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 Synopsis. This paper gives the solution of the generalized Boussinesq's

problem for elastic foundation, in which any distribution of two kinds of

shearing forces as well as of normal pressure is given on the bounding

surface of the semi-infinite elastic soild. The procedure of solving the

problem is due to my proposed one. The solution consists of dotible Fourier

integral representation. Several examples at once follow from the present

solution, and their evaluation was relied on the method of nurnerical inte-

gration proposed by me.
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                       g 1. INTRODUCTORY

  Since the time of Boussinesq, the theoretical basis for the problem of the

safety of elastic foundation has been discussed and developed by various
                                                      1) 2)investigators, of which the works due to Prof. Terazawa and Love will

especiaily be noteworthy. The former discussed it in detail when the loaded

area is of circular form, and the latter gave the integration of Boussinesq's
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potentials when a uniform pressure extends over a rectangular area. But

the Boussinesq's potential inethed, as is well knowR, cannot at all be cem-

patible with shearing forces, which would be of considerable importance espe-

cially in the case of soft foundatien. In addition, the Boussinesq's poten-

tials are difficult to perform their integrations, and only tlie simplest case

cif.ed has been treated by Love. The nurnerical process of their integration

is also almost impossible by ordlnary methods of numerical integration, since

integrands involved have an infinite number of singular points.

  The boundary-value problem here treated is that, within a rectangular

form of loaded area, any distributions of two kinds oi shearing forces as

well as of normal pressure are given on the surface of the semi-infinite

elastic solid, provided the$e three kinds o£ external forces are expressible in

terms of Fourier's integral in two dimensions.

  The procedure of the ealculation is for convenience due to a new set of

functions which has been proposed by me and migkt be called stress-func-
                      3)tions in three dimensions. The resulting solution is obtained in the forms

of Fourier's integral, and the evaluation of the integrals was relied on the
                            gt ). 5)
method of mechanical cubature because of the difficulty in its analytical

performance. As regards stresses there is no singularity in the integrands,

and to secure first two or three significant figures in the numerical result

is not so laborious. Displacerrients can also be integrated, despite that each

of integrands involved has one singularity at the origin of parametric coor-

dinates.

   Applicatiens of the general solution will at once follow from the general
 solution, and the iollowing cases are written out: (1) Uniform pressure (2)
 Unifornily varying pressure (3) Uniformly shearing force (4) Uniformlyvarying

 shear and 6) Quadratically varying pressure.

                   g 2. B*itJNDARY CgNPgTgONS

  We take the semi-infinite elastic solid, and any distributions of three

kinds of external forces, consisting of one kind of distributed pressure and

two kinds of shearing forces, are given on the bounding plane of the solid

within some prescribed area.

 We take the origin of rectangular coordinates to be a point on the bounding

surface of the semi-iBfinite solid, the plane z==O to be the surface of the

body, and the positive direction of the axis of z to be that which goes into

the interior of the body. (Cf.Fig. 1.)
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  The boundary conditions with which we are now to deal are then:

     1) (ZA').=o == a(x,y), (1)
     2) (YAt)2xo == E2(x,y), and (2)
     3) f').-o=FU(x,y) (3)
        within some prescribed area,and these three functions must vanish

        outside the area.

     4) All the stress-components, and also displacement-components,

        vanish when x,y,z become indefiBitely great.

 Here the functions l71i(x,y), a-(x,N) and "E7>(x,y) are any fuRctions

which will be expansible in terms of Fourier's integral in two dimensions,

and accordingly all of them vanish for every value of both x and y outside

the given domain.

 Now Fourier's integral theorem in two dimensions is in general xvritten

     f(x, y) = 1.- S:dtr Sooff .. f(e', y) cos cv(x - e dg

          = ff1',/rS: dev S: dfi S:ou S:caf(ls", rp) cos a(x - g") cos p(y - o) dgfi dty.

     In virtue of this, the boundary conditions(2), (2)and(3)can be writteR

   down

     (2A')Z="'O := i'ff S: d`Y S℃ dP SZ.. S: .. Fi(G' V) COS `Y(X N 6) COS i9(Y - 1) d5 drp

           == ,,i'･rS: dcr S: dP S: .. S: .. L("w ' q'

       × (cos cvx cos Py cos cre cos Pq + cos cvx sin Py cos c¥g" sin firp

       + sin cvx cos Py sin cv6 cos Prp + sin evx sin Py sin cvg" sin Ps) dg dty. (4)

     (yAz)zrm-o= tt, S: dtvS℃ dPS:co S:.. 4(6, ty) cos cr(x - c"- ) cos P(y - ny) de do

          -･ .-',- S: dcr S: dP j: on Srr .. 4(e･ v)

       × (cos cv v cos Bly cos cu{? cos rsry + cos cif r sin 3 y cos cvg" sin Prp

       + sln cvx cos By siR cyg cos Pty + sin cutsin fiy sin crg" sin Pny) cl6 dq. (5)

     (2Ax)2-o =- fi1-,- i: d(vS: dP SZ.. I:pm 4(gF , ty) cos ex(x - e) cos P(y - rp) d6 drp

                                                          '           t: ;,,'-S: dcr S℃ dP Srr ce S: ea "(g' ep)
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       x (cos exx cos P y cos cre cos firp -l- cos crx sin i9Jy cos cve sin B?

       +sin crJu cos By sin crg cos f9v -l- sin ex:v siR i3y sin exg sin Brp) dk- dty. (6)

  The solution to be obtained in perfect compatibility with the above bound-

ary conditions G)K3) would not necessarily be restricted to a certain partic-

ular form of domain on which external forces are applied, for no restriction

is imposed upon the domain of integration in the Fourier's integrals (4)-C6)

above. But on applications of the solution to individual boundary-value

problems our attention wi!l for the present be confined to the rectangular

domain, owing to the simpliclty of performing definite integrals extending

over the domain.

       g 3. PROPOSEpt STRESS-geWNCWXONS ANpm TYPICAL

           SOLUTffONS SVgTABLec FOR maE PROBLEM

  The proposed procedure for the three-dimensional elasticity is 3)

       u = : 2iizipt { -- 8.- v2+ a-a) (/-i + oO,)ff L' } z + 2i-pt- (b-Oy - 51,/) g), ･･････,                                                              1

       lll].>=={(-aO",+Sl/ii,)r2-a-a)oyaa2.v2lx+(o.Oa2y-bT.O'al'D¢, '''''', l

       y"z==={-b-tO"-o-.-Y2+-1-S-gbO-.-(--bO-.-FeO-y+ti-i-)ff2}z "

                    02 02 62              bl- -S'-(b'xay rd ajJ7L k{- b/2i -- oSo2.)¢, '"'''',

where z and ¢ satisfy respectively the equations

                     cr4z := O and y2¢ =:: O,
and ff`=:72ff2, 72=51i'E',--t/IlyiE2+t/Sltii2, fi2=bS"tr/'2+aSa2x+bit9S'),

pt being the modulus of rigidity and a Poisson's ratio for the material.

