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Weiss considered in how many ways two triangles in a plane can be
mutually in perspective if their relative position be put properly, and proved
the greatest number of the possible way to be 6.

His problem, if similarly considered in space, may well be expressed as
follows: in how many ways two tetrahedra, if their relative position be
properly put, can be mutually in hyperboloidic position.

After a study of this problem, I have arrived at the following theorem.

Theorem. Two telvahedva in geneval positiom in spaece, if their relative
position be put properly, can be in hyperboloidic position in 16 waeys. Provided
in this theovem "that 'two tletrahedre in general position' implies such relation
between the two solids that on any one of the four planes which make up either
of the two tetrahedra no vertex of the other comes.

In plane, if we try to get two triangles which are mutually in perspective
in 6 ways, one of them proves to be an imaginary triangle {the one the co-
ordinates of whose vertices include imaginary number). In elementary
geometrical meaning, therefore, they can not be in perspective in 6 ways.
But, in space, we can find the greatest number of the possible way of
hyperboloidic position, i. e. 16, with each tetrahedron being real one. ~ This
may be worth noticing, and we will demonstrate the above theorem in the
following.

Suppose one of the given tetrahedra to be AB CD and let it be the funda-
mental tetrahedron, which is A (1,0,0,0), B (0,1,0,0), C (0,0,1,0), D (0,0, 0, 1).
Suppose the other to be A’'B'C'D’ and the co-ordinates of its vertices A’,
B/, C’, D', with one of them put on the unit point, to be (a;,as a 1), (by, by,
by, 1), (cy, €y, €y, 1) and (1, 1,1, 1), respectively.

Since, by hypothesis, these tetrahedra are in general positions, any of a,,
as, a5, by, bg, bg; €, CoCy i not zero. Symbols A—A’, BB/, C~»>C', D-D’
denoting that the vertices A’, B, C', D' of the tetrahedron A'B'C' D’ are
supposed to correspond to the vertices A,B,C, D of the tetrahedron AB CD,
respectively, Pliccker’s line co-ordinates of four straight lines AA’, BB/, CC’,
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DD’ are
as, 0, —as, 0, 1, 0;
—by, b, 0, 0, 0, 13
0, —Cs, Cq, 1, 0, 03
0, 0, o, -1, -1, -—1,
respectively.

Supposing Pliicker’s line co-ordinates of a straight line which intersects
these four lines to be

/p12(1): p23(l)r pal(l): p34(l)’ p14(1)1 p24(1)y

we find the following Pliicker’s relations:

Dag¥! +aspst — Pl =0
D3 =, o d+ by Py 0 =0

D129 = CoPr W+ € Po = 0
D10+ o0+ Py 0 = 0.

When we consider a matrix consisting of the coefficients of
plZ(l)f p?a(l)y p31(1)y p34(1>7 pl4(l)t p24(l>r
ie., 0 1 0 a 0 —ay
O O 1 _b1 b3 0
1 0 0 0 —Cy Cy
1 1 1 0 0 0 ,
then, if the rank of this matrix is equal to 3, the four straight lines AA’,
BB/, CC', DD’ can be in hyperboloidic position.

Then let each of the following fifteen determinants of the 4-th order be
equal to zero,

1234/ =0 = a,=b,, j1235] =0 = by=c,

[1236] =0 = a;= ¢, [1345(=0 = aybs—cy) =0,
[1346] =0 = a,c, = azby, (1356 =0 = agbs—cy) =0,
1452 =0 = ash; = byc,, 11456 | =0 = ashsc, = aghscy,
[1562] =0 => ahy = bycy, [1624 | =0 => agh; = bicy,

|2345] =0 = cola,—h) =0, 12346 =0 = cias—b) =0,
|2356]| =0 => azco—byc, =0, |2456]=0 => asbyc,—ash,c; =0,
[3456 | =0 = aghsc;—aghcy = 0.

Provided here that every numeral indicates the order of column in the
matrix and also stapds for the elements involved in the column.
From the above fifteen equations, the relations
a,=h,, by=cy a3=¢ ®
are obtained. From (1), therefore, it becomes clear that in order that the four
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straight lines AA’, BB’, CC’, DD’ may be in hyperboloidic position, the co-
ordinates of the vertices of the tetrahedron A'B'C'D’ should be A’ (a,,as, a,, 1)
B’ (ag by, by, 1), C' (as, bs,c5,1) and D' (1,1,1,1).

Let us advance to the next stage. The corresponding vertices A—>B’, B>

C', C»D’, DA’ being taken up, Plicker’s line co-ordinates of four straight
lines AB', BC/, CD’', DA’ are

b, 0, —bs;, 0, 1, 0;
—3as, Cs, 0, 0, 0, 1;
0, —1, 1, 1, 0, 1;
0, 0, 0, —as, —a;, —a,,

respectively.

If Pliicker’s line co-ordinates of a straight line intersecting these four
lines be supposed to be

plZ(Zly p23(2)5 1531(2)7 1534(2), p14(2}7 p24(2)7

then,
D2 +bopa 2 — By @ = 0
D312 — @y g 2 ¢y P, 2 —0
b — BT PP =0
@315 @, P+ @y g, @ =90.

