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    Synopsis. From lnterpolation formulas for the function of two argu-

ments, general expressions for the double definite integral or mechanical

cubature are derived. Various rules for the mechanical cubature can be

formulated from these expressions, and they will be useful for practical

evaluation of the double integral even when this is diracult or impossible

to evaluate. The procedure can easily be extended to the evaluation o'f

triple integral and so on.

                               '    S 1. We have sometimes met with the evaluation of the definite in-

tegral ''
                          I :r- S:' f(x) dx,

a and a' being constants. When this integra] is dieacult to evaluate
by means of analytjcat process, we have to rely on the numerica] method

which is known as mechanical quadrature.

   Elementary rules for the mechanical quadrature that have widely
been used are:
                                                             '
   Trapezoida] rule, of the form: I= tt---(Yo + Yi),

   Simpson's rule, of the form: I = -g---(y-i + 4yo + pti),

    and so on.

    ss 2. We aJso encounter with the double definite integral

                     i =- Si' S:' f(x, y) d. dy,

where a, a', b and b' are constants, and the integrand f(x, y) is for the

time being supposed to have no singularities within the domain con-
sidered. Numerical mathematicai method for the integral last written is

called mechanical cubature. In this regard, duplicate use of knowp rules

in the mechanical quadrature have sometimes been employed, aimost no

further developments have been made, and no systematic process of
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   1) An elementary treatment of the prob!em may be feund for instance, in
Steffenson's `Interpolatien.'



the mechanical cubature seems to have been proposed.

    The present work is in deducing general expressions of the me-
chanical cubature, by beginning with Stirling interpolation formula, and

Bessel interpolation formula for the function f(x, y).

   Furthermore, general expressions for the `mechanical biquadrature'

can also be written down; and,in. addition, general expressions !or

multiple integral o£ higher order may be written down if required.
   My temporary necessity to work out general deduction in the me-
ci}anical cubature has its erigin in the evaluatiQn of a series of double

definite integrals such as

      S,eO S,co o+T2) cos aAr cos ggy sin aa sin igb e-7: d."Bd-B ,

      S,co S,"" {2 a-a) + rz } cos ax cos dy sin aa sin i?b e-vs 4t-aBt-{I9, etc.,

where

                           T2 = a2 -t- 32;

and a, b, a, x, y and 2 are here supposed to be constant. These integrais

presented themselves as the solution of a Boussinesq's problem of simple

character2). It would not be so easy to evaluate these integrals by

   2) The problem treated was that a semi-infinite elastic solid is pressed by a

uniferm lead, Q, within a rectamgular area 2ax2b. Th-asw procedure ef solving it

has been proposed by me, and it is

 u-- -i- g{-+ifi[-8.-ff2+(i-a)(5-}+bO.-)rr2)x+2ipt(ES;-8.-)ip, J･････,

 x, .,. g'ililof.. .{(,s:"i,+ ,a-:',),2-(i -- a) ,-,a)l'[f)z +(,22a-,- - bs-gi)ip, ･･････,

 y, ==a- y07a¢.- +(-a-I"O-2oiff2+iSa -oOit(-bi+t[}+8.-)72}x+ '2i (o'.O'"-ay-tS22+Eirllt'2-a2'/'ie)e, """,

other cemponents of displacement and stress being given by means of cyclical

interchange ef x, y, x; and of, z and ip satisfy the equations

                      72oj==O, v'!x==o and 72ip=o,

where

               v2 "" e/' "-'fi ÷ tgl22 + bZ?E.･ ff2 ==' a',a'i2+ a9"5.+ b2' /-a' y' '･

   The boundary condition may be expressed

            (zle )=-o= -S'ISI'SZ S oC" ! oC'cos ax cos tw sin aasin Bb {I:-!-ill-9 ;

and the stress distributien results in

   Zle = -{iS} ! ;' l oco(1+ rx)ces ax cos tw sin ax sin Bb e-7x(ig-.-dBP-,

   y: =-4LQttl(.lil!ocoiecocos ax sin fiy sin aa sin Bb e:y=(IY･ dB, , ,

   z,e =r- -{ntLll,Xioe"Soco sin ax cos py sin aa sin i?b e-v"dadigB, ' '
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means oE analytical method. To such cases the theory here developed

wi]l serve effectively. In fact, it is not so laborlous to secure two

effective figures of results by means of mechanicai cubature.

    Torsion-problem ef a prism also requires similar evaluation as to the

torsion-function, an example of which will be given elsewhere3).

                                                          '

A. ON THE MECHANICAL CUBATURE OF STIRMNG TYPE
                                                   '    S3. We.take the doubje definite integral

                       f= S".' Sb,' f(x, y) dx dy, --･･-･--･･-･--･-･--･-G)

where a, at, b and bi are constants, and

                aKx s: a', b$y im<. b'.
For convenience sake, the integrand f(x, y) is here supposed to have

no singularities with{n the domain considered.

