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MULTIPLICITY OF THE LOWEST EIGENVALUE
OF NON-COMMUTATIVE
HARMONIC OSCILLATORS
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Abstract. The multiplicity of the lowest eigenvalue E of the so-called non-commutative
harmonic oscillator Q(«, B) is studied. It is shown that E is simple for « and 8 in some
region.

1. Definition and main results

Recently special attention has been paid to studying the spectrum of self-adjoint operators
with non-commutative coefficients. This is considered in not only mathematics but also
physics experiments. A historically important model is the Dirac operator, and the Rabi
model and the Jaynes—Cumming model are prevalent in cavity quantum electrodynamics
(see [HH12] and references therein). The non-commutative harmonic oscillator is a quantum
system defined by the Hamiltonian:

B 4 1d> 1, ; d 1 .
0=0(, )= ®(—§W+§x>+ ®<xa+§>, (1.1

where A = (§ 2 ), J = ((1) _01 ), and o, B > 0 parameters with ¢ > 1. Operator Q defines a
positive self-adjoint operator acting in the Hilbert space # = C> @ L*(R).

The non-commutative harmonic oscillator Q has been introduced by Parmeggiani and
Wakayama [PW01, PW02a, PW02b, PW03], and the spectral property of Q is considered
in [Par04, Par06, Par08a] from the pseudo-differential calculus point of view. It can be seen
that Q has purely discrete spectrum A} <Xty <--- <A, <---1 00, where the eigenvalues

are counted with multiplicity. One can define the so-called spectral zeta function associated

with Q as
=1
o) =) 5
n=1""n

When o =, Q is unitarily equivalent to the direct sum of harmonic oscillators, and
Mm—1 = rom = a2 —1(m + %), and thus o with o # 8 can be regarded as a g-deform
of the Riemann zeta-function. Analytic properties of the spectral zeta-function are studied in
[IW05a, IW05b, IW07, KW06, KW07, KY09]. Furthermore, it is also known that the set of
odd eigenvectors of non-commutative harmonic oscillator is deeply related to the set of some
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solutions of the Heun differential equation [IW05b, Och01, Och04]:

92 (l—n —n +n+3/2> 9 —3/2)nw —gq

—f+ + —f+ =0,
8w2f w w—1 w—a awf w(w—l)(w—a)f
where n e NU {0}, a € C with |a| < 1 and g € C.

In this paper we concentrate on the study of the lowest eigenvalue A; of Q. We set

E=7x (1.2)

and p = —id/dx. In particular, we are interested in determining the dimension of
Ker(Q — E). The eigenvector associated with the lowest eigenvalue is called the ground state.
In the case of @ = B, as is mentioned above, Q can be diagonalized as Q = ( 9) with

1 -1

h==p*+——x, 1.3

2P+ — (1.3)
where = denotes the unitary equivalence. Then all of the eigenvalues of Q(«, «) are twofold
degenerate. In particular, its lowest eigenvalue

Ep=3va?—1 (1.4)

is two-fold degenerate. In the general case, o # B, the so-called Ichinose—Wakayama (IW)
bound is established in [IW07] (see also [Par10]):

(45 minte 51,228 <0y <oy = (3= 5 ) maxten 0 [ 222 (1)
for j € N. By this inequality we see that the multiplicity of E is at most two if B < 3« or
a <38.

Furthermore, beyond the above results one may expect that E is simple for o # .
In [NNWO02] it is numerically shown that E is simple for @ # § and, in [Par04], the simplicity
is proven but only for sufficiently large «8. It is then mentioned in [Par08b, 8.3 Notes] that
the determination of the multiplicity of the lowest eigenvalue should be explored.

In this paper we show that:

(a) E is at most twofold degenerate for (¢, B) € (2, 00) X (2, 00);

(b) E is simple for some region of o and B.

In order to prove (a), we apply the method in [Hir0S], where the so-called pull-through
formula [GJ68] is a key ingredient. The second result (b) consists of two estimates. The first
is for large |8 — «| and the second for small |8 — «| but & # B. The first case is proven in a
similar manner to (a) and the second by the regular perturbation theory of discrete spectrum.