Other component-s o'f displacement and stress are given by cyclical inter-

change of x,y,z. ,
  It can easily be verified by substitution that the above system of equations

satisfy the stress-equations of the type

                         AAA                        aaxxx÷6Lottt2.+t/l£'i!iX==o,

and the stress-strain relations of the types
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            -a,-k'=-i-{xAx-a(yAy+zA.>}, e,--ee+Z2-st2(ii-th)yA,.

  A detailed description of deriving the proposed procedure above has appeared
         l)
elsewhere.

  Tke z function is composed of harmonics and biharmonics proper. For the

former functions, the above operations fo: displacement and stress-compo-

nents become

                  ar =` pt2-lctbOdiffL'z, '''''',

                         i
                 xr-S ::L-- t-ai,,+zll/$/,)ff2z -- -a/-"l2-72z, '''`'', i                     (

                 yAz ==t -b-$--f2z, ･･････, )

since in this case g2z == O. In these operations ff2z appears as a common

factor, wkich is still karmonic. Then -72z may be replaced by a new har-

monic function, ip say, so that the aboveoperations may be written in the

simp!e ones

             "==£-2--,g--¢,-･ ･･･････ xm== g-k2･･ ･･･+･･･ yAz-rt,-z'>i-.･ ･････-･

  Thus the proposed procedures above may take the forms

    u =: 2'ip g-di. + 2ti,{- oOI ff2 -i- (i - a) (t/-, + t-O-2)v2}z -F 2i2i, (t/-i- - t-a.) ip, ･･･,

    xA. = gi/gvl. ÷{(EIIi'k, + t-a-:,)72 - (1 - a) b--y6-3--2 72}z + (b･t962-y - b-.a--B--.) ip, ･･･-･･,

                                                                    (7)

    r2=-ogeoc.+{-teg-f2+l-=2-gba.-･(-ba.+-o-ay+t-a--,-)cr2}z

             -F-}--(,i]es-,--,/--,"E+,ilel-L･-,,-tb.)di) ･･･････

where

                 ff2ip .= o, ff2ip = O, and ff"z=O,

 z being biharrnonics proper. Thus it can be stated that the ¢ function
is for convenience extracted from the z functioR. Preference must be given

to the procedttres (7) for practical calculations.

  Typical $olutions suitable for the present boundary-vaiue problem (qf,



boundary ,
different operatiens upoll them,as .
is given in (7). such instances have 4

appeared elsewhere; for example,

iR the three-dimensional dynamical

elasticity, in which, as is well

known, two kinds of equiveiuminal

waves, together with one 1<ind o'f

elastic medium. This basic
                  6)
ed in my work cited as an extensioit of

might be called harmonics of the first

of the second kind, or from the ' '

the general harmonics, and the latter the
  It is adde'd also that in general the

                    Z = : Xw, yct), z(ti,

are all biharmonics, provided ca(x,y,z) is

having been adopted in (8).

          g 4. EXPRESSgONS FOR

 The substitution of the typical solutions

(7) affords the following expressions:

  n  zz == <AirE -ft B2

   -- {A2r2 -- Bi Pr - B., ay + C"r2

82 Bennosuke TANIMoTo No.6
boundary conditions 1)-3)) are

es.: c,gg:: :ggec" e.:' s.og:'g ,s;'xec .A# gl･:::: :gg:i $: gww ,sl:,P;,' :;i; l,,,

x = (Ci coscvx cos8y + C2 coscifx sin8y -{- C, sinex cosPy + C4 sincrx sinPy)ze-vz, i

where Ai, AL,,･･･C3,C4are constants to be determined; ex, P and r being para-

meters provided

                           cv'i'+P2' == r"t (9)
  The coodinate system here referred to is illustratced in Fig.1.

  The of and ip functions iR (8) are

entirely of the same form, but they

can be independent solutions for
                                                             -a         conditions because ofthe O

t

          -b -' b
              x

             Fig. 1･

 irrotational wave,

      the statical

      kind, and the

view-point of their

        singular

    func ix' ons

     (x2 + y2 + 22)to

         any

?
l

/･-

z

},.

                        Coordinate system

                        may develop in the

theory in the dynamical system has been confirm-

                      system, the Q function

                       ip function harmonics

                       deriva£ion the forrner
                     harmonics.

harmonics; the third form

                    sTREss-cotwgpoNENTs

                       (8) into the proposed procedures

fir - B3 crr - C2 Br2 - C3a?'2 -- C42(1-a)crPr} cos crx cos Py e-7a

               -- C3 2(1-a)crPr --- C4 cifr2} cos ax sin B y e-yx
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-- {A3 r2 + Bi crr + B4 Pr -- Ci ar2 --- C22(1-a)crPr - C, Pr2} sin evx cos By e-vz