    Now the central inte:polation formula of Stirling type for the funetion

f(x, y) may be written in the lorm

    f(x, y) ==..Eb.,.-,l#i[q(tt, fD q(v. s) d2r2s+e(u, D q(v, s)-S--d (2.+i) 2s

            +if(x･4 D di(zb s) Sd.or (2s+"+J'(u, D 0(V, S) 'k"d<-or+i)(2s+i)],

                                               ････-･･･････････････････････････-(2)

where

                 u,= KmhXe, v=oj-IkY･o,

,,(fi, .),.e2(e:'=."i)(.Oww2.t.t.4-,)::i(a2-.ur::i.2?, e(o, .)=-mO..Cq2hei-).nyS.-0.lfit.)i-'',L(um02nvY2-) ,

   x" = -4.(2? ! eco ! ,ca(i+2o2i -rx)cosax cos 3y sin aa sin Bb e-v:£-r-.i dtzdi?,

   yl, .. -f.I-tl･9- ! oO' i. oe'(1 -i-2aaB"/.i -rpt)ces alt cos tily sinaa sin i?b e-YsaBrm2 dctdB,

   1(!t ==4un.S' ! oco ! oco(1-2a-rz)sin ax sin flysin aasin Bb e-Y2 fa dudB,

and it weuld be of some interest to note that the appearance ef these expressiens

is much similar to that derived frem Boussinesq's potentials.

   The vertical displacement is given by '
   tv -um.2'2[-Il･- ! oco 1 oeQ{2(i-a) +rz}cos ax cos ay sin aa sin Bb e-vx[llligfllB.

   Recently, with the aid ef two students at the Shinshu University, Ihave

worked eut the general solution of Boussinesq's problem, in which any distri-

butions of the nermal pressure and the shearing forces within the rectangular

£orm ef loaded area are assumed on the tep surface of the semi-infinite elastic
solid. The solution is again made up of a considerable number of double Feurier's

integrals.

   3) B. Tanimoto, `Difference Method fer Partial Differential Equations, Part
II,' Transaetions of the Japan Society of Civil Engineers, September 19s3.



and differences are here written in brief form.

    Let the intervals (a'-a) and (b'-b) of the integral (O be both
divided into 2yhx2yk -small divisions o'f equal distance, so that

                  a- a' = 2trh, b' -b = 2yk.
We then have
      a == xo - yh, aX = xe -f- yh, b :No - pk, b' = pto + yk.

    Then the integral (1) in question transforrns to

             I= S:' I:' f(x, y) dx dy == hle, S"- . S "- . F(u, v) dM dv,

where F(u, v) is represented by the right side of (2). Since the e-

functions are polynomials of odd powers so that integrations of them

between -y and y vanish, the equ.ation last written simply becomes

            J=" hk. .E"},=. Ij v-"- i d2r 2s S"-. q(U, Ddzt SZ. q(v, s) dv･ '" ''' #" '" ''`'" B)

   We take the function g(0, u), and on expanding this we may write
                q(e, v) :l--//il--- ii.l},-l(-)t A, (y-1)e2v-2t,･･･-････････････-･･･1･･･(ct5

                        /....-
where
   Ao(Y)==1, A,(v)=12-i-22+32+･`.+p2,
   A,(y)==12(22+32+･･･+v2)+22(32+42+･-+y2)+･H+(ymO2y2,
   A,(v)=12{22(32+42+-･+y2)H-･32(42+･･i+y2)+...ffH(ymD2y2}
                                                      '          *?].[3.]sgl.#･tJwwy-},t,e-"ss:,+..pl)+y2)+･･-+(y-i)2y2, lt........(,)

    4i-l-----------ti---t------------l--P i

        )== 122232... y2. J   Av (Y

   s 4. For actual evaluation of these coecacients, the follovving recur-

rence formula is useful:

                  At (y)=At (y-1)+y2At-i(v-1). -･-･-･-･-･-･-･-･-･(6)

   On integrating both sides of (4) between -p and p, and substituting

the result into (3), we have
        i=`hle.+#=ot'ii'liveiII'2A"'9'{:l'it?'ll7]

               × 'IEi (-)` S//--(S-i-tt-l-l･ y2rny2`"' X (-)t #---g`.-(-//-,--"F" iiy2s-2`"i,････-･(o

which is the required general expression. It is to be noted, in the right

side o'£ this result, that, when tformally takes -1 which occurs in cases
of pt=O and s= O, we understand that

       [(-)` 2A,t`nv(Sft)iy2""2`)1,.=,= 1, [(-)` 2As`-(i-+llp2S-ftt],..., :1;

for in this case we have q(0, O)=:1, and then

                 --i-- I"-. go (o, o) de - -5- /L e)"-. -v.
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   For the convenience of practical use,

coethcient At (v) are given here (Table 1)

              Table 1 Numerical values of

CUBATURE
 '

some numerica]
:

coeMcient At (p).
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   '
   S5. As a simple example of the general expression (7), we take

                   y=1 and retain terms in d2'
                                            '
and shall obtain a rule, which may be ca]led Simpson's rule of the first

kind in the mechanical cubature.

   In this case we first have

            i = 4hk ((oo) + ISt d,, × 'k" +v.ik: A,, x g),

or on rearrangmg
           I == 4hle -g {2(eo) + ao) + ao) + (ol) +(or[)}.･-･････-･････････+･･･re)

This rule is illustrated in the following figures (Fig. 1).

                Fig. 1 Simpson's rule ef the first kind.