Let ¥ = Ker(Q — E) be the set of ground states. Let L C L%(R) (respectively L_) be
the set of even functions (respectively odd functions). We define #+ = C> ® L. Since Q
conserves the parity, Q is reduced by H+. Set Q[¢,= Q+ andthen Q0 =0, & O_.

THEOREM 1.1. Suppose that («, B) € (2, 00) x (2, 00). Then dm¥ <2 and 4 C H.
That is, the multiplicity of E is at most two and ground states are even functions.

We can furthermore show that E is simple.
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THEOREM 1.2. Suppose that 8 > o > 2 and

! 1,3 E o1 + ! (1.6)
—>[=B- —_—t .
2 2 az—1 a?2-1

Then E is simple.

Condition (1.6) includes the implicit value E. Let

E _ Jopap —1

upper — k]

P a4 B+ o — Bl((@p — D'/4/JaB) Re p

where p> =./af —1 —i with Re p >0, i.e. Re p = \/«/aﬂ(«/ozﬂ — 14 1)/2. The bound
E < Eypper holds. See [Par08b, Theorem 8.2.1] and [Par10]. This upper bound is better than
the IW bound (1.5). Combining this with (1.6) we have the following corollary.

COROLLARY 1.3. Suppose that B > a > 2 and

1 1 2 1 1
§> EIB_Eupper Olz—l +(¥2—1‘ (17)
Then E is simple.

Theorem 1.2 does not hold for (¢, 8) in a neighborhood of the diagonal line on o« — 8
plane. See Figure 1. However, we can show that E is simple for ¢ and § in a suitable

neighborhood of the diagonal line. We define g1, . . ., g4 by
V3
g1 =(a— 1)‘1<3+7>, (1.8)
o —1
@ = Lg%’ (1.9)
2[Va? — 1= 2y|
83 = L ) (1.10)
2/a? — 1
i i
g4 - 4a3/2 . .

THEOREM 1.4. Let e=pf —a. Assume that B>a>1, /B2Z—1<3Va?2—1 and
e2gr < 1/2. Let

k(e) = Eog? + eg2(Eog1 + g3 + 84) + £22E0g? g2 + £°2Eog1 g3, (1.12)
£e) = (1 —e2ga)y/1 —262g3. (1.13)
Then
2¢
A1 — A2l > —— (g4 — ex(e)). (1.14)
£(e)

In particular when ek (€) < ga, E is simple.

Note that we know the bound A» < (8/2)(/aB — 1/4/aB) by the IW bound. Then, the
region of «, B satisfying ek (¢) < ga, includes a wedge-shaped region illustrated in Figure 2,
where we also drew the case of o > .
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FIGURE 1. The region satisfying (1.7). (The case of « > f is also drawn.)

15 4

\\

FIGURE 2. A wedge-shaped region included in the region satisfying e« (¢) < g4.
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2. Proofs of theorems

2.1. Proof of Theorem 1.1

In the following we omit the symbol ® for the notational simplicity, and we can suppose that
a < B without loss of generality. Let

L1 0, 5,
N_2<0 1>(p +x2-1).

The spectrum of N is o(N) ={0} UN and the multiplicity of each eigenvalue is two.

Let a = %(x +ip) and a* = %(x — ip). They satisfy canonical commutation relations

[a,a*]=1and [a, a] =[a*, a*] =0, and we have a*a = N.