-F {A4r2 + B2crr -- B3 Pr -- Ci2(1-a)crPr + C2ctr2 + C, Pr2} sin ex sin Py e-vz

+ r2 {Pi cos crx cos I3), -l- P2cos ax sin IE)), --F P3 sin evx cos i9 y

                                 + P4 sin crx sin Py} z e-yz,

NAz =" [-A2Br + -S-- {Bi (P2 -l- r2) -l-Be crr -F B4 crB}- Ci{(1-a) cr2 + 2P2}r

       + C,{B2 + (1-a)r2}cr H- C4 (1+o) aPr] cos evx cos Py emyz

  + [AiPr + -21-{B2 (P2 -l- r2) - B, a'P + B4crr} - C2{(1-o)cr2 -l- 2P2}r

      - C3 (1+a) crPr + C,{P2 + (l --a) r2}cr ] cos crx sin Py e-vz

  + [-A4 Pr+ -5-- {- Bi ar - B2 crP + B3 (P2 -i- r2)} - Ci{P2 + (1-a)r2] cr

      - C2 (1 + a) crBr - C3{(1-6) cr2 + 232}r] sin crx cos Piy e-yz

  + [A3 Pr + -tlr-{ Bi crP - B2 crr + B4 (P2 + T2)} -l- Ci (1+a) opr

      - C2{P?' + (1-a) r2}a --- C, {(1--a) ct2 + 2B2}r] sin crx sin Py e-yz

  + Br (-P2 cos crx cos Py -F Pi cos crx sin i9jv -- P,, sin crx cos l3 y

                                 + P3 sin aJv sin Py) x e-vz,

2At =(ndA3 a'r+ -i- {-- Bi (cu2 + r2) - B, Pr - B4 evB} - C,{2ev2 + (1-a) P2}r

      --I- C2{cr2 + (1-o) r2} P l- C., (1 -l- a) crPr ] cos a'x cos Py e-y2

  + [-A4exr-ft -l- {Bi Br -- B2 (cr2 + r2) + B3 avB} - Ci{cr2 + (1--a) r2}P

       - C2 {2 cr2 + (i-ff) f32> r - C, (l --F a) crx3r ] cos evx sin te y e-vz

  -i- [Ai evr-l- -i- {B2 aP - B3 (cr2 + r2) - B, Pr} -- C2 (1+a) crP7

       - C3<2cr2 + (i-a) P2} r -l- C` {a2 + (1--a) r2} B]sin crx cos Py e-vz

  + [A2 a'r+ -;i- {- Bi crP + B3 Br -- B, (cr2 + r2)} + Ci (1+a) aPr

       -- C3{a2 -l- (1-a) r2} B - C, {2a2 + (1--a) B2} r]sin crx sin Py erw7z

  -i- cvr ( - P,, cos crx cos By - P4 cos ex sin l9 v H-ny Pi sin crsc cos P y

                                 + P2 sin crx sin P y) z e-7z,

xAx :=: ( --- Ai cr2 + B3 crr+ B4crB + C, (cr2 -F 2ar2) P + C, (ev2 + 2r2) cr

                               -- C42a'Pr) cos crx cos Py e-v2

83

ae)

(11)

(12)
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-}- ( - A2 cr2 - B3 crB + B, cur - Ci (ex2 + 2or2') P -l- C, 2aBr + C, (aE + 2r2) cr)

                                × cos crx sin Py e-Y2
--
i- ( --- A, cv2 - Bi cvr - BafvP - Ci (cr2 + 2r2) cv + C, 2crPr -}- C4 (ct2 -l- 2ar")P)

                                × sin a'x cos pOy emuy2
--
} ( - A4 cr2 + Bi aP - BL, ar - Ci 2avPr - C, (a2 + 2r2) cy - C, (ex2 + 2ar2')B)

                                × sin ax sin By endyz
- a2 (Pi cos crx cos Py + P2 cos crx sin Py + P3 sin cvx cos Py

                            + P,, sin crx sin Py)2e-Vz, (13)

 A ew '=: ( - Ai P2 - B2 Br - B,, crB --ft C2 (P2 + 2r2) P -i- C, (P2 -t- 2ar2) av

                             - C4 2cvBr) cos ax cos PJy eewyz

 -l- ( - A2 P2 + Bi fir -f- B, cvB - Ci (P2 + 2rL) P --F CB 2crPr -}- C4(B2' + 2ar2) ev]

                                   × COs ax sin Py e-Yz
 -l- ( - A:] 3L' + B2 crP - B4 Pr - Ci (B2 -i- 2ar2) a -l- C,2crPr + C4 (P2 + 2r2) P)

                                   × sin crx cos Py e-yz
 "F ( pm A4P2 - Bi crP + B, Pr - Ci 2avPr --- C, (P2 + 2or2) ev - C,(P2 -}- 2r2) P)

                                   × sin ax sin By e"7z
 -P2 ( Pi cos crx cos Py -l- Il, cos crx sin Py --F P3 sin evx cos Py

                               -F P4 sin cvx sill gl) y) 2 e-72,

 xAy = ( A, crP + S-- {Bi (a2 - P2) + B2 Pr - B, crr} + Ci (1 - a)r3

       + C,{cr2 + (1 - ff)r2} P + C,{P2 + (1 - a) r2} cr) cos crx cos Py ewwY2

   + ( -nd A3 aP +-S- {- Bi Pr + B,, (cr2 - P2) -- B, crr} - C,<cr2 + (1 - a) r2} P

       + C2 (l - a) r3 + C4{P2 + (1 --- a) r2} a) cos ax sin Py e-7a

   + ( -- A2 crP + -2! {Bi ar H- B3 (ct2 - B2) + B4 Pr} - C,{B2 -- (l - o) r2}cr

       + C3 (1 - a) r3 + C,{cx2 -}- (1 -- a) r2} P} siR cvx cos Py eHvx

   -f- ( Ai crP + --21- - {B2 ar -- B, Pr + B4 (cr2 - PL')} - C,{P2 + (1 - a) r2} cr

       - C3{a2 + (1 - cr) r2} P + C, (1 - a) r3) sin crx sin Py ew7z

   -l- afi9 (P, cos a' t cos Bly - P,, cos crx sin PJ, -- P2 sin cvx cos Py

                               + Pi sin crx sin Py) z e-7z,

where and in what follows

             P.i,i-ipmt2Rcr,1,t,C+'ac`,7,sCl;ag1ar,1

             P3 ==: - Ci cur l- C2cvP --Y C4Pr, i

             P4 =:: -- Ci cvB - C,7 ar -- C3 Br. tl'

(14)

(i5)

(16)
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  In £he expressions(10H15) above, a denotes, as before, Poisson' s ratio of the

elastic solid, and the constants Ai, A2,･･･C3, C4 wM beeome determiBate,

after taklRg the boundary conditions (4), (5) and(6)into consideration.

  It is to be noted that equations(16)canbe written in the form

                           O Pr rev --aP

         (P,,Pb,Pl,,?,)== -Pr O crP ra (C,, C,, C,, C,),

                         -rav crP O ,8r
                         -evP -rev -Pr O

and that the square matrix constructed by the letters a, B and r is a

skew-symmetric one. This set of equations has to be solved simultaneously,

as will be seen later on.

      g 5. CONSTR{ICTEON OF SgMYLTANEOIUS EQUATIONS

  We shall obtain simultaneous equations for twelve unknowns Ai, A2, ･･･

C,, C,. For instance we take the first term in eqaation (4), the first of the

boundary conditioRs; viz.

  (First term in equation (4))

      " F,loi' S: dcr S: dfi S:.. S: co L (4, rp) cos crx cos Py cos cre cos Pv d6 dv. (17)

  The corresponding term in the previous stress-components must be the

first one in (10). This affords on the top surface z= e the following:

  (First term in equation CIO))

     =:-' S: i℃ {/1i r2 + B2 Pr - B3 crr -- C2 Pr2 - C3 ar2

                            --F C,2(1 - o) crB?･} cos evx cos Py dcr dP. (18)

  On comparing this with the precediBg equation (17), we must have

     il1-2-Sli .. S ico jFl (g, q) cos a6 cos Brp d4 drp

         == Ai r2 + B2 Pr - B,3 avr - C2 Pr2 - C3 ar2 + C42(1 - a) crPr.

  If for shortness we write

             Ki -: ff1'b' S: .. S:oo Fi (g, rp) cos ae cos po dg" drp, (lg)

                                                   '

then the equation just writeen ta}<es the form

     Air+ B2P-B,a -- C2Pr -- C3 crr+ C,2(1-a) crB = "(gi. (2e)
                                                 r
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 This is the first equation for determining the unknowns Ai, A2,･･t C3 C4.