                   (Domain of integration=2hx2le.)

      la･ LetEl.c..g..aryenge.g.}.f A. 1.:...... .. .1.P. .. W. e.lght tabie.

                                                '"" ""''"" 'F

         . (ei) oi ol       t
       1 ""' '' '""'"''' ""'-"""""""""""""""'
       2h ('Io) (oo) (10) 1 2 l       I
       l -----------""""""""""""""" '''"'""""""""""""""""･       "- (o'i--) oi ei
          """'III"' 'E, ''' I.i"""" -ww'mm'mmww":"i-'EI"I""'ww"""'

   This rule is in accordance with that which is obtained by means of

a more elementary method, in which a quadric surface of the form
              f(x, y) == a+ bx + ay + dx2 + eay -F ts2
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is assumed. In fact, on the assumption that the quadric

six unknown coethcients, can be determined so as to
which are marked e in the following figure (Fig. 2).

              Fig.2 Fig.3
i-l!-

2k

k

h

 21< -'1±
o

6=in

s,...

. l

1-

surface,

pass slx

×i
              1.
        F,1,

weight table given in

at once gives us the

  o-g

Fig. 3.

we.ight

No. 4

h

In this way we
duplicate use of

Fig. 1 (right, lb).

   When the above
the well-known･

the limit ]im Ll(b'-b),
        bt"b

        1,i)ge, b/

On the otl}er hand,

 ii.m,Smfei==,ii.m,lk

which is the one-dimensional

having

points

      2h

  can obtain the Thena
 this weight table table of
     rule (8) tends to one dimension, it will reduce to

 Simpson's rule in one dimension In fact, if we take
      we then have

I-b == ilm.,,bii-'bS."'S:'f(x, y) dx dy =:ii'f(x) dx.

   the rule (8) in this case becomes
 4Jzle -i6L- {2(oo) -t- (io) + (io) H- (oi) + (oD} : il { (O +4(o) -i- (D},

           Simpson's rule.

(7)

I=

or

Th

 g 6. If in addition to the above rule (8) we retain term in d22,

becomes
4hlegl

g[16(OO) +4{(10) + (iO) + (Ol) + (Ol)} + {(ID + Cl I) + (Il) + (rD}]

briefly

                hk             lr = g ･{16(OO) -t- 4E]CIO) + :i](11)}.

is rule is illustrated in th.e following figure (Fig. 4).

                    Fig. d. Weight table.

                (Domain of integration= 2hx2k.)

                I.' 'i ...i...I'TIi" ' l

                I 4 16 4"'1･ .,. h-gkl

                                  i                      l
                   il (i i

then

,･･･ (9)
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It can easily be proved that this rule (9) may also be derived by
duplicate use of the known Simpson's rule in mechanica] quadrature.

The rule is customarily used in navai engineering in computing the
displacement due to a vessel fioating on the water.

   g7. I'E in addition we take terms in A,o and AoJnto account, we

obtain

               hle
           I = 4s { 68(OO) + 242(10) l- 5E](11) - Z(20) }. ･････-･････････(lo)

This rule is illustrated in tlie following figure (Fig. 5).

             Fig. s Weight tabie for mechanica! cubature.

                   (Domain of.lntegration== 2hx2h.)

                           -1

                     ･g--""' ,,' I' g"

                         t/                                     '            I -1 24 68 24 -1 == fi-Zf
            i '""'"""'
                     , "l "//,""""'wwg""' rrm-'-''-"'

                        I "l

                           -1

    Asa simple example of the above rule (10), let us take the ele-

mentary integrai

                         pt .gT                   f == .'o2'So2 cosxcosydx dy;

the resuit of which is at once evaluated as unity. From the integrand

f(x,y) = eosxcosy, we have lattice values as follows (Fig. 6) :

           Fig. 6 Lattice values of integrand f<x, y) =cosxcosy.

                            -.500,OOO

                    L' l'' ''
                        oio o
                   . ttttttttwwttrmtt.tt tt tt ttttttttt . t                                       o -.soo,oool
              .500,OOO                      .707,107                              .500,OOO
                               . .. .. "l
                              .707,I07                     1.000,OOO                                       e

Here we have to take

.500,OOO
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We

the

                       h= le = !1.
                                4
thus obtain

  l= (-"4-)2 4-1-s{68×O.soO,ooo+24×1.414,214+5×1.100

    =O.999,860,

error entailed being

        O.999,860-1   E == 1 == -O.OOO,140 = -O.O14%

,ooo-o}

   g8. In the second place, we take

                  v=2 and retain terms up to AB;

and shall obtain a more accurate rule for the mechanical cubature.
From the general expression (7), we then can obtain, after rearrange-

ment,
       I =L- 16hks-B-,1-7-6b{1 , 228 E] (OO) + 4, 160X (10) +4, 76s E] (") + 712Z (20)

           +2, 0482(21) - 64Z (30) + 343Z (22) - 80:E] (31) +13=(40) }. ･･ ･ (11)

This rule may l)e expressed in the schematic

 Fig.7 Weight table in case of

      (DGmain of integration =

-80

13

 from as follows

y == 2, n -nd 4.