Proof of Theorem 1.1. In terms of a and a*, the operator Q can be realized as
Q:a*Aa—I—%A%—%(aJa—a*Ja*). (2.1)

Let ¢ € 9. We have (Q — E)ags =[Q, alg,. Since [Q, al = —Aa + Ja* by canonical
commutation relation, we have (Q — E)ags = (—Aa + Ja™)pg and then (Q — E + A)ag,
= Ja*ps. Note that Q — E + A > o > 0. We have

age=(Q — E + A) "' Ja*p,. (2.2)
Taking the norm on both sides above, we have

1
lagell* < ;na*wgnz. (2.3)

Since lagg|* = (g, Ngg) and [la*@gll* = (9g, Nog) + llgg %, we see that

(@e, Nog) < ——llggl. (2.4)

Let P be the projection onto ker N =kera. Note that N +Po>1. Let ¥ =¥, & 9,
where %y =% N H. Let P* be the projection onto ¢4. Then, by (2.4), we have

PtPoPT > PT(1 — N)PT > (1 - 1>P+. (2.5)
a2 —
Taking the trace of both sides, we have
a? =2
2> Tr(PTPoP") > - TrPT. (2.6)
a2 —
Thus, we have the bound
a?—1

dimkerPT <2

. 2.7
2 (2.7)
Then the right-hand side above is less than three for & > 2. Then dim ¢ <2, Similarly but

replacing Pt with P, we can also see that

1
P PoP " >P (1 -N)P >(1- P. (2.8)
a?—1
Note that P"PoP™ = 0, since Pg, is the projection to the set of even functions. Then we have
_ _ a2 =2 _
0=Tr(P"PoP") > TrP~. (2.9)
a2 —1

In particular, for & > +/2, the dimension of ¢_ equals zero. Then the theorem follows. a
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2.2.  Proof of Theorem 1.2

In this section we show that the lowest eigenvalue is simple. The strategy is parallel to that
of the previous section but with P* replaced by a projector R with dimension Ran R = 1. Let
o1, 02, 03 be the 2 x 2 Pauli matrices given by

01=<(1) é) Ug:(? _()i), o3=<(1) _01). (2.10)

Proof of Theorem 1.2. The Hamiltonian Q can be written in the form
Q= 3A(P” +x°) + 302(px + xp). @.11)
Weset M =3(1+03)=(}9), Mt =31 —03)=(39)and R = M1Pg. Then we have
(Q — E)Rpg = M*[Q, Palgg + [Q, M*1Pagy. (2.12)
The commutator [Q, M~] can be computed as
[0, M) = —1(aa — a*a*)ay. (2.13)

Thus, we have

: 1
[0,R] = MJ‘%GZ[aa —a*a’, Pal + 3a*a"orPa, (2.14)

where we used the fact that aPg = 0. Hence, we have

i 1 * % 1 * %
(Reg, (Q — E)R@g) = g, ERM 0'2[““ —aa, Pﬂ]wg + E(wgs Ra*a"o1Pqyg)

i
= (0w Ro2a’ ). (2.15)

On the other hand, R(Q — E)R = (%ﬂ — E)R?. Then (2.4) and la*Reg || = [[Reg]| yield that

1 1 1
—B—E )| IRe.|*< =la*R <——|R .
(2,3 )II Pell _2||a wgllllazwgll_mll Pellllogll

Therefore,

1 -2
2 2
IRpg|l~ < <§ﬁ — E) w1 llogll~

Since M + M+ = 1, it holds that PoM + R + N > 1. Then, by using (2.4) we have

1 2 1
P(PoM)P>P(1 —PogM*+ —N)P>(1—-(=B—E - P,
2 a2 -1 «?2-1

where P = Pt + P~ is the orthogonal projection onto ¢. Taking the trace of both sides

above, we have
1>(1 lﬁ E o ! TrP
— — — — r s
- 2 az—1 a2 —1

and the theorem follows. O




Multiplicity of the lowest eigenvalue of NCHO 361

2.3.  Proof of Theorem 1.4
Recall that ¢ = 8 — «. In this section, we fix an arbitrary « > 1 and set
Qa, p)=0=0() =0Qo +¢V, (2.16)
where Qo = Q(a, ) and V = 3( 9 9)(p? + x).
LEMMA 2.1. Forall ® € D(Qy), it follows that

3
V| < (a@—D71Qod| +§(a— D7 . (2.17)

Proof. One can show that || (px + xp)ul|> < ||(p? + x?)ul|> + 3||u||*. Since 65 = 1, we have

