2z> (b cos ax cos By sin aa cos b

= "2

-1 cos ax cos By sin aa sin ,Bb) de dB.

B

The sixth stress—component £y in (2) is written

Xy = A'%Yo + B/ Xyx - C/ oYy, weorereeieiineiins

in which

(29)

.......... (30)

(31)

(33)
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@o = igwr)e % (1 — 20 ‘82 ‘BT ) sin ax cos By sin aa sin 8b de df,

72)o Jo By
?yx =4 S;"Sweﬁryz (1 — 2«1_@ ‘[; z> (a cos ax cos By cos aa sin Bb

—~i cos ax cos By sin aa sin ﬁb) da dp,

O i gz . @2 _ [32 B . .
XYy S S o (1 20 ~ ?z> ( b sin wx sin By sin ag cos B
1

+F sin ax sin By sin aa sin ﬁb) do dp.

The first displacement-component # in (3) is written

u=A"tto +B"1x »f—C’uy B RARTETITITTTITREE:

in which
o = — n%/S:S:%; (20 + rz) sin ax sin By sin aa sin fb de df,
[ 4 o (ssessingr esaasins
Uy = o Yo 77 o+ 12 (a cos ax sin By cos aa sin f
— i cos ax sin By sin ae sin ﬂb) da dB,
— e (bs ‘
Uy = 7:2/150 o 7 (20 4+ rz) | bsin ax cos By sin aa cos Bb

— % sin ax cos By sin aa sin ﬁb) da dB.

The second displacement-component » in (3) is written

v=A'vo + B’ vx -+ C"I)y B R RRRRETITPETETRRTS

in which

o D (eofwemrE(, BE } L
Vo = ;2750 So ahr {2 e (20 + r2) ¢ cos ax cos By sin aa sin b da d,
. ﬁ_&g""sw@f { _# } (ﬁ i i
Dy = wdo Jo apr 2 2 (2o + 12) a sin ax cos By cos aa sin Bb

-+ c% sin ax cos By sin aa sin ﬁb) dee dp,

oo ooe—’yz

2 o » _ . .
vy = Efﬁgo go By {2 2 (20 4 72)} ( b cos ax sin By sin aa cos £b

-+ %; cos ax sin Sy sin aa sin ,8b> do dp.

The third displacement-component w in (3) is written

w= A'we + B’ wx -+ C'M)y, ......................

in which

Wo = — 2 S S:ea; (1 — 20 -+ 72) cos ax sin By sin aa sin b da dp,

w2 p)o

57

(35)

(37)

(38)
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Wy = — 2 S r’e yz(l — 20 4 12) <~ a sin ax sin By cos aa sin 3b
1. . o
+ sinax sin By sinaasin Bb) da dp,
co‘ooe vz
Wy = — - 275 S ‘e (1 — 20 +712) <b cos ax cos By sin ag cos b

— ‘é cos ax cos By sin aa sin ﬁb) de dp.

§ 6. NUMERICAL EVALUATION

No. 7

(41)

For the evaluation of the above integrals, I adopted a method of numerical
integration which was derived from interpolation formulas in two dimensions®.
The rule for the present adopted here is given in Fig. 3. This will be obtained
from the interpolation formula of modified Bessel type, by curtailling 4th and
higher differences. Repeated application of Fig. 3 gives rise to Fig. 4. Since
the integrals above are of rapid convergence, it is not so laborious to secure

first two or three significant figures of numerical results.

B
~1 1 -1 48 | --
~1 1 14 4§ —1 4é 48 | --
- %
1 14 14 —1 48 | 48 a8 | -- 48 4
L . Rt O(AY
—1 1 52 1 50 50 50 |-
> — @
- Iif;,g 0(aY 12025 f 20 21| 2| g
VS T U R N T P
Fig.8. Unit rule Fig.4. Aggregate of unit rules '
for integration (Domain of integration = o X )
(Domain =% X k)
For instance, let us find the value of 2z at point x=0, y=0, z=1,

when a uniform pressure, its intensity being unity, is extended over a

square domain a=1,b=1 (Fig. 5). The integrand in the 22, from the first

equation of (6), reduce to

1T9fsmasmﬁe~“/ = f(a, 5;0, 0, 1) say.

Lattice~point values of f(a, 8, 0, 0, 1) for & ==k == z/4 is given in Fig. 6.
In this figure, those in the upper half are not written, since they can be

written down from the symmetry f(e, p) = f(B, «.
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- ;
e Pk —m1

(0,0, 1)

Fig. 5. Uniform pressure over square domain

By multiplying corresponding values in Figs. 4 and 6, and adding the results,
we get

4 hk 134. 26
= igg 2 S0P =gy 192 = 0.6,

& representing weights in Fig. 4. This value has been confirmed by a finer
net in which & =k = z/8.

3
P
0 g
0 0 0
1 1 0 0
g
0 0 4} 0 0
14 0 | ~3| -2 |-1 0
141 | 43 0 -9 1 -6 [ ~2 0
568 (272 { 78 O |—15( —9 | ~3 0
A a
1.000( 732 | 340 | 96 0 [—18{—11] -4 | 0 3
732 (568 {272 | 78 { O |—15( —9 | ~3 | 0

Fig. 6. Lattice-point values of f«,8) = 7{[;- sina sin f e—v
(Pitch & =k = z/4)

In this way the stress distribution of 2z is obtained as is given in Fig. 7.
This numerical result is in accordance with the Love’s by means of the
Boussinesq’s potential method®, the numerical computation of which was
due to J. Kimura®. :
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Fig. 7. Distribution of zz in the plane y =20
(a=b=1)

In conclusion it is noted that further numerical computations are now
being planned by the aid of a digital computer.
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