4h×4k.)

i

I -64
l

-80

(Fig. 7).

t
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343
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712
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-64
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2,e48 1 -8e

   t
,3 l
   i

2, Cij.8 I 343

    l

   13
I

= ag-67,O-,O-i

    I
-so I
    l
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   g9. As a simple numerical example of the above rule (il), we take,

as before,
                       ' rt ''t
                            -ttt                   i= l.g2L I,2 cosxcosydx dy.

                           'Then we have to take h=:le=a/8, and the corresponding lat,tice values

become as follows (Fig. 8).

           Fig. 8 Lattice values ef integrand f(x, y) =cosxcosy.
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I
I-'500,ooo

  o
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l
1

      i
-.353,553 i-.270,598

l
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.5CO,OOO.653,282
      [

.853,554

o

.353,553

.707,107

.923,880
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-.146,4･46
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146,4A-6

27e,598

.353,553

      III1.000,OOO t923,880i.707,107i.382,683

.853,554 .653,282
E
.353,553i

o

o -.146,4.ti.6

o

l-･27o,sgs

tt

o -.353,553

      I
..soo,6ool

o

Then

  I=() ,760+4,768×1.707,106
                                          .OOO,OOO-64×O.765,368

    -80×1.414,216+13×O)=1.000,OOO,

which shows a perfect accordance with the true value.

   An alternative forrn of the present rule, which is written in the
form of respective differences, will give the numerical result

  Jr =(-ii-･)!× Co.soo', ooo-o.Iol,4g3 -- o.oo6,gs2 -o.ooo,gs t-o.ooo,oo"

                     tt                                 '
in which we clearly see the convergence of respective differences. From

the standpoint of practical calc"Iation, the discrepancy between the
above two results would be of no importance, since the significan't
figures here employed are six in number throughout the calculation.

                         .soo,eoo

 we have the result

 -III 2s--6-j17･-b6[1,22s×o.soo,ooo+4,16o×1.s47

+712X1.414,214+2,048X2.613,126+343×1
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   g 10. In what folJows, attention will be confined to the case

                       y == -li--.-..".".""..--"."."."."i".".-.."."."(11)

From theoretical standppint, it is widely accepted to be desirable that

the arguments zt and v in the interpolation formula should be as small

as possible, and that they do not exceed unity. The least value of y
in this case is 1/2, so that the integration may take the form

                    .ig... h ･
              Io = S:.it. Si', f(xo+g, ye+v) d6dT. ･････t･･･････････････(i2)

                     no
This integration affords the result extending over one division whose

area is hle, and the sum of such elementary integrations wi]l afford the

required result of the integration in question.

   S 11. The general expression (7) is then written

I n O'+S d?r 2s t'-1h"fe ;=,'+¥--･o s2-..elMl2T!- l 2s i., (-)t 2A't't':L<5tt-32 t-"-,1:nv :-tS,#,i (im)t l's'`t<i:'J'l ioisl'.T. o.i. t''(13)

          th- /Li-

                  ci,:iil,1,-:(-)tS-lb-t8Pi--,rm-ii,)i2,,-i,,-,.,,

then the equation just written takes the simple form

                  I 't "+S d?r 2s
                  h'le' - ..pu., ,:., aa FItt,I-1..2..tv'･

For fust values o£ P, the coethcients Clo's are computed in the following.
We first can write down
    Co :=: 1,

       - A,(O) 1    Ci - rmuag- 2Lor,

    C2 == 4"//("1)L Si im 4nvi3(A')- ,ie.･ .

    ci, =: 4o,(.2..). {2I,,. .- Auais(.r2.2 2i.,. . 4-2,.(T2.).. tt., ,

    c, = 4-･o,(3)- 21,- - 4i,(3) i},- -- A2,(-3) S,, - 4-!g(3-->- ,i..･,

    Ck = A'l'S4') un21o-4ig(l) t2s'+4"'2,(`) S･;-4"'tt("g'2 21t"Ff'fl",('`"2' le.,.

Then we have, on rearranging, ･' ･
    c, -1, c, = ;2, C2 :=: -/･4-7-6･ Cli == 1?g.Z4･

           27,859                          1,295,803    (]i =" ini''i-;"'stto'''"･･ C3 "= --gttua,7g2'''' '''"'"''''''''"'"'

Now the above equation is written
    zii'-le == c,c,zf,, + r//-'9-rOQ.1 (d,, + zf,,) -}- E,-E '･ti-?}- (zf.,, -}- it,,,) -i l-2C.iC'IIii.A22
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      a- fi-3ttfoe-.ua (d,,, -- li,,) a- I/L.-2-9'-lj (d,, + d,,) + li//`'9/oO.I (dso + dos)

                                           '      + fi./1..t]}9.l.lj (dt;2 + li2(}) ,' [.St2ttk d4･t ,- t,C,'fig.61 (liio e "im lie io)

      + k.tL -Sl>-. (d,, + d,,) + [-,CS3tk, (d,., i- ti,,,)+････････.･･･....