Similar consideration on the remaining terms in <22)a..o and those in

<yA?)z==e and izAx)i...o will at once give the following equations (cf. (10),

(li) and G2)):

   A2r- BiP- B4 cr + Ci Br -C,2(l - a) aP -C, crr =I-<)', C21)

                                      r
   A3r-i- Bi cr +B4B --F Ci crr-C22(1-a) a'3-C, Pr =.- tKtLi, (22)

                                      r
   A4r+ B2a-B3 fi +Ci 2(1-o) crP -l- C2 c¥r+C, Pr= 4R, (23)
                                      r
   - A2 P?' + -} <Bi (P2 + r2) "- B,, crr -l- B, aS} - C, {(1 - o) a2 + 2S2} r

                  -i- (,{fi2 + (1-o) r2} cr l- C,G -l- a) cy,er= Ks, (24)

   Ai Pr -- -S-- {B2 (P2 + r2) - B, crfi d- B, ar} - C, {(1 - a) cr2 + 2P2} r

                  - C3 (1 + if) aSr -}- C, {B2 + (1 - a) rE}a = KG, <25)

   pm A4 Pr + -li- {-m Bi crr - Bz･ crP -l- B, (P2 + r2)] - Ci {P2 -f- (1 - a) r2} ev

                  - C2 (1 -l- o) aPr - C, {(l - o) ev2 + 2PL'} rr= K,, (26)

   A3P r -l- -S-- {Bi crP - B2ar --i- B,, (BL' -t- r2)} --L Ci (1 -f- a) crPr

             - C". <P2 a- (1 - a )T2} c¥ - C, <(1 -- o) a2 -y 2B2} r =, Ks, (27)

   - t<L3ar + -21--{- Bi (a2 + rL') - B,, Pr --- B, crP} - C, {2a2 -p (1 - a) P2) r

                  -l- C, {a'2 -t- (1 -a) r2}3+ C, (1 -f- a) evPr = Kg, (28)

   - A4 crr + -21- {Bi Pr - B2 (ave --- r2) + B, evP} - C, {av2 + (1 --- a) r2} P

                 - C,･ {2a2 + (1 - a) B2} r- C, (1 --F a) crfir = Kio, (29)

  Ai crr +-g- {B2 crP - B, (cr2 ff- r2) - B, Pr} - C2 (1 + a) crPr

            - C, {2a2 + (1 -- a) Pg} r + C, {cr2 + (1 - a) r2]･ P ==r Kii, (30)

  A2 a'r + -i-{- Bi crP + B, Pr - B, (cr2 + r2)} + C, (1 + a) cvPr

             - C, {ct2 + (1 - a) r2} P - C, {2a2 -F (1 -- a) P2} r =:=-, Ki2, C31.)

 where
         K2 ! 'ttk2S"ge= .. S:.. Fi (e, rp) cos crg" sin plj de" drp,

         K3 == NI.L,,T･ S:oo S:. uF! (tf, rp) sin cys cos po d6 dny,

         K4 = = i' :･ ' S: ca S: .. Fi (itPv , n) siR a{i sin ig ty dg" drp ,

         Ks ="'pt 'it' :' S: sc Ico- .. F2 (g", o) cos cve' cos t91 dg" drp,
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            K6 ==' 'n.IT','S:.. j:coK(6' ep) COS ae Siii PO d6 dO' 1

            Ki =-.i-ES-Oeco Smoooo a- (g, ?) sin evg cos pq de dny, , (32)

            Ks =: i, S:.. S: co 4 (6, ty) sin crg" sin pep dg d?,

            K9 V' tl'ljj:.. S:.. 1;b (e' o) COS cr6 cos Prp dg drp,

            Kl, = : -il,- S.e". S-O" .. 4 (e, D) cos crg sin Pv cl41 di7,

            Ki' "= :iS: .. Srr .. file (e, v) sin crg cos prp de drp,

            Ki2 == .1-,, S: oo j: on F3 (g, v) sin agF sin Prp dgA dny.

  Equations(20FC31)are twelve in number, and so they are for the determi-

nation of twelve unl<nowns Ai, A2, -･･ C3, C4. (Cf. also equations (36),) Ki, K2, ･･･

Ki2 may be taken as knowR quantities, since these will become deeerminate

when L (x, y), 4 (x, y) and 4 (x, y) are given, by processing double lnte-

grations indicated in (19) and (32).

  When attention is resericted to a rectangular domain, whose sides are 2a

and 2b, the double integrations in (31) and (32) are to be writteR

                     S:ca S:.. de dq "" S1,Sf.dg drp･

the rectangular coordinates being taken as illustyated in Fig. 1.

        g 6. SOLUTIONS 0F SIMULTANEOUS EQUATIONS

  We shall solve the simultaneous equatioiis (20)-(31), in consequence of which

the twelve unknowns A, A2,･･･C,, C, will be determined. These equations

may be writeen in schematic form as is written in (36). To solve these equa-

tions, it will be convenient to divide them into twelve sets of simuleaneous

equations by taking advantage of their linearity, and to solve these sets

jndividually. The first set js equations consisting of

                K,¥O, Kb == K,=:･･･==K,,"O, (33)
and the second one of

               K, == O, Kh #: O, K, := KZ ==･･･== K,, =O, (34)

and in this way the last or twelfth set is equations consisting o'f



88 Bennosuke TANIMoTo No.6
               K, == K, == ･･･=: K,, == O, K,, fc O.

  In accordance with tliis procedure, let us iRtroduce notations with sub-

seript' such as

                      A n. A                      zzh zza, ･-･zz12, etc.;

then the complete solution of the present boundary-value problem consti-

tutes the aggregate of these individual solutions; that is to say, the stress

and displacement-components in question are given by the sums

         2. == f.i+f.,-Y ･･･+2.,,,･･････, XAY ==fY)i-YOE+･･･+XAYi2, 1 (3s)

         u==! ztl -l- U2+-･･ -l- en12, ･･･`･･. J
  In the first place, we take the case (33) in which Ki =tO and Kb ==- Kh =･･･

=:K12==O. To solve this set of equations our attention is directed to the

eleven equations ln (36) except for the first. This system of equations has

twelve unknowns, so that one of them may be free frorri their determination.

