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ON A CONFORMAL KILLING VECTOR FIELD IN
A COMPACT ALMOST KÄHLERIAN MANIFOLD

Kazuhiko Takano and Jae-Bok Jun

Abstract. In this paper, we will prove that in a compact almost
Kählerian manifold Mn, any conformal Killing vector field is Killing
if n ≥ 4.

1. Introduction

Let M be an n-dimensional Riemannian manifold. We denote re-
spectively by gij and ∇j the metric and the covariant derivative in
terms of local coordinates {xi}, where Latin indices run over the range
{1, 2, · · · , n}. A conformal Killing vector field ui in M is given by

(1.1) ∇kuj +∇juk = 2ρgkj ,

where ui = giru
r and ρ is a scalar function, called the associated scalar

of ui. If ρ vanishes identically, then the vector field is called Killing.
Also, a conformal Killing vector field is Killing in a compact Kählerian

manifold [3]. In a Sasakian manifold, any conformal Killing vector field
is uniquely decomposed into the summation of Killing and closed con-
formal Killing [2].

In [1], Y. Ogawa has studied differential operators in a almost Kählerian
manifold. Using of the operators of the almost Kählerian manifold, we
prove the following theorem:

Theorem. In a compact almost Kählerian manifold Mn, any con-
formal Killing vector field (n ≥ 4) is Killing.
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2. Preliminaries

We represent tensors by their components with respect to the natural
basis and use the summation convention. For a differential p-form

u =
1
p!

ui1···ip dxi1 ∧ · · · ∧ dxip

with skew symmetric coefficients ui1···ip , the coefficients of its exterior
differential du and the exterior codifferential δu are given by

(du)i1···ip+1 =
p+1∑

a=1

(−1)a+1∇iaui1···îa···ip+1
and (δu)i2···ip = −∇huhi2···ip ,

where ∇h = ghj∇j and îa means ia to be deleted.
We consider an almost Hermitian manifold Mn (n = 2m) with pos-

itive definite metric gji and almost complex structure φ i
j . We put

φji = φ r
j gri. An almost Hermitian manifold is called almost Kählerian

if the 2-form φji is closed. We want to recall some operators for differ-
ential forms in the almost Kählerian manifold. Denote by Fp the set of
all p-forms. The operators Γ, γ : Fp → Fp+1, C, c, ϑ : Fp → Fp−1 and
Φ : Fp → Fp are defined respectively by

(Γu)i0···ip =
p∑

a=0

(−1)aφ r
ia ∇rui0···îa···ip ,

(γu)i0···ip =
∑

a 6=b

(−1)a∇iaφ
r

ib
· ui0···îa···r···ip ,

(Cu)i2···ip = φrs∇rusi2···ip ,(cu)i2···ip =
p∑

a=2

∇rφs
ia · uri2···s···ip ,

(ϑu)i2···ip =
p∑

a=2

φ r
ia ∇sφ t

r · uti2···s···ip ,

(Φu)i1···ip =
p∑

a=1

φ r
ia ui1···r···ip

for any p-form u, where we put φji = grjφ i
r . For any 0-form u0 and 1-

form u1, we define γu0 = Cu0 = cu0 = ϑu0 = Φu0 = 0 and cu1 = ϑu1 =
0. In the almost Kählerian manifold, we know ∗Γ∗ = −C, ∗γ∗ = −c and
∗Φ∗ = (−1)pΦ for any p-form, where ∗ means the dual mapping [1].

We denote by L (resp. Λ) the exterior (resp. interior) product with
the associated 2-form φ, then the operators L : Fp → Fp+2 and Λ :
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Fp → Fp−2 are written by Lu = φ ∧ u and Λu = (−1)p ∗ L ∗ u for any
p-form u. Λ is trivial on 0 and 1-forms. These local expressions are
defined by

(Lu)kji1···ip = φkjui1···ip

−
p∑

a=1

φiajui1···k···ip

−
p∑

b=1

φkibui1···j···ip

+
∑

a<b

φiaibui1···k···j···ip ,

(Λu)i3···ip =
1
2

φrsursi3···ip .

For the operators above, we find from [1]:

(2.1) (dΛ− Λd)u = −(C + c)u, (2.2) (dL− Ld)u = 0,
(2.3) (ΓΛ− ΛΓ)u = (δ − ϑ)u, (2.4) (γΛ− Λγ)u = ϑu,
(2.5) (ΛL− LΛ)u = (m− p)u, (2.6) (δL− Lδ)u = (Γ + γ)u.

Moreover in a compact almost Kählerian manifold, it follows from [1]
that for a p-form u and a (p + 1)-form v

(2.7) (Γu, v) = (u,Cv), (2.8) (γu, v) = (u, cv),

where ( , ) denotes the global inner product.

3. Proof of theorem

From (1.1), we find δu = −nρ. Operating φ k
h to (1.1), we obtain

(Γu)hj − (dΦu)hj + (γu)hj = 4(Lρ)hj . We will use the similar arrange-
ments of indices without any special notice. This equation may be writ-
ten as follows:

(3.1) n(Γu− dΦu + γu) + 4Lδu = 0.

If we operate Λd to (3.1) and regard to (2.1)∼(2.5), then we have

(n− 4)dδu + n(CΓu + cΓu + Cγu + cγu) = 0,

which denotes that (n− 4)(δu, δu)+n(Γu+ γu,Γu+ γu) = 0 from (2.7)
and (2.8). Thus we find δu = 0 (n ≥ 6) and

(3.2) Γu + γu = 0 (n ≥ 4).
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Substituting (3.2) into (3.1) and owing to (2.6) and (3.2), we get ndΦu−
4δLu = 0. Applying δ to this, we find δdΦu = 0, namely dΦu = 0 (n ≥
4). From (3.1) we obtain Lδu = 0, which means that δu = 0 (n ≥ 4),
that is ρ = 0 (n ≥ 4). Consequently, we complete the proof of Theorem.
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