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Further examples of cocleft module coalgebras
Akira Nishikawa

§1. Cocleft module coalgebras

For a bialgebra, the concept of cocleft module coalgebras, that is, the dual
one of cleft comodule algebras in [1], was introduced in [2], and for a subbialgebra
A of a bialgebra C over a commutative ring, we gave two conditions for the
A-module coalgera C to be cocleft ({2], Proposition [6]). Furthermore, we gave
two examples of cocleft module coalgebras ([2, §4)).

Before presenting the proposition and the corollary which contain the contents
of [2, Proposition 6], we give the definition of cocleft module coalgebras for a
bialgebra:

Let A be a bialgebra over a commutative ring R, C a right A-module coalgebra.
An R-linear mapping ¢: C——A is called to be a cointegral when ¢ is an
A-module morphism, i.e., masP®I)=¢wc, where my. ARA—A is the multip-
lication mapping of A, and ec: CQA—C is the A-module structure mapping of
C. We call a right A-module coalgebra C to be cocleft when there exists a
s-invertible cointegral C——A.

Proposition. Let A be an algebra, C a coalgebra over a commutative ring R. An
R-module movphism ¢: C—>A is x-invertible in the situation (i) or (ii):

() C is a Hopf algebra, and ¢ is an algebra morphism.

(i) A is a Hopf algebra, and ¢ is a coalgebra morphism.

Proof. In the situation (i), by [3, Lemma 4.0.3(i)] (even if R is not necessarily
a field), ¢Sc¢ is the »-inverse of ¢, where Sc is the antipode of C.

In the situation (ii), by [3, Lemma 4.0.3(ii)], Sa¢ is the *-inverse of ¢, where
S, is the antipode of A.

So in both cases, ¢ is =-invertible.

Now we have a result which covers the contents of [2, Proposition 6]:

Corollary. Let A be a bialgebra, C an A-module coalgebra. If there exists a
cointegral ¢: C——A with the properiy (i) or (ii) in the proposition, then C is a
cocleft A-module coalgebra.

2. Examples of cocleft module coalgebras

Example 1. Suppose R is a commutative ving of prime characteristic p. We put
C=R[(X,), A=R[X?], and define 4c: C—CRC, éc: C—R and S¢c: C—C as
A4 X)=XR1+1QRX, c(X)=0 and Sc(X)= —X. Then Cis a polynomial Hopf algebra
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and A is a Hopf subalgebra of C, so C is naturally an A-module coalgebra.
We define an R-module morphism ¢: C——A4 by ¢(X")=X" if p|n and HX")=0,
otherwise. Then, as easily verified, the following diagram is commutative:

PRI
CRA—ARA

o L

C —¢—» A
Where pe is the natural A-module structure mapping of C. So, ¢ is a cointegral.
Next, as R is of characteristic p,
(PR 4 X)) =(¢R¢) (Ae(XP)"=(XPQ1+1QX P =(4 A(X?))" = 4 o(J X))
=4 XP™), m=0.
If p|n, then

7

(GRALX)=GRIUXRL+IRX)=R9) (2] () X'®X*), both i and n—i

i=0
cannot be devided by p in the case pfn,so either ¢(X?) or HX7%) is 0, and so,
(PRP)4c(X7)=0=44¢X").

On the other hand, ¢&c(X*)=0=¢,(X"), n=1, and ¢gec(l)=1=24(1).

Now we have: (¢Qd)dc=44p, Pec=¢4. Hence ¢ is a coalgebra morphism, and
we come to the situation (ii) of the proposition, and so, C is a cocleft A-module
coalgebra by the corollary.

wample 2. Let G be a finite grvoup, H a subgroup of G. We set a coset decom-

2

position ng giH, g=1.

The dual Hopf algebra A=(RG)* consists of the elements D) > Zin(gh)* (s
i=1heH

&R, heH), where the set {(g:h)* | 1=i=n, heH} is the dual basis.
Algebra structure mappings ma. AQA——Aand us: R—— A are given by m(g*RE*)

=0g,38* and us1)= D g*, and coalgebra structure mappings da: A——ARQA and & 4:

geG

A——R are glven by 44(g Z}g*@ * and €A(g%)=61, 5, where b is the Kronecker's

delta. The antipode S4 of A is given by S4(g%)=(g™)*.

A Hopf algebra C=(RH)* is a vight A-module through the natural resriction
mapping A——C defined by (g:hy*—8,,:h*.

Movreover, the module structure mapping CRQA—C is a coalgebra morphism,
i.e., the following diagram is commutative:
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CRA — C

JC®A1 dc

A4

CRARCRA—CRC,

indeed, for amy basis element h*®(gi17L)* in CRA,

A BN gl =8y, i8n 5 dc (B¥)=0y, 005 2 m*QRTRY, and dcoah*@(gh)y)= D)

heHd /lleH thH
kA b
D7 m*QAgih)* @by R Rk T g g i) DT 27 D3681,7 On ke 04,5 On, TR QT RY*
J=1 heHheH j=1
=31,; 0n,% 2 m*@Unh)*. Therefore C is a right A-module coalgebra.

heH

Let ¢: C——A be a morphism of R-modules with ¢(h*)=h* (h€H), where 1r*
in C satisfies <h*, > =dp,%, and k* in A satisfies <{i%, gilz>=51, 0, %- Then, for
hh €H and 1<i<n,

malpRI) (h*Q(g:h)*)=h*(g:ih)*=01,: Op,5h*

=g(h*(gih)*) =loch*@(g:h)),
so ¢ is a cointegral.

Furthermore, for any basis element r*@k* in CRC,

gl @) =465, 7h*) =05, h*

=malb* Q¥ =m ApRg) @),
and u.(h*)=us(h*)=61, n=uc(h®),
so gme=ma ((R¢) and #ad=uc, i.€., ¢ is an algebra morphism.

Hence, we come to the situation (i) of the proposition, and so, by the coroll-
ary, C is a cocleft A-module coalgebra.

Example 8. Suppose R is a commutative ring of characteristic p, and G=<g>
is a cyclic group of order p.

-1
Let A=RG be a group Hopf algebra, and C——-_Z @Re;; a coalgebra with Ac

7=
=1
(eij)= > eirQeprj, and ec(eif)=d;j.
k=0

We define the action of A on C by e;;8"=¢;., jin (Where each suffix number is
read as modulus ).

-1 1
Then, dcle:)) (8"Qg")= Z eir8"Repig” = Z Chin i+n&Chin jin
k=0 k=0

=dcleisn j+n)=dc(€ijgn),
and &c(eiin j+n)=EC(ez'J'gn)’
so C is a right A-module coalgebra.
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Let ¢: C—A be an R-module morphism with ¢(e;})=4;;g".
Then, ¢(e;;8")=¢(Cisn jsn)=0:;8"*"
=08;;8'g" =dleij)g",
so ¢ is a cointegral.
Furthermore, we see,
Aaglei)=08:;448")=6:;8'Rg*
-1
= > dlein)Qdler) =(¢R¢)dcleis),
=0 -
and &adle;))=0:8a(g")=8ij=¢cle:s), 0=, j<p—1.
Hence A.0=(Q¢)dc and €sd=6c, i.e., ¢ is a coalgebra morphism, and we

come to the case (ii) of the proposition, so by the corollary, C is a cocleft A-mo-
dule coalgebra.
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