Then the substitution of Cp's into the above equation gives us
    ile- = d,, + 214- (li,, + d,,) - s;It/-6-6 (d,S + d,,) + s-176 d,, '

          367                                             27,859                           17      + grm67 6unsrmo' (d6e + de6) H i-3"g",2r4ro (d42 Sm d24) - 464,,4s6,4oo (dso + dos)

           367                               289
      'F t3,224,?2b' (d62 + `d26) 'l- 33,177,6oo `t"

      + m216Z2?$g?6oo (dioe+Ao ie) -ny ii,i2477186579g,6oo (ds2 + d6s)

      `-"- g;'/ts;77Eg'i's2'g-9g'k-to (4G.t + d,6) + ････････-･･･ny･･. ･････････････t････････････････(i4)

                                                     '
   g 12. As a simple resu!t from (14), we take differences dp to the

second order into account and neglect higher differences. We then can

write down
             hlle = doo '{' 2// (li2o + do2) + O(d`),

or

             24 h'fe = 24 `doo + (A2o + do2) Ll- O(A"). '''"'"･"'･'･'･'(!5)

This equation can be expressed in the schmatic form (Fig. 9):

           Fig. g VVeight tabie for mechanieal cubature (v-- 21).

                  ' (Domain of integration==hle.)

                   ,1
                        '                   1                1 l･ 2o 1 = 24 ifle -t- o(d i)

                   1                               '
                      1

It wjiJ appear that the rule just written is recommended for ordinary use.

   A criterion for the error of this rule can be obtained as follows. The

above rule, Fig. 9, or equation (15), is written

    hle = (OO) '+- 2'4 (h2D2o + le2Do2)f+ 2's'grm (h`D,o + fe"D,.,)f+ ････････････,

where
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       ･ .･ . Drsf = 6xall "iX- at (oo) lattice -point.

   O¥ thg other hand the true integral (12) gives the expansion

io = Ii, SI'.f(x, +e pt, + rp) de drp

     H2 Y
     kh  == Sl"k Si'-h {f(Xe, Yo) + S' (g"""D2o + rp2DS2)f+ S4' (6`iDe.i -l- 6e2lf2D.-.. -i- rp"D,,,)f

      -" +-･･-･--･}d6 drp
          '
   =hle[(OO)+S4(h2D2o+k2DoE)f±x,i2o(h'D4o+fe'iDo･iM+s/il/E6h2k2D22f+'"'")1･

On subtracting we have

  E :I-4 =hlev[tt;l･i-Z-eb(h'iD,o+k"Do.,)f-s7i-6h2le2D22f+････-･l

         ==hle-[o.oo2,gs1･･･×(h4D,,+fe4D,,Y-o.oo1,736･･･×h2h2D,,f+･･････l-,

which will afford a criterion for the evaluation of error. In comparison

with this, the rule (8), which is a Simpson's rule, has as its error'

                                                            '  EY = ( - 4 = hfe {o.on,sos･･･ × (h`D,, + leiD,,)f+･-････},

so that we might see the superiority of the rule given in Fig. 9.

   g13. Furthermore, i£ in equation (14) differences ef the fourth
order are taken into account, we may obtain

       I
  5,760 h'k =5,760 aoe -l- 240 (ts2o + `io2) - 17 (d,o + do,,) + lo d22 + O (ACi).

This equation can be expressed in the schematic form (Flg. 10):

          Fig. Io Weight table for mechanical cubature (v-ml12).

                     (Demain of integratien--hle.)

                         nvt                           '                      -,, l

              ,.. . I, .
              11 lo 288. IO 'II

                         ttt        1 ,-i7.-..l....i.i.i....1..e.i.l2.i.S.. ..1..i..11i....i...1....l.i.....I -- -R.i76o hl + o(d6)

                           l
                     ..:-.1.T.... I
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   514. Sometimes lattice values are connected one another witha
certain differential equatibn. In such a case higher differences in
equation (14) can be lowered by taking advantage of the differential

equation considered. The device has been originated by Mr. Nishimura,

assistant professor of Nagoya University, in case of the solving of
partial differential equations.

   In the following we assume that lattice values are related with the
differential equation

                 72f + c = O. (c being constant.) ･-････-･･`･･････････(16)

ln the subsequent calculation, frequent references may be made to
`Relations between DiffereRces and Derivatives Derivatives in terms of
Differences, and vice versa'4).

   g15. From (14), we take

        Il                                17                                                1        h-le' == ADo + 24 (A2o + `Io2) - 5')76b (Zl"o + Ao･D + g7tE6 d22

          + gm6376, ggTo (zt,, + zt,G) - 13sl,724o (`d,, + it,,) + o(zfs). ･t･･･････(17)

This equatlon, as it stands, extends over seven lattices in both direc-

tions of x and y. But the extension can be reduced to 3×3-lattice
distribution by taking advantage of the differential equation (16). We

now have, with h =le,

                                  h6
        (ti4o + do4) = h` (D4o + Do.i)f+ e' (D6e + Do6)f+ O (hS),

        (d6o + Ae6) = h6 (D6o + DeG)f+ O (hS),

        (d,,, + d,,,) = h6 (D,, + D,,)f+ O (hS),

but we have, with the differential equation (16),

        (D4o + Do4)f = V"f- 2D22f == -2D2o.1

        (D6o + Do6)f == 76f- 3D22 V2f= O,

        (D,, + D,,)f= D,, 72f == o.