This freedom is denoted by letter 9i. After a simple transformation of

these eleven equations we have the equations given in(37). That is, we arrive

at the three equations

                    P, =at O, P, == e, A= e,

  Pi's having been defined in (16). This system of equations can be solved

without difficulty, and thus we obtain the following solution (38) for the

simultaneous equations(36), in which the subscript 1 is added to all letters in

accordance with the first set of equations. In this connection, there will

occur the three similar cases

       a == I% == Jl == e, L == 4 == P, == O, P, =nt 4= I% == O,

which, together with the preceding case, will require to solve the equa-

tions (l6) simultaneously, as noted before. We Row have

Ai! =nt { -2 ex"P + 3 ev7P3 + ll a5P5 + 3a3P7 - 2 aB9

                        - a (6 cr7P3 + 14 ev5P5 + 6 a3P7)}9i,

A2i == {5 cr7P2r + 3 cr5P`r - 7 cr3P6r - 2 crPSr

              - a (4 cr7 f32r + 2 a5 P`r - 6 cr3P6 r - 2 crPS r)}S?i,

A3i =.- { - 2evgBr - 7cr6P3r + 3cu` PSr + 5a2P7r

           - a ( - 2 cif8 Pr -- 6 cr6 B3r + 2 cy` P5 r + 4 cr2 P7 r)}9i,

A`i =: {2 crS B2 + 14 cr6P4 + i4 cr4 p6 + 2 ev2 ps

               -o (2 evsp2 -}- 12 cr6p" -l- 12 a4 P6 +2ev2BS)} .C)i,

Bii = (1 - 6) (2 cr9 P + 6 cr7P3 -- 6 av3P7 -- 2 apg) 9,,

>
'

l
I

l
i

l

(38)
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B2、＝・（1一σ）（一一2α？β2γ一・10α5β4γ一6α3β6γ）ρ1，

B31翻（1一σ）（6α6β3γ十10α4β5γ十2α2β7γ）91，

β4王翻（1一び）（4α8β2十4α6β4－4α4β6一一4α露β8）9エ，

C1正躍（2α5β3γ＋2α3β5γ）91，

C21＝＝（α7β2－2α3β6一一αβ6）ρ、，

C31＝コ（一α8β一2αGβ3＋α2β？）9、，

C41調（α6β2γ十3α4β47十α2β6γ）ρ1，

P11謂一（α9βγ十2α7β3γ十3α5β5γ十2α3β7γ十αβ9γ）」21，

constant　andα2十β2響γ2　as　before．

set　of　equa乞ions（34）has　also　its solution，　which

whereざ21　is　a　constant　andα2十β』γ2　as　before．

　The　second　set　of　equa乞ions（34）has　also　its　solution，　which
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  The above table implies that the first line corresponding to the omission of

cos crxcos Py in zAt and to the case i=1 gives the solution (38), the second one

the solution (39), and so on.

          g 7. GENERAL SOLUTgON OF TXE PROBLEM

  From the foregoing calculations we can get the general solution of the

present boundaryxvalue problem. First we take the case<33), inwhich Ki =¥ O.

The solution(38)is substituted into(20), from which9i becomes deterininate,

and then from the last epua'L'ion of (38), Pn also becomes determinate. We

thus obtain

            rPii == vali,S-ca oo S:.. Fi (8, rp) cos crg cos Pv dg dty, :== Ki, (41)

and the corresponding part of the complete stress-components is given by

     2'-.hi :=: S:S: Ki (1 + rz) cos ctx cos Py e-yz dcr dP, >

     :'y-hti == S:Sll' KB2 cos cvx sln Py e"yz dev clP,

     ZAXi = S: S: Ki cuz sin crx cos Py e-7z do d)g,

     xAxi =S: S:K tg (i +2a £-t2- - rz)cos crx cos py e-y. d,, dp, (42)

     yAyi ": S: S: Ki rP-,2 (1 + 2a pcr-;- - r2) cos crx cos py e-7z dd dp,

     XAYi =" pm S: S: Ki f'Pti' (1 - 2a -- rz) sin crx sin By e-vz cla dp.

  The displacement caR be feund to be gjven by the eqttations

 "i = 2i S: j: Ki S'- (i - 2a - rz) sin crx cos py e-yz dtu dp,

 vi := 21Elpt S: S: Ki -rE2- (1 pm 2a - r2) cos ax sin py e-ya dev dp, (43)

  Wi ": '-' flillpt S: S: Ki e {2 (1 - a) + rz} cos ex cos By em7z do dp,

where, as before, Lt is the modulus of rigidity, a Poisson's ratio, and

r2 at cr2 + B2. The above resuks (41H43) constitute the first part of the solution

for our probiem. (Cf. (35).)
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 The second part of the comp!ete solution is given by the equa"tions

    2)t2 --- Sii S [i KL (i + rz) cos cr:t sin I3), emya dcv dp,                                                             1

     9z2 === - S : S : Kl. Pz cos crx cos By e-yz dc¥ dp,                                                             i

    ZAiL･ == S: S: Kh ctz sin cvx sin Py e-7z dct dp,

     XAX2 -- S:S: K> #"e"' (1 + 2a £-l- -- rz) cos crx sln By e-yz d,, dp, (44)

     y'Ay,･ -t S:S:K tLi-(i + 2o 2-"[,- -- rz)cos cvx sin py e-yz dcv dB,

     xrtyN 2 == S: S: KL･ gl,P- (1 - 2a - rz) sin cvx ces Py e-vu dtv dB,

where

            KL- --"" .irmS:.. S:.. Fi (e, rp) cos ctg sin Pv de drp. (4.s)

  The corresponding displacement may be shown to be given be the equations

    u2 =" 2121paS:S: KL. S-i (1 -2a -- rz) sin crx sin py e-y2 dcr dp, 1

    zt2 = - 21s, S: S: Kle t-f･9-i- (1 -2o - rz) cos cvx cos Py e-yz clcr dB, i (46)

    W2 : -2iS:S:K;{2 (1 -a) + rz} cos cvx sin py e-yz dcu dp. ]

  The above results(44)K46)constitute the second part of the complete solu-

tion, which is due to the case where KL. =I= e, and alkhe remaining Kla"s vanish.

  The third part of the complete solution is given by the equations

    ZAt3 =" S: S: K3 (1 + rz) sin cvx cos Py e-va dcv dp,

    YA23 = S: S: K3 Pfl sin cvx sin Py e-7a dcr dp,

    fX3 =" - S: S: K3 crz cos exx cos Py e-7z dcr dp,

    xA.3 :- S: S: Kh S/ (i + 2a g], - rz) sin crx co, py e-,. d. dp, (47)

    yAy3 =: S: S: K3 e,42 (i + 2a tbl'l - rz) sin cyx cos py e-7z dex dp,

    XAN3 =S:S:4 ll/P (1 - 2a -- xz) cos evx sin py e"va da dp,



94 Bennosuke TANIMoTo No.6
where

                K3 "k,2Sumoo .. S:ceL(g", op) sin Lvgr' cos pny dg"' dq. (4s)

  The corresponding displacement may be shown to be given by the equations

     U3 :=t pm i,S:S: K3 'ill/, (1 -2a -- lz) cos evx cos py e-yz dev dp, 1

     V3 =: 2iilF,S:S: Kh S.L, (1 -2ff - rg) sin cxx sin PN e-vz dcv dp, i (4g)

    ZV3 =" - 2i S:Sec, Kg -}' <2 (1 - ff) ÷ rz} sin ax cos py e-7z dcu dp. J

  The above resuks(47)--<49)constitute the third part o'f the complete solu-

tion, which is due to the case where K,juOand all the remaining Kl"s

vanish.