100l = all3(p* + xH)®| — 15 (px + xp) ||
> a5 (p? + 3P| = LU+ D)@ + 3] @)/,

and, hence,
a—1 \/5
Q0| zT||(p2+x2>cI>|| =<l (2.18)
Noting that ||V ®|| < 1[|(p? + x?)®|| we have the bound (2.17). m]

By (1.5) or the sandwich estimate Q(«, o) < Q(«, B) < Q(B, B) we have the bounds

21 21 3
7062 Sklszfiﬂz and 5\/0{2—15)\3

(with repetition according to multiplicity). When /g2 — 1 < 33/a2 — 1, Q has exactly two
eigenvalues in the interval [%«/ a?—1, %\/ B2 —1]. Let C be the closed disk centered at
~/a? — 1/2 with the radius a2 — 1/2 in the complex plane:

@10 g<s (2.19)
5 5 0= <2m:. .

Thus, Q has exactly two eigenvalues, A1 and A,, inside of C.
LEMMA 2.2. We have ||V(Qo — z)"!|| < g1 forall z € 3C.

Proof. By Lemma 2.1, we have

V3

IV(Qo—2) 7'l < (@ = D7'1Q0(Qo —2) 7|l + - (o= D@0 -7 . (2.20)

Since the eigenvalues of Qg are {(% +n)Va? — 1372, we have sup, ;¢ [1Q0(Qo — 27
=3 and sup,y¢ [1(Qo — 2) 7'l =2/+/«? — 1. Then the lemma follows. O

The two-dimensional subspace spanned by the eigenvectors associated with the
eigenvalues A1 and X, is denoted by .%. The orthogonal projection onto .# is then given by

P=P(£)=—% fi’)C(Q_Z)_l dz. (2.21)
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We expand P (¢) with respect to ¢ up to the second order:
P=Py+¢cP +&°R, (2.22)

where Py is the orthogonal projection onto the ground states of Q¢ and

P=-sef @ V-0 (223)
Tt Jyc
1
R=R(e)=—7— ygc(go — 27 'WV(Qo-2"'V(0-2""dz. (2.24)

LEMMA 2.3. We have ||R|| < g> and |V Py || < Eog?.

Proof. By Lemma 2.2, we have

IC]| _ _ Va2 =1 _
IR < == sup [V(Qo— ) 'IPI(Q — 27"l < ——=—¢1l(Q — Va2 = D7'|.
2n zedC 2
(2.25)
Since A3 >3vaZ—1, we have [(Q—~aZ—1)7!|=|r—+va2—1|"!. Hence,
IR]| < g2 holds. Similarly one can prove the second bound. O

Let vg € L2(R) be the normalized ground state of h = % p? + ((@? — 1)/2)x2. Namely
T\
vo(x) = (“7) e Voi1x?/2 (2.26)
T

Let S, be the dilation defined by S, f(x) = (1/4/a) f(ax) for a > 0. We define the
unitary operator U on H by

1 ei*/ e 0 1 —i »
U = ES\/& 0 e_ix2/(2a) 1 i . ( . 7)

Then U QoU* = (%) and the vectors u; = U*('§) and us = U*( 2 ) are twofold ground
states of Q(«, ). Since P is a projection onto .#, the ground state and the first excited state
can be expressed as a linear combination of Pu; and Puj as long as both Puj and Pu; are
linearly independent, which is proven in the lemma below.

LEMMA 2.4. Assume that 82g2 < 1. Then Puy and Puy are non-zero vectors. Moreover, if
€2g> < 1/2, then Puy and Pu are linearly independent.

