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This paper forms a sequel of “On the Circularity of Kiepert’s Point”,
hence the notations employed in this paper follows those of its preceding
paper.

We are to call it briefly Kiepert’s circle of a quadrilateral A;A;AzA,
when the circle passes through four points Pisa(2), Paas(d), Pau(d) and Pys(2).

This paper concerns the concircularity of Kiepert’'s circle, and our
main result is the following theorem.

Theorem. Let A;AA3ALA; be aconvex pentagon inscribed in a circle, and
Sieadld), Seass(®), Sawss(A), Susia(d) and Ssi0a(d) be centres of the Kieperl’s circle of
the five quadrilaterals AjAsAsAy, AsA3ALAs, AzAAA, AAA A and
A A1 A A, respectively. Then, these five points ave concircular.

Proof. Without loss of generality, we can assume that the circumscribed
circle of the pentagon A;A4,43A4,4; is unit circle. Then, if we denote five
points A;, As, As Ay and As; by the complex numbers #;, #5, ¢, I, and #;,
respectively, we have [t;1=1, {{,=1, (i=1,2,3,4,5)

Of all the triangles obtainable out of the pentagon A, A:4;A4,A4:, for exam—
ple, a triangle A;A4,A; has the following expressions in relation to Ps, Py
and P.;, which are the complex numbers of three points Py, Pa; and Py,
respectively:

pz’j:%y pd+p],:f1+fj
pi=atitt)—a/ =12 (ti—2)), (3=20), (i, i, j=1,2,3).

The same expressions are obtained from all the other triangles.

Then by ZisaA) we denote the complex number of a cenire of the Kie-
pert’s circle which are constructed from a quadrilateral A;A,A,A,.

The Kiepert’s points Piea(R), Paayd), Pauld) and Pye() of four triangles
A A As, AsA3Ay A3AA, and A AL A, is represented by the complex numbers
Z19a(A), ZasdR), Zsul(A) and Zu(d), respectively, for which, as was shown in
my preceding paper®, the following expressions hold.

1)
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Zigh) = (t1— Pos) (Fopas—taPar)—(2— Par) (F1pas—11D2s) ’

(t,— pas) (f2 —531)—(f1 —523) (Za— par1)

Zasdd) = (ts— pas) Fspas—taPes)—(ts— Pag) (FaDas—EaDss) ’
(ts— Pas) (Fs—DPag)—(E2— Pas) (ta— Do)

Zon(d) = (ts— Dar) Eapra—tsbin)—(ta— prs) (Fspu—tsPa) ’
(ts— par) (Fa—Dra)—(Fa— Dus) (ti— D1a)

_ (ts—Dro) (Fipoa—1t1P2))—(t1— Pog) (Fabro—tiD1s)
Znod) = = e )
(ts—Pr2) (Fr—Das)—(Es— D1z} (E1—Dod)
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The same expression holds for the other four quadrilaterals A4:A4;4,4;,

A AAs A, AAA Ay and AsA AsA,.

‘We shall try now to get complex number Zis3,(1) which represents the
centre of Kiepert’s circle Sissq(d).

As it is, we try to get, first of all,
bisector of a segment Piss(2)Pay(A).

Then, we have the equation

the equation of the perpendicular

{Z 32y —Z 1953 Z+{ Zsss(D)— Z125N3Z +{ Z19d W) Z 159 0) — Zsx(NZ 3s(A)3=0. (2)

Similaly, we have the equation of the perpendicular bisector of a seg-
ment Pay(2) Pyys():
{Z sl )—‘Z_ SR YARYA 412(/2)—2234(/1)}2— +{Z-234(Z)Z_ s3d)—Z 412@)2_ a2 )3=0. (3

Complex number Zi:4(2) is equal to Z, which is obtained as the

solution of two egquations (2) and (3),
1L e.
\ Z 33t A)— Z 159(2) Zyuy(A)— Z125(2) ‘ 7
Z 30— Z 534(2) Zyo(A)—Zasg(d) |

\

B ZosNZ aus( Ny~ Z 108N Z 1997)  Zaa(D)— Z125(2)
} ZysdDZ s~ Zond N Z 3342 ZasolA)— Zoaa2)