 The fourth part of the coraplete solution is given by the equations

    2ti "= S:S: Kl (1 + rz) sin ax sin py e-y2 dcv dp,

    YAZ4 == - S: S: K4 B2 sin cvx cos By e-7z du dp,

    fX4 = pm S: S: K,! crz cos cux sin Py e-72 dcr dp,

    "AX4= S:S: Ki iS/' (1 + 2a tii,lli, -- rx) sin crx sin py e-7z dr, dp, . i (50)

    YAy4 = : S: S: K4 t7 (i + 2a -crb41 -- rz) sin crx sin py e-y2 dtu dp,

    XAY4 == -S: S: K4 //'E' (1 - 2a - rz) cos ccx cos py e-vz dn dp,

where

              K4 -t ti-i,S-O= oo S:.. Et (6, ?) sin cy6 siR fity de drp. (51)

 The corresponding displacement may be shown to be given by the equations

    U･i =" - 2L' S:S: K4 mll2 (1 - 2a - rz) cos evx sin py e-yz dtu dB,

    V4 == pmiS:S: K4 fl7L (1 -2a - rz) sin crx cos Py e'7z dtv clfi, (s2)

    W4 = - 2iS:S: K4 -;.- {2 (1 - a) + r2} sin ax sin Py e-7z dcr dfi.

  The above results (50)-(･ 52)censtitute the fourth part of 'the complete solution,

which is due to the case where K4 i= O, and alkhe remaining K}'s vanish.
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  The fifth part of,the complete solution is given by the equations

     fis =='S:S: Kli Bz cos ax sin pPy e-yz dtv dp, s

      5zs == S: S: Ks <i - tli' z) cos ctx cos py e-7z do dB,

      ZAXs =t S: S: Ks grP- z sin crx sin Py e-7z dcu dp,

                                                                   (53)
      xAxs =" S:S: Ks 92 (2a til3 - ex2z ) cos crx sin py e-y: dcr dB,

      yAys =: S:S: Ks 3E (1 + oS,-2- - 2P-ii z) cos crx sin pN e-y2 dcr dp,

      xAy, == j:j: K, -g- (i -- 2a e-..2--t' z) sin exx cos py e-v2 dcr dB,

where

               Ki == g, S:.. S:co4(e, rp) cos crg cos Po d6 dty. (s4)

  The corresponding displacernent may be shown to be given by the equations

      us =:= -iptS:j: K, grV･e- (2a + rz) sin crx sin Py e-72 dtv dP, 1

      vs ==t -21bS:S: Ks -;-{2 -tt. (2a + rz)}cos crx cos By eme7z da dP, i (ss)

      wb == -iS: S: Kl 9 (1 pt 2a + rz) cos crx sin py e-7a dcr d)3. j

  The above results (53H55)constitute the fifeh part of the complete solution,

which ls due to the case where Ks =t O, and all the remaining Kl's vanish.

  The sixth part of the complete solution is given by the equations

      2t6 == - S: S: K6 Pz cos ex cos py e-72 do dp,

      YAt6 = S℃ S: KG (1 - tt z) cos crx sin Py e-y2 dcr dp,

      2x6 "" -S:S: Kb 9Vr-Pz sin ax cos py e-7z dcr dp,

                                                                   (56>
      xAx6 == ha S: S: K6# (2a ill' - a2 z) cos ax cos py e-7z do dB,

      yAy6 = - S: S: KG 2-rP- (1 + a tle2 - 2P-2r z) cos exx cos py erm7z dtt dB,

      xAy6 = S: S: K6 -I;n (1 ---2a e-.3- -- t-r2 2) sin crx sln py e-7z do dp,
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              Kk '" ;,rm,,rmS:.. S:ca a. (g", rp) cos evS sin Prp dgrt' dv. ' (s7)

   The corresponding displacement may be shown to be given by the equations

      bl6 :` 2iill,,,SliSli K6 i}S-9 (2a -'F rz) sin crx cos igy e-7z dn dp, .

      V6 =" -2i S: S: Kk S{2 -//L(2a + r2)] cos exx sin py e-7z dcr dB, (ss)

      w6 == Sll S: S: K6 7B-,,- (i - 2a + rz) cos crx cos py e-yz dtu dp.

  The above results (56)-K58) constitute the sixth part of the complete solution,

which is due to the case wkere Kk ¥O, and all the remaiRing K}'s vanish.

  The seventh part of the complete solution is given by the equations

      2At? =" S: S: K} Pz sin crx sin py e-yz do dp,

      yAr7 ==: S:S: Kl (1 - tg 2) sin cec cos 3y e-72 du dB,

      2x,=-S: S: K7 cr-rQ cos ax sin Py e-TZ dty dP, (sg)

      xAx, == S: S: K} 9, (2a t? -- cr2a) sin ax sln fiy e-7: do dp, (

     /E,y:.:.'$ioo,:sE7E･E14i,:S?.tv,/B-2f.vsigg.x,s£B,x,egZ,{cr,g,Pk,,,1

where

                 Ki =: ITj:co S:.. JF> (g, rp) sin ag cos Pn d6 d?. (6o)

  The corresponding displacement may be shown to be given by the equations

     u7 =" 2121ptS: l:K7 gr9] (26 -F rz) cos crx sin py e'y2 da dp,

     v7 == -2iS:S: K7 -il-[2 -- e-,2 (2a + rz)}sin crx cos py e-vz dcr dp, (6o

     w7 == -- 21llptS: S: K7 -97,(Z -2a + rz) sin crx sin py e--v2 da dp.

 The above results (59)-(61) constitute the seventh part of the complete

solution, which is due to the case where K7 i= O, and ali the remaining K･'s

vanish.
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  The eighth part of the complete solution is given by the equations

     f's =: - Srr S: Kk Pz sin crx cos py e-yz da dp,

     yAt3 = S: S: K6 (i -- el' 2) sin ex sin py e-y2 do dp,

     2'-:'r, = S: S: 4 -criEz cos cex cos py e-yz da dp,

     fXs "-S: S℃ Kg -rP-2 (2a t) - ev2x) sin crx cos py e-72 d. dp, ' (62)

     yAys =' -S:S: Kk 3E(i + a9,2 -- SX2) sin crx cos py efpve do clsg,

      Os == -S: S℃ Kb '?l-(i pm 2a t9,3 -- 9' z) cos ax sin py e-7z dcr dp, .

where

               K6 =" },S:ou S:.. I7L･ (g, ?) sin cre sin Prp dg dq. (63)

  The corresponding displacement may be shown to be given by the equations

      us =nt -ij℃ S: Ks cr-re (2a + rz) cos crx cos Py emvz da dP, i

      v, = -i-pS: S: Kb -IL-{2 -e--,-2 (2a + rz)}sin ax sin py e-7z dcr dp, i (64)

      ws == 2-ILpt S: j: Ks -rPm (1 pt 2a + rz) sin crx cos py eHv2 da dB. I

  The above results (62)-<64) constitute the eighth partof thecomplete
soltition, which is due to the case where KS l= O, and all the remaining K}'s

 vanish.