Then the differences just written become respectively

        (A4e -iH ito4)=: 'r-2hi D2o.f+O(h8), (dGo + de6) = (A42 -i- zd2.i) = O(hS);

and lurthermore

                     1        h4 D,,f= d,, - i･2- (d,, + d,,) + O (hS) = d,, +O (hS),

so that we have
                    A.,, + A,., =: -2d,, + O (hS).

Thus (17) becomes

             I
        1,440 h:le =1,440 doo + 60 (d2o -i- Ao2) + 11 d22 + O (hS). ･･････････s･(18)

This equation can be expressed in the schematic from (Fig. 11) :

   A.) These tables will be published elsewhere.
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      Fig. 11 Weight table for mechanical cubature, provided 7lf+c==O.

              - (Domain of integration=hk.)

                     tt it                     1I                     //                 ii i S8 ii I,
                 gg I 1, E44l 3s I･ ,. l,44e hlk + o (hs)

                   ,,.,, ,,. ,, ,, .I . ............ .. ./ . ,,, , i

                 ii 3s I ,, l
                     lI 1.               tt tt ttttt tt tt tt tt tt tl

    If the whole domain of integration consists of 2×2-divisions, we
aggregate weights of the four adjacent schemes, each of which is due

to Fig. 11. We then obtain the following scheme (Fig. 12):

      Fig. 12 Weight table for mechanical cubature, provided 7V'-i-c==O.

                     (Domain of integration=:4hle.)

             11 49 49 11

             49 1,331 1,331 49
                                              I
           "-"""""""""""""""""""""' -- l,440 hh + O (hS)

             49 1,331 l,331 49

             H 49 49 11

   It is noted that a seeming restriction that h= fe is imposed on the

process of the above reduction, but this is in reality not the case, the

reason of which will be clear from the above reduction.

   g 16. When in equation (14) differences up to the tenth order are

taken into account, the lattice distribution will be of 5x5-extent with

reference to the dlfferential equation (16), and a calculation similar to

S15 will afford the following result (Fig. 13):

      Fig. 13 Weight table for mechanical cubature, provided 7Zl'+c=o.

                      (Demain of integration=hfe.)

r
s
l

l
21,728

-144,o32I'

-14.4,o321 -1,126,272I

    '
-144,032

21,72sl

i,6n,eosl 2i,go3,i6s        I
1,611,Oe8I -144,032

i

1 -1,
i
i
I
I

l
'
1
/

126,272

-144,032

21,728

21,9e3,168I, 376,eOe,128i 21,903,168

       I1,611,g08I 21,9e3,168 1,611,Oe8

-1,126, 272I

I
1

-144,032i

-144,0321' -1,126,272i -144,o32I
21,7281i

l

E

l
i

i

            l
= 464,486,400 h-k- + O (hi2)
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B. ON TIjE MECH,ANICAL CUBATURE OF wt0DIFIED BESSELTYPE

   g 17. We shall derive anotner general expression for the mechanical

cubature of the defihite integrai

                               /t             ' 'l == I"." lb,' f (x, y) dx cly ････････････-･････････-･････(lg)

by using the interpolation forinu]a of modified Besse] type, where

                 a S x ;sl; a', b ;flll y :ll b';

and shall obtain some o£ use'ful rules for the mechanical cubature.

   S 18. The interpolation formula is written in the form

        7t O'+S f-f<X, Y)=:.i=., ,:., LP(u, D p(v, s) l'k2r 2s +a(u, ft) p(v, s)'S'd(2r+i)2s

                      1)          "'P(u, Da(ztt s)2d2r(2s+n+O(zs, D a(V, S)d<2r+"<e.grf:i) , '"(20)

          ,, ,,. {Ii.r.7hX..g - .S., . ,., 21.i.EYg - S-,

      p(o, y)-Ii.y..(e2-2)(o2-2)･･･(o?･-2-ly-tt-i---O'), . ...... (2i)

      a(0, y) -- II2'?Itt+'i-tt･- o (oa- -i-I--)(o2- 2 )･..(o2 ha 2-.u..x..pml,,.7:) ;

and difference$, which are written in brief form, may be converted to

linear combination of lattice values mukiplied by weights.

                           '
   ss 19. Now let 'the interva!s (a'-a) and (b'-b) of the integration

(19) be both divided into 2n small divisions of equal distanee. We then

have
                                 '      a= x, - (n - --2i--) h, a' =xo + (n + '-2i'') h, l

      b == yo - (n - ･･l -) fe, b' == yo + (n + -S) k･ I

   On trans'forming the variables x'and y to another 6et of vatiables u

and v, we can write the integral (19) in the form ･ ･
          I == S:' I:' f(X'Y) dX `ly = hk Sl.S'l. F("' V) d" d"''"'''''''''(22)

where F(nt,v) is represented by the right side of (20). Since we in

general have . . .
            j'1. e2" dO == 2,2+1n2""i, S"1..02""idO == O,

and since the a-function defined in (21) is polynomials o£ odd powers,
the above integral (22) simply reduces to
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          "r =: il[le ,,.£4i.., ','il.ili d2,･ 2s S"-. p (zs, r) dzt St'.
                                         p (v, s) dv.