8]

since the coefficient of Z is a pure imaginary number, we can put into the

form
| Zewl Tl Za= Tk |
P _ ! =&/ 17135
| Zud2)—Z D) Zua W)= ZaslA) |

where, #1334 1S a real number.
Therefore,

«/ jf71234Z
={ ZsusDZ 31— Zrso A Z 15§ A)} { Zusol D) — Zasd )}

A Z oA Z 135D~ Zos N Z 3340} { Zoss( D) — Z125(A) }.
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Both Zsu(A)Zsa(2)— Zy3s(A)Z 125(2) and Z s Z 15 0)~ Zagd N Z 334(2)
which are in the right hand side are real numbers.
Then, we put

Z341(1)Zs41(2) — Z198(N)Z 193 A) =" 1324,
Z412(7~)Z~412(/1) - 2234(2)2234(Z>= 7?1954

The expressions (1) were put into the following form by the author in
his paper*

Z95(4) :a1<t1—P23)—a2(tg_p31)’

- «

Zosald) = Bilta— paa) —[; Bo(ts ~p42),

Zau(l) = 71lts—Pu) ;Tz<t4—ﬁ13),

Zy5(A) :51(1‘4“‘?12) —52(2.‘1_1724),

0

where «, a;, @, B, etc. are all real numbers.
It frollows fom (4) that

7= 7’11234_{51@4—@3)‘52@1—1724)__131(f21334)—‘32(f3"‘Pm)}
& —17 1934 é 8

7 71934 {7’1 P41 P13)_a1(f1—ﬁzs)"az(fz*?m)}

1 71934 «
When we cronsider that
p42:t2+t4—p247 t31:t1+t3_p137

the above expression can be represented in the following form:

Z::/’ 1_1’ (Lt mds gty + 81t A Prat p1 Dos Ty Paa+ 61 Pa 11 P18+ i Dag),
where ﬁ1:711234(0Lz{1‘33_‘%_52_7:;ﬁ2>, ........................ ,
A= —%l:%i%*, --------------- etc. are all pure imaginary complex
numbers.

Therefore,
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1
ZyoadA)= V’L‘T(llh +mloF1yts+ S84+ Ay Prat i Das+viDea
+&1Pa i bis+Libad),

1
Zogys()= :/*i*"’f(lﬁz + Mgty +Nal s+ Sol s+ Aa s+ taPaa

+vePus+Ea st nopostLopas),

23«15.1(;1):7‘;1

j_-'*f(lata + gty 3Nl s+ Sat+ Az Pas+ paDas

+vsPs1+EaPrat+pabas +CaPar),

R 1
Zys1o(A)= ;7'“:?(14@‘5‘ Mls 14l +SefaF A Das+ taPs

FuaPratEaPastabar+Lapso).
When we put

Zl234<]~> - Z34»51(Z) X 22345(1) - Z4512(Z> == Z(/z)
22345()‘)—23451(1) 21234(2)_\24512("}‘) ’

and if we can establish Z(1)=Z(2) we conclude that the theorem was proved.

To establish Z(1)=Z(2) the following expression nust be proved,

ZN—Z(2)

212340;)—23451(1) % 22345(2)—24512(2) 21234(1)“23451(1) Z:2345(}‘)_Z4512()‘)
7 -

e — X
Zosas(A)— Zassi(A) Z123dA)— Zis12(A) Z s045()— Z 345:(4)

Then, we have
ZH—Z2

(Lti+muts+nids i fat A bra+ mbos+viPsatE D T bris+ VN
(Zztz+mzt3+n2t4+52t5+lzpz3 + ptoPatvoPas+EoPse +7721724+C2P35)

—(lsts - mat gt s+ Sat 1+ s Past taPas T vaPsr T EsPrs+0aPss s Pa)

—(lsts+mst st 0als4-Ssts + s Paat pisPas Vs Do+ EaPraTnaPes+ Czﬂn)}

% [(sz‘z‘i‘mzts—“”zfr\‘ Sofs+AePast thoPasTvoPasTEaPsaFNaDos+EaPss)
(Lt +muts+ ity +sitg+ Do+t pas+viPag+E Pu+ N1P13+ Cipes)

