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ON A CONFORMAL KILLING VECTOR FIELD IN
A COMPACT ALMOST KAHLERIAN MANIFOLD

KAzUHIKO TAKANO AND JAE-BOK JUN

ABSTRACT. In this paper, we will prove that in a compact almost
Ké&hlerian manifold M™, any conformal Killing vector field is Killing
if n > 4.

1. Introduction

Let M be an n-dimensional Riemannian manifold. We denote re-
spectively by g;; and V; the metric and the covariant derivative in
terms of local coordinates {x'}, where Latin indices run over the range
{1,2,--- ,n}. A conformal Killing vector field u’ in M is given by

(1.1) Viu; + Vjug = 2pgy;,

where u; = g;ru” and p is a scalar function, called the associated scalar
of u’. If p vanishes identically, then the vector field is called Killing.

Also, a conformal Killing vector field is Killing in a compact Ké&hlerian
manifold [3]. In a Sasakian manifold, any conformal Killing vector field
is uniquely decomposed into the summation of Killing and closed con-
formal Killing [2].

In [1], Y. Ogawa has studied differential operators in a almost Kahlerian
manifold. Using of the operators of the almost Kéhlerian manifold, we
prove the following theorem:

THEOREM. In a compact almost Kahlerian manifold M", any con-
formal Killing vector field (n > 4) is Killing.
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2. Preliminaries

We represent tensors by their components with respect to the natural
basis and use the summation convention. For a differential p-form

1 . .
U= — Ujy g, AT N - A dx'®
p!
with skew symmetric coefficients wu;,...;,, the coefficients of its exterior
differential du and the exterior codifferential du are given by

p+1

1 h
(A = Y (1), iy sy A (00, = =V Uhiy i
a=1

where V' = ghjvj and z/; means i, to be deleted.

We consider an almost Hermitian manifold M™ (n = 2m) with pos-
itive definite metric g;; and almost complex structure (bji. We put
®ji = ¢, gri- An almost Hermitian manifold is called almost Kéhlerian
if the 2-form ¢j; is closed. We want to recall some operators for differ-
ential forms in the almost Kéhlerian manifold. Denote by FP the set of
all p-forms. The operators I',y : FP — FPHL C ¢, 9 : FP — FP~1 and
® . FP — FP are defined respectively by

N
Fu zo dp = § ¢1 Vru zo-"ZAa-"zp’

(YWig--ip = Z(—l)avia . Uiy
a#b

(Cu)igmzp = ¢rsv Usig - ip Cu i-vip — Zvr¢s * Upigeeseips

(ﬁu)iz'--ip = Z éf%'arvséf)rt * Utip--s-ips

a=2

P
(Pu)iy..i, = Z B Wiy oo,
a=1

for any p-form u, where we put ¢/ = g"7¢,?. For any 0-form uy and 1-
form w1, we define yug = Cug = cug = Yug = Pug = 0 and cuy = Yuy =
0. In the almost K&hlerian manifold, we know *I's = —C, *y* = —c and
«®x = (—1)P® for any p-form, where * means the dual mapping [1].

We denote by L (resp. A) the exterior (resp. interior) product with
the associated 2-form ¢, then the operators L : FP — FP+2 and A :
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FP — FP=2 are written by Lu = ¢ A v and Au = (—1)P x L * u for any
p-form w. A is trivial on 0 and 1-forms. These local expressions are
defined by

(Lu)kji1~~~ip = d)kjuil...ip

a<b

1
(Aw)is...i,, = 5¢T8Ursi3mip-

For the operators above, we find from [1]:

(2.1) (dA—Ad)u=—(C+c)u, (2.2) (dL — Ld)u=0,
(2.3) TA—AD)u= (6 —Nu, (24) (A — Ay)u = du,
(2.5) (AL — LA)u = (m—p)u, (2.6) (6L — Lo)u= (T +~)u.

Moreover in a compact almost Kéhlerian manifold, it follows from [1]
that for a p-form v and a (p + 1)-form v

(2.7) (T'u,v) = (u,Cv), (2.8) (yu,v) = (u, cv),

where (, ) denotes the global inner product.

3. Proof of theorem

From (1.1), we find du = —np. Operating ¢,* to (1.1), we obtain
(Tu)p; — (dPu)nj + (yu)n; = 4(Lp)n;- We will use the similar arrange-
ments of indices without any special notice. This equation may be writ-
ten as follows:

(3.1) n(l'u — d®u + yu) + 4Léu = 0.
If we operate Ad to (3.1) and regard to (2.1)~(2.5), then we have
(n — 4)déu + n(CTu + cl'u + Cyu + cyu) = 0,

which denotes that (n — 4)(du, du) + n(T'u+~yu, Tu+~yu) = 0 from (2.7)
and (2.8). Thus we find du =0 (n > 6) and

(3.2) F'u+~yu=0 (n>4).
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Substituting (3.2) into (3.1) and owing to (2.6) and (3.2), we get nd®u—
46 Lu = 0. Applying ¢ to this, we find 6dPu = 0, namely dPu =0 (n >
4). From (3.1) we obtain Léu = 0, which means that du = 0 (n > 4),
that is p = 0 (n > 4). Consequently, we complete the proof of Theorem.
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