The function p(0, y) is expanded in the form '

                 v      l2Nv...p(e, y) = z (-)t B, (v)e2v-2t, (u =:o, 1, 2, ･･･;tnnv.:.y),

                 t=-e                       '

Bo(y)=:1,

B,(y) =:21.. ["+32+s2+ ･･+(2y ww 1)2), .

        'B2(y) :l{･l 12{32+s2+･･･+(2y-D2} + 32{s2+72+･･･+(2y-1)2}

                                  )
                + ･･･+(2y-3)2(2v-D2 l,
                                  J･
        'B,(y)==S,[12(32{52+72+･･･+(2v-D2} + 52{72+g2+･･･+(2yHl)2}

           + ･･･ + (2y -. 3)2(2v - 1)2(2p- D2) +32 (s2 {72+g2 + ･･･

                                           tt
           + (2v-D2} +72 {92+･･･+ (2 fi -D2} +･･･+ (2v-3)2

           (2v- 1)2) +････-･････ + (2y-5)2 (2v- 3)2 (2y- 1)2),

                               '
Bv (V) =tt. ,-123252'"(2V-1)2. ''

'For the actual evaluation of coefficients Bt (y)'s, it is to be

the fol]owing recurrence formula holds:

            B, (y) = B, (yH 1) + g.2.Yi1)// B,-, (v - 1).

   Now on integrating both members of (24) between the
and n, we have
          l22YS1'.p(o, y)de:- ,#, (-)t2'ilB"tV'tS"'l'i' n2"-2`"i.

Then on taking y=pt and y :s, and substituting the results'

obtain

J==hle..;"',ltll'5S,k.2ifitts'Ss,S.,(im-)`2',B-`2(,Q+rm,n2r!2t"i,#..(-)t B`(S)

which is the reqgired generai expression.

   From (26) we can get the sifnplest rule, which is of the

               i == //k- { (oo) + ao) + (oi) -f- (ii) }.

This is sometirr}es ernployed in civil engineering in

bank extending over a broad area.

      No. 4

･･･-･･････-･ (23)

 ･････････(24)

   noted that

･･･････････-･･･ (25)

    iimits -n

     mto (23), we

    -din2S-2t+1
2s-2t+1 '

 .......･..･･-･････(26)

     form

--･-･-･-･･-･- (27)

computlng cut or
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    S21. The least value of n in the geRera] expression (26) must be
n= Sb so that the integral (19) takes the form

                 i : SiO, 'h SY.O, "k f(x, y) dx dy,

and the general expression (26) is written

                 J = hle.,.$., ,tL'i G' Cs L2dz2i'-""Sg･ '`''"''''''''''"'"'''(28)

where
               Cf) m ,llli, (-)t 2biliSfi'ilpi'i 22pl2ziiJr,'

Some of first values of q, are wrltten down as follows:

           Be(O) 1
        Co = '--tt""' "2"

                    B,(1) 1           Bo(1) 1
        Ci="'g""' 23 - tt'nv""2 '

        c, ==l ･g,-(- 2--?- si, - E･--S- 2--}-- ,i,･ + l---gi-9-?- S- ,

        c}i :E'91 3'?" ,i7' - E''ts`3' Sr, + 8' ",(･ {'?' Sa - 6"""ff? L2i-･

        --------4ny----------4-------l-

or, on rearrangmg,
                                           191                               1!          11      Cli=tt-, Ci== -12･ C2=ww6'b･ q==-1-6g･ "'"'"''"'V'

Thus equation (28) becomes

    nk = 4' doe - 4g (A2o -l- de2) + 2,sso (d4e + do4) + stt6'= d22

                           11          191
      H 241.,g2b' (Zi6o -i- lioG) ww 34,s6o (d42 + AxD + ････････････. ････i･+..･..(2g)

   922. From equation (29), we can successively obtain the follow-
ing (Fig. 14).

             Fig. 14 Weight table for mechanical cubature.

                    (Domain of integration=hle.)

     14a. O(d2)-type. 14b. O(A")-type.
      '-nv' iun- l'"""-'--""'-""""'-'
        iii i-i ii.Ii
      -1 i 1 " HI"" 14 ''' 14 ' ml'' 11

      =tle'l+ O(d2) -1 14 14 -1
                              '                              ttttttttttttttttt ttttttttttttttttt ttttttttttt ttttttttttt t t t tttt t t tt tt ttttttttttttttttttttttttttttt tt"

                                      -l -1
                                   ,l--un. umkul
                                    -= 28,i + o(d･t)
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14c.

ON THE

O(d6)-type.

MECHANICAL

11

11

   5

  -98

l
  -98

E

CUBATURE

5

11

-98

889

889

-98

11
]w.-.-..-

11

-98

889

889

-98

11

5

-98

-98

5

11

11

=･ 2,880
I
hk + O(d6)

14d. O(dS)-type.

----･----=

(91)19

-77

1 956
 '

l'

l

-77

-191

  882

-1O,336

-IO,336
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1,956
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1,956

,- 191
]

t
I

1,956
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-77

      I
-1e,336 1-1O,336

t.tttt..tt.t.t..........t.tt.tt.tt.ttttt.tt........mat.tttttt.t

882

!
l

ttt tttttt

76,894

76,89:4

-1e,336
l
E

76,894

76 894
  ,

      I
  882

-1e,336

-1e,336

--f
'

l

-10,336

irr

-77

1

l
.l

1,956
.I.