  The ninth part of the complete solution is given by the equations

      2Atg = i: S: Kg crZ sin crx cos Py e-7z dtv dfi,

      yAzg =t S:S: Kb eY-zsin ax sin Py e-7g da dp,

      zAxo :=" S: S: Kg (1 - exumr2 z) cos crx cos Py e-7z dcr dp,

      x"Xxg " S: S: Kg 2rmra (1 + arEi"- - iS71 2) sin crx cos py e-yz d. dp, (65)

      YAYg '` i: S℃ Kg -ll, (2a l'f -- P2 2) sin ax cos py e-7z cla dp,

      xAyg "nt S: S: Kg g(1 pm 2a S;'- - cr-r2 2) cos crx sin py e-vz do dp,

 where
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             Kg "= l,b, S: co S-M ua4 (e, rp) cos ag" cos Pv dg" drp. (66)

The corresponding displacement may be shown to be given by the equations

     Us =" pm /'-pt S: S℃ K" l'[2 -tE'2 (2o + rz)]cos crx cos py e-7z dcrdp, i

     Vg == pm ip2I:S: Kg crr'E(2a -i- rz) sin crx sin py ept7z dcr dp, i (67)

     w, == -//l,, S:S"o" JK, -;l2 (i - 2a + rz) sin crx cos By e-7z dcr dp. 1

  The above results (65)-67) constitute the ninth part of the complete solution,

which is due to the case where Kg =¥= e, and all the remaining Kl's vanish.

  The tenth part of the complete solution is given by the equations

    zAtle == Seoe SOoO KIo crz sin crx sin Py e -7z dcr ds,

    yAtie '=t pm j: I℃ KioIG- z sin evx cos py e-ya dcr dfi,

    .Ax,, ..Se,e SX K,,(1 - ttt z) cos crx sin Py eww7z da dP, t (6s)

    xAxio =S: j"oO Kio3fa (1 + a7B-,2 -X2 z) sin crx sin py e-7z da dp,

    YAYio =" Sooo S: Kio'Sr2 (2age-r2 -P2z) sin ax sin sy e-7z dcr dp,

    xAyio === - S:S: Kio9 (i - 2a Str' -E '1 z) cos ex cos py e-7z d. dp,

where

            Kie =r l-2-S:.. S"ww= oo Jgrig (g, rp) cos cte sin prp dg`'- drp. (6g)

  The corresponding displacement may be shown to be given by the equations

    uio " - 8ft S: Sca, Kio-l-I2 -Y-.ll (2a + r2)} cos evx sin py e-7x dev dp, l

    vio=2tk,S:Ioo, Kiogr8s (2a + rz) sin a'x cos By e-y2 dev dP, i (7o)

    Wie ==: -iSOoe S: Kio -l;, (1 - 26 + rz) sin crx sin Py e-7z dcr dp. 1

 The above results (68)-(70)constitute the tenth part of the complete solution,

which is due to the case where Ki,=¥= O, and all the remaining K)'s vanish.

 The eleventh part of the complete solution is glven by the equations



No.6 On the Generalized Boussinesq's Problem. Part l 99

     ZAtn "= - S: S1; Ki crz cos crx cos slls, e-T2 dcr dp,

     YAZii =" "-- i: S: KiifirP- Z COS crX Sin Py e-Vz da dP,

     z-x'ii == S: S: Kn (1 -- ErfZ2 z) sin crx cos py e-7x dcr dp,

     xAxn ==" -S:S: Kii27a (i ÷arB--tr -S-i 2) cos a･x cos py e-72 cla dp, ' (71)

     YAMi = - S: S: Kii -;2 (2a ttt - P2 z) cos crx cos py e-yz dcv dp,

     xAyii = S: S: Kli -e- (i - 2a #-L/- -- $' z) sin ex sin By e-yz dcr dp,

where

              Kli == l--b-S-"e .. Sve'O co I7li (ig", rp) sin cr6 cos prp dgfi drp. (72)

  The corresponding displacement may be shown to be given by the equations

      Un == - 2E'i S:S:Kii 'l"'{2 -- il.l-(2a + r2)]sin crxcos py e-7z dcv dfi, H

      v" == 2}}- S: I: Kn grPg (2g + r2) cos crx sin Py e-72 da dfi, i (73)

      Wn =" /-ttS: S: Kii Lcrr'2 (1 - 2a + rz) cos crx cos p)J e-ya dct dp. 1

  The above results (71)-(73) constitute the eleventh part of the complete

 solution, which is due to the case where K!i=¥= O, and all the rernaining K}"s

 vanish.

  The twelfth part of the complete solution is given by the equations

      2ti2 =: --- S:S"oe K,2 ne cos crx sin py e-va dev dp, )

      yAxm= S:S"oO K!2 q-ie2 cos ax cos py e-7z dcv dB, ･

      zAxi2 === S: S: Ki2 (1 - ///- z) sin crx sin Py epmVZ da dP, (

                                                                 (74)
      xAxi2 = - S: S: K12//a-'(1 + a /r --- S:r2- 2) cos ex sin py e-yz dcr dp",

      YAYi2 :== -S: S: K12S2(2ocr-r2- pt P2 z) cos crx sin Py e-7a dcu dB,

      XAYi2 =" -Sooo S: Ki24. (1 - 2at?. -tPz) sin crx cos By e-yz dcr dp, .

 where

              K12 '" l'il:.. S:oo I> (g, q) sin cre sin plj dg drp. qs)
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  The corresponding displacement may be shewn to be given by the equations

     ui2 == rm i,S:S: Ki2-il-{2 -il;,2 (2a + rz)] $in crx sin py ewwvz da dp, l

     Vi2= -- SptS: S: Ki2CL¥i, <2a -l- rz) cos ex cos Py e-vx dcr dB, i <76)/

     wi2 ti il: S: Ki2 f2(1 -2a + rz) cos ex sm py e-vz dev dp. I

  The abeve resu!ts(74)---<76)constitute the twelfth part of the complete solution,

which is due to the case where Ki2ie, and all the remaining K}"s vanish.