And likewise, a matrix consisting of the coefficients of
plZ(z)’ ?23(2)7 1731(2), p34(2); P14(2)7 1724(2)7

i e, 0 1 0 b, 0 —by
0 0 1 —ag Cs 0
1 0 0 0 -1 1
as & 2, 0 0 0

will be found. In order for the four straight lines AB', BC', CA’, DA’ to be
in hyperboloidic position, the rank of this matrix must be equal to 3. Then,
let the fifteen determinants of the 4-th order be equal to zero,

[1234]=0 = ajb,—a; =0, [1235)=0 = axc3—a; =0,

| 1236] =0 = a;bs—a;=0, [1345]=0 = ba(axcs—as) = 0,
[1346| = 0 = as@bs—by) =0, |1856] = 0 = bs(axc;—as) = 0,
[1452[=0 = abscs—a® =0, /1456 (=0 = as(@sbs—bzcy) = 0,
11562/ =0 = coabs—ag) =0, 11624[=0 = asa;bs—as) =0,
|2345]/ =0 = a;b;—asa;=0, [2346 | =0 = a;bs—asa; =0,
[2356] =0 = aby—ascs; =0, [2456] =0 = aj(asby—hucs) =0,
[3456 | = 0 = as(ashs—hscs) = 0.

And these equations will resolve themselves into the following relations:
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@

a,bs = ay a, }
a,C3 = a;bs = as.
From (2) the co-ordinates of the vertices of the tetrahedron A'B'C'D’ are
known to be

a,a; 2a
A/ (ab ay, a3, 1)5 B, (a2y 2 35 ﬂv 1)

C' (as, 2, 22 1), D’ (1,1,1,1)
@ 2,30, D LY

1 2
And next, taking up the case of the corresponding vertices A— C', B—>D’,
C—A’, D—>B’ and supposing Pliicker’s line co-ordinates of a straight line
intersecting the four lines AC’, BD', CA’, DB’ to be

D1®, Pas®, Pai®, P, P, o,

we can come to the following matrix

0 2,8, 0 a,as 0 —aas

0 0 I -1 1 0

1 0 0 0 —a, a

a3 A2, 2.3 O 0 0

In the same way if we suppose the fifteen determinants of the 4-th order
to be equal to zero, the relation
a; = a ®

will be arrived at. Then from (8) the co-ordinates of the vertices of the
tetrahedron A'B'C’D’ are known to be

a
A’ (a2, a,, 1), B’ (a,as, é?’ 1),
1

C' (ag, &, 2—3 1), D’ (1,1,1,1).

a; 2
Again, considering the corresponding vertices A—D’, B—»>A’, C»>B’, D~
C', we similarly have the matrix
0 1 0 1 0 -1
0 0 1 —a ag 0
1 0 0 0 —a a;
ag a2 as 0 0 0
and since any of the fifteen determinants of the 4-th order got out of this
matrix proves to be zero, it is obvious that its rank is equal to 3. Therefore
the four straight lines AD’, BA’, CB/, DC/, are in hyperboloidic position.
And then, advancing to the corresponding vertices A—B’, B—>C', C—A/,
DD, we similarly have the relation

as = a,° @
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Then from @) the co-ordinates of the vertices of the tetrahedron A'B'C'D!
are clearly known to be
A, (ah ay, alzr 1): B, (al: 3-127 ay, l)r
Cl (alz’ ab al: ]-)7 D, (ly 1: 1> 1)'
Finally, the consideration of the corresponding vertices A—D’, B=>A/, C—
C', D—>B' leads to the relation

a’=1.
And since a;=x1 is evident,
then
a;=—1 ®

becomes fixed; therefore the vertices of the tetrahedron A'B'C'D’ are found
definitely to be

A (-1, —1,1, 1), B(—1,1, —1, 1},

C@ —1,—-1,1, D11 1.

And it is easily made sure that on any plane of this tetrahedron none of
the vertices A, B, C, D comes. Hence, these two tetrahedra are in general
position. Now if we adopt rightly the above co-ordinates, it is known that
among 24 combinations of four straight lines which are drawn between the
vertices of the tetrahedron AB CD and those of A'B'C’'D’, the following 16
combinations are in hyperboloidic position.

(A——»A' A—>B’ A—>C’ A—>D’
B—B’ B—>C’ B—D’ B—>A'
iC——>C’ C—D' C—>A' C—>B'
D—>D’ D—A’ D—B’ D—>C/

A—>C’
B—>B’
C—>AT
D—>D’

A—>D'
B—>C’
C—>B'’
D—A’

A—>B’
B—>C’
C—>A"
D—>D’

A—>A' A—>B’ A—>C’ A—>D’
B—>D’ B—>A B—7>A' B—>A'
C—>D' C—>B’ C—>C’
\D—>C' D—D’ D—B'

A—>B’
B—>D’
C—C!
D—>A'

A—>C’
B—>B’
C—D'
D—A!

A—>D’
B—>B'
C—>A7
D—>C’
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And the following 8 ones are known to be in no hyperboloidic position.

A—3>A' A—>B’ A—>C’ A—>D'
jB-—-—éB’ JB——»A’ B—A' B—C'’
C—>D’ C—>C’ C—>D' C—A!
D—C’ D—>D’ D—B’ - AD—>B’
(A—3A’ A—>B’ A—>C' (A——D’
*B—>C’ <B-—>D’ B—D’ *B————>B’
C—>B’ C—>A C—>B’ C—>C’
D—>D’ D—C’ D—A' D—>A'
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