1,956

882

-77

-77

1,956

1,956

-77

-191
   t.

,l

1 -,,,

[

-l91

-19Ll

         f
.= 241,920 h'le' + O(dS)

    S23. If we consider the integral of the form

                   I :=: I: i: f(x, y) d. dy,

in which the integrandf(x,y) is supposed to be of rapid

then the evaluation o'f this integra! may be performed by

plication of the above rules.

   For instance, `Mb' is adopted, and then the aggregate
integration becomes (Fig. 15) :

convergence,
repeated ap-

rule for the
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Fig. 15 Aggregate resle

     (Domain

B. TANIMOTO
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" t-tt-

Q(d'l･)-type.

NQ. ･4

                                               x
                                          - ･---)-
                                            , --4shlle. +o(d･i)

In this diagram, lattice weights in the upper half are not written, and

,these are at once written down from their symmetrical distribution
with respect to the d'iagonal.

   g 24. A simp'le application of one of rules obtained above will be

given to the evaluation of the integral

              - 4rr(2?' 2h = sc S: f(a, B; x, y, z) da dB, ･･････-`････+j････(3o)

where
      f(a, B; x, y, z, a, b) ;=-7 Zth'i"E')X'Z cos avcos l9y sin aa sin Bb e-Yz, -････････(31)

provided
                         a2 rl- l92 == T2.

This is a stress-component in the solution of a Boussinesq's problem, in

which a uniform load, its intensity per unit of area being Q, is applied

over a rectangular area 2ax2b, which is shown in Fig. 16.

              Fig. 16 Cenfiguration of Boussinesq's problem.
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    We suppose that

                            a=b= 1;
',ai;cl,IShE)L/ ,fi."kt.hl.,V.agl,".e.dOf(3Z,k,) 'agd.at,.Z ':.oordinate point winere x-o, yxe,

                                 1+r
    .･. ,, , .f(a,.3;O, O, D F. :-.'ff ,sinasin･B .e-7,, ,.

IF?.ge. i7011.0Wing lattiCe VaJUeS of the integrgnd will then be obtained

      Fig. 17 Lattice va!ues of ･the ,integ:andf.(a, ,B),-- -}2il-T- sinasinB e'Y･

                     ･(Pi'seh ･h == ･k ,== -ll.-.) -･
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In this diagram also, lattice values 'in,the upper half are not

but these at once follow i}o(mq, .SBy)m.,m, fet(,rBy; aS)iPCe ',We haVe

   Thus by multiplying corresponding values in Figs. 1'5 and
adding the results, we have

        4,- == - ･S, k---g- 2･rc.pm - -t?46Z56 .. -.b,,b, = -,.,,.

This value is in accordance with that from the alternative

whose rnathematical re6zae･tion .was due･teLove5), its numerical

tion being ,due to the late Jixo Kimura. .. .

I.......S,'Z5..･ To sg.M.e labQurs in.g.alculation, vve may take t ........

   s) A. E. H. L6ve, Phil. Trans., A, vel･ 22s (1929).

   a   "

wrltten '
       '

17, , and

,

solution,

 calcula-
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In this case lattices

the following lattice

      Fig. 18 Lattice

        B. TANIMOTO

        h .. le ., K..
                 2
to be comp"ted reduce a
values are suflicient (Fig.

values of the integrand f (a,

     (pitch h "= le -- 'l"')

     -

great
18).

 B)-

              No; 4

deal in number, and

1+r . ･
'tt'b'" SinaslnB e-Y. ,

           '         ' '               '

o
.

o

o o o

,141 o -6 o

1,OOO 340 e "11 o

(340) (141) o ,(-6) o

    Then the mechanical cubature in question amounts, with Figs. 15 and

17, to

                    4hfe 33.984         Zle 4
       rm Q "ww rf I= it,i 4s E} rc (rs) = ----4g--- = o.7os == o.71.

    We see that the result obtained is fairly good, in spite of the com-

putation at only fogr lattices.

    In this way, we can obtain the following result (Fig. 19).

    This result is in accordance with that of Love's solution, the
nurr}erieal evaluation of wltich was worked out by the late J. Kimura6).

   g 26. It can be inferred from the foregoing results that the general

expression for the mechanlcal biquadrature of the form

                 i- S:' S:' S[' f(x, y, x) dx cly dz - -

in terms o£ the interpolation formula of Stirling type for the function
f(x, y, z), will take the form

                      7t r+s e+t Q. Cs Ct
            I = 8 hkl.÷Iil.l.e ,+l;l.l.o t{.ill,uo I'2if""l'121s""1'tt'l. d2"2S2`'

in which

                c, == riS,;i o` ,A,`IP,-,.i), vtip-2t+i. .

   The above expression may be developed as was done in the mechan-

   6)
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ical cubature. General expressions of different type may also be deriv-
ed from other interpolation formulas for the function f(x, y, 2). Further-

more, general expressions for the integration of higher order can also be

written down if wanted.
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