— (It mads -+l SalatAaPas T paDsi F vaPiatEabastnidn +‘54P52)]
- (Z4t4+m4t5+n4fl + 541‘2“‘24?45"‘#41751 +vePrztEaDaat 774?41 ”:—541752)

_ [(1151 +mtyHmtat i+ APt mbostriboatEiPa+ 1D+l
(lofo - msts 1ot ¢+ Sof s+ Ao Das+ o Psa+voPus +EoDso+ 12 Doy +LoDas)
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—(lafs+ mal o1t + Sofy + Ao Past praP s+ vaPs1+EsPrs-FnaDss +:31541)J
— (st + it o1l + Safy + e Past praP s+ vePsi+Eaprat nsDes+CsPa)

% [( Lo s +msts+ 1ot 4+ Sof s+ Ao Poa+ ttaPas+ voDas +EaPsa+naPos -+ LoPas)
(LE 7 ""Zlfz‘l"7’1153+51f4+11P12+#1ﬁ23+V1§34+§1541 +'011;13+C1P24)

—(drmids+ndi+5ds+Pas+ pabsi+vabro+EPost1iPu +54ﬁ52)}
—(lF s mdstnd +5dat+ AP st pePsiHvibie +EibostpaDu+EuDss)

=([1f1+m1f2+ ...... + A Prateeee )_( ..... seenees Sglyereeeaeenns )
(Iofgt eevevnneoneenns s R CEREETRI 75 SELRTR R )
X(lzl‘,_{_ ............... )_( ............... B /Py 2 K.Y A ETPITRPR PRSP )
(11t1+m1t2+ ...... )_.< ............... +7’l4t1—!—54t3+ ............... )
(L E 1y fgtennee Ay Pratceeeenns ) CRRPPR Y 3N P RPN )
(Ioty A --e--- B >_.( ......... 2T 2 SETRRTEPR )
X<l?f2+ ............... | CRTPRTRRPISPP R TS = 1 P SRS P PPN )
(Zlf1+m1f2+ ...... )....( ............... +n4fl+54t—2+ ............... )
:(11—53)t1+m1t2+ ............... % _n4t1+([2_sd)t2+ ............
—SalyFlofgf e (11—7’l4)t1+(m1 )tz_)_ ......
_([1_53)f1+m152+ ............ o gl (l— S g e
R A T R R RN ([1_n4)f1+<m1_54)¢'2+ ......
_ _n4([1_53)1‘21+{_m1n4+(ll...53)([2_54)}t1t2+ ...............
—53(11—%4)1‘21-1‘{1211—744)—33(m1“54)}f1t2+ ..................
‘_n4(ll_sg 1+{ m1n4+(ll_~53 12_54}t1t B TR
_53(11_ 4 1+{l2 ll_n4 _53(m1_54)jt1t2+ ...............

Reducing the above fractions to a common demoninator, we have

the numerator = —#y{l; — Sa)t% +{ — 171+ {l; — Sa){lo—Sg) Jafatoevverevmennns ]
X [ —Sals —n )82, +{lo{ls — 1) —Sy(my — ) HFatrevroerennnnns ]
[ —ngly— )2 +{ — g+ (L — Sa)lo— So) Haf o o vemevnes ]
X [ —sally =gt +{ Lol —ny)— — S et ]

=0.
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Therfore Z(A)=Z(2), which shows that four points Sisss(d), Ssses(d), Sausi(d)
and Sue(4) are concircular.

Similarly Sases(d), Ssesild), Susiz(d) and Sip2s(2) are also concircular. Hence
the five points are concircular.

When we consider that 1=0, 1=co, we have the following.

Corollary 1. From each set of five quadrilaterals A;AAA, AsAz;AA;,
A AAA, AAAAs and A A AAs  out of a convex pentagon A;AsAALAs
wnscribed in a civcle are obtained four iriangles, then the centres Sisa0),
S2345(0), Sa451(0), Su512(0) and S;105(0) of five civcles passing through the centro-
ides of these four triangles in each set ave comcivcular.

Corollary 2. The above theorem holds as well for orthogocenters of all the
triangles in tha Corollary 1.
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