  As was stated ln C35), the complete solution oi the present boundary-value

problem is given by the aggregate of the twelve constituent solutions obtained

in equations (41){76).

           g 8. SVMMAeeY OF THE GENRAL SOLUTIeN

  The foregoing solutions (41)-(76) can be rearraBged in compact forms,

though rather inconvenient afor individual applications which will appear in

a subsequent article. For instance, the coinponent 2t can be written

  2,==(2A.,+zA.,+zA.,+f.,)-F(ZA.,+7AZ,+2A,,+ZA.,)+(ZAk,+ZA.,,+22ii+2A.i2),

    == S:S:(1 + rz) (Ki cos exx cos Py + Kbcos crx sin Py -l- K, sin crx cos py

                                     + K, sin ax sin Py) e-yg dcr dP

    + S: S: Pz (Kts cos ex sin Py - ts cos ax cos Py + Kl sin ax sin 3y

                                     - Kts sin crx cosB y) e-va dn dP

    + SOoO S: evz (K,sin crx cos Py + Kiosin ax sin Py - Kiicos evx cos Py

                                    - K2cos crx siR Py) e-y2 dcr dp,

which, with the values of Kl 's, is rearranged in the form

 ZA' ==' .xl'2T S: dcrS: dPS:.. S:.. [(l -e rg) L (e, v) cos a(x - o cos fi(y - rp)

                     + P2 4 (6, ny) cos a(x - g) sinP(y - rp)

                     + az Jeq (e, ry) sin cr(x - 6) cos P(y - rp)] e-7z d6 drp. (77)

 The remaining stress-components can siiniiarly be rearranged in the forms

 :Ayz = }il-,- S: da S: dB Sil .. Sil .. [Bx iFli (e, rp) cos cr(x - e) sin p(y - ny)

                    + (1 - Ef2 z) E, (4, T) cos cr(x - 6) cos i3(y - o)

                    + E¥eL z f?g (g-, rp) sin cr(x - e) sin p(y - rp)) e-7a de drp, (78)
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  zAt =" ", S: daS: dP S:ou S:.. Cac L (g, v) sin ex(x -- e) cosp(y - rp)

                  + eLPz A. (6, rp) sincr(x -- e) sinp(y - if)

                    r
                + (1 -- tt2- g).lili (g, rp) cosa(x - e) cosp(y - rp)] e-yz de drp, (7g)

  xAx =# ;, S: dcr S: dP S:.. S:.[g2, (1 + 2a ge, - ra) a (g, rp) cosa(x -o cos p(y - ?)

           +4(2a t) -- a2z) i> (e, rp) cos cr(x - e) sinp(y - v)

        + 2-ra (1 + atry -- S-;- 2) JFli (g", rp) sin ex(x - 6) cosP(y - rp)] e-7z d6 drp, (so)

  yAy -- -.1.. S: daS: dP S:.. S:.[tl. (1 + 2ff -ap;" -ri rz) L (g, rp) cos ex(x - g") cosp(y ---v)

           + 2113L (1 + a S,.2T -i#z) 4 (e, rp) cosa(x - e) sinp(y -- i)

           + "III,(2a Eil2L - p2z) 4 (g", rp) sincr(x - 8) cosP(N - o)]e-va dg" drp, (81)

  xny = ff1.ly- S: da S: dp S: .. S: co [- El/3, (1 - 2a - r2) Fi (6, ry) sin cr(x -- e) sinB(y - rp)

           + -lll (1 - 2a 9,i- -- t?" z) 4 (e, rp) sina(x - e) cos fi(y - q)

       -y --9 (1 - 2a si,- -- si' z) I?b (6,q) coscr(x - O sin P(y - ty)] e-7g dg do. (s2)

  Also the displacement-components can be rearranged in the forms

  " '== 2.12F, Sii dcrSli di9 Sil .. Sil.[:;, (1 - 2a - rz) L (6, T) sin ex(x - e) cos gg(y - rp)

             --- El/e (2a + rz) K (6, v) sina(x -- g-) sinB(y - rp)

       -;[2 --- tr2, (2a + rz)] Fle (6, rp) cosa(x -･ g) cosP(y - rp)] em7a de dq, (s3)

  v ==2.12pt- S: da I: dP I: co S: .. [ -9J, (1 - 2a - rz) Fi (g, v) cos cr(x - g)sin p(y - rp)

       -"(2 - fl (2a + r2)} n- (g, rp) cos ex(x - g") cosp(y - rp)

             --- gr(i･ (26 -}- Tz) tiig (g, )7) sincr(x - 6) sini9(y - rp)] e-vz dg drp, (s4)

  w ==" z.-1-2-y S:; da Sli di3 S lca Si: .. [- ;- {2 (1 - a) + r2}4 (8, rp)cos a( x- g) cos P(N - rp)

            - -P-, (1 - 2a + rz) 4 (g, q) coscr(x - O sinP(y - rp)

              r
         - -;;, (l - 2a + rz) 4 (g, rp) sina(x --- e) cosP(y - ty)] e-vg dg d?. (85)

  In these equations a denotes Poisson's ratio, and ,a modulus of rigidity,

which are connected with Young's modulus, E say, by the relation

pt= E/2(1+a), and r2== cr2+P2. a(x,y), 4(x,y) andFh(x,y) are given

functions, representing the three kinds of external forces applied on the
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bounding plane of the semi-infiBite solid. (Cf. equations (4)-(6).)

  It can be seen at once that, on the bounding plane 2== O of the semi-

                                trx A t-xinfinite solid, the three components zz, yz and 2x, which are given in equa-

tions (77), <78) and (79) respectively, reduce to equations (4), (5) and (6), or to

the assumed boundary conditions (1), (2) and (3). In addition all the stress-

and displacement-components will vanish for large values of x,y and 2; as

for z, this is at once seen in virtue of the factor e-vg, both r and z being

positive, while, as forxand y, this is also valid because of the proper

characteristics of Fourier's illtegral.

  It has been verified also that the solutions(77E(85) satisfy the three stress-

equatlons

                    t'-h A A                   .aattX -t- %lt.;. -fM %ZzX .. o, ......,

and the six s#ress-strain relations

         a,-i----i--{AAtx-a(yn7'+zA.)}, ･･ei･･ e,-W+lE-7yAz, ･････u

  Thus the equations (77)-(85)above are the required solution of the generalized

Boussinesq's problem, in which any distributions of the three kinds of

external forces are gi'ven on the bounding plane of the semi-infinite elastic

solid.

  Now since the complete solution has been obtained in compact forms as

in(77)-(85), the foilowiRg remarks should be noted. That is to say, it would

be rather preferable that the original assumption in the typical solutions

(8) may be replaced by the alternative forms

  ip :-: {Ai cosa(x - g) cosB(J, - rp) + A, cos cr(x - g") sin "O(y - v)

     + A3 sin a(x - gfi) cos P(y - ny) + A, sin ex(x - g"') sin P(y - rp)} e-ye,

  ¢ == {Bicosa(x --- g) cosP(y - q) + B2cosev(x - gA) sinP(y -rp)

     + B3sin cr(x -- 6) cosP(y - u) + B,sin ex(x - O sinP(y - rp)} e-7x,

 z = {Ci cos cr(x - 8) cos P(y - rp) + C2 cos a(x - 4) sin P(y - n)

     -l- C, sin cr(x -O cosP(y - rp) + C, sin ct(x - c") sin P(y - rp)} ze-yg.

 Several examples of the general solution (77)--C85) will appear in tke succeeding

issue of this Journal, together with their numerical evaluation. It is added

                                                             8)that an abridged version of the present work has appeared elsewhere .
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