Proof. By (2.22) we have
I Puill> =1+ ey, Piuy) + e>(ui, Ruy). (2.28)

T'he second term on the right-hand side above is zero, since
( P )———lf 71 dz( y=0 (2.29)
uy, Piu - 5 dz{ur, Vu . .29
b 2ri Jac (Eo —2) : :

Hence, ||Pui|>>1— 82g§ > 0 holds by Lemma 2.3 and the assumption. Since the same
holds for || Pus||, thus Pu;(i = 1, 2) are non-zero vectors. Next we assume that £2gy < 1/2.
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Then we have
1Pur P Puzll* = 1{Pur, Pus)* = (1 — e*g2)(1 — %g2) — '3
=1-2%g >0 (2.30)
which implies that Pu; and Pu» are linearly independent. O

LEMMA 2.5. Let g3 and g4 be given in (1.10) and (1.11), respectively. Then it follows that
where we used the bound

Vuill <g1Eo, i=1,2, 2.31)
[(u1, Vui)| = g3, (2.32)
[{u1, Vuz)| < ga. (2.33)

Proof. Equation (2.31) follows from

IVuill < 1V(Qo — Va2 = )7'[1(Qo — Va? — Dui|| < g1 Eo. (2.34)
The proofs of (2.32) and (2.33) are given in the Appendix. O
Proof of Theorem 1.4. Suppose that £2g, < 1/2. We define
_ i ®) — Puy — (P, uz) Py '
| Pull | Puz — (@1, uz) @1

Then, by Lemma 2.4, ®; and &, are orthogonal vectors in .%. Let ¥ = Span{®, ®,} be the
two-dimensional vector space and Q : ¥ — 7 can be regarded as a linear operator and its
matrix representation is given by

o ((‘Dh Q1) (P, Q<I>2))
(P2, QP1) (P2, QP2) /)

Thus, the eigenvalues A1 and A, of Q are also the eigenvalue of m. Therefore, the difference
of A1 and X, can be computed by

(k2 — A1)% = (@1, Q1) — (P2, QD2))% + 4[(P1, QP2) 2, (2.37)

D, (2.35)

(2.36)

which implies that
A2 — A1] = 2[{P1, OQP2)l. (2.38)

We estimate [(®1, Q®>)| from below. Inserting the definition of ®; into (®;, Q® ;) we have

(Pui, Q(| Pui|* Puz — (Pui, Pu) Puy))
I Pur [Pl Puz — (Pur, Puz) Puy /|| Puyl*||

(@1, Qo) = (2.39)

Note that
(Pui, QPuj) = (Pu;, Quj) = Eodij + &(V)ij + & (Eo(R)ij + (P1V)ij) + & (RV )ij,
where (K');; = (u;, Kuj). We see that the denominator of (2.39) is expanded as

1Py [ Pur > Puz — (Puy, Puz) Puj|

=+ 82<R)11)\/(1 +e2(R)11)(1 + &2(R)2) — e*[(R)12]%.
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By the bound || R|| < g2 we have the lower bound

1Put Il Pur > Puz = (Put, Puz)Puill = (1 — e*g2)y/1 —262g3.  (2.40)
The numerator of (2.39) can be also expanded as
(Pur, Q(|Puy|*Puz — (Pui, Puz)Puy))
=e(V)i2+ X (P1V) 12+ & (RV)i2 + (V) 12(R)11 — (R)12(V)11)

+ e (PLV)12(R) 1 — (R)12(PLV) 1) + € (R)11{RV) 12 — (R)12(RV)12).
By using Lemmas 2.3 and 2.5, each term can be evaluated as

e 1(P1V) 12| < 6* Eogi

RV 12+ (V)12(R)11 — (R)12(V)n| < & (Eogig2 + 8284 + 8283)

e (PIV)12(R)11 — (R)12(P1 V)11 < e*2E0g} g

e |(R)11(RV )12 — (R)12(RV)12] < &°2E0g183.

By combining all of the estimates stated above, we have

2¢e
A1 = A2| = —— (g4 — ek (e)), (2.41)
£(¢e)
where £(e) = (1 — 82g2)1 /1 — 252g%. Hence, the theorem follows. O
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A. Appendix: computation of (V);;

We recall that vg = (w/7) /412 with w = vaZ — 1, V = (99 (p* +x?) and U is
given by (2.27). We directly see that

1 e¥ 2 1 =i\ (0 0\ (1 1
-1 _ '
U= 4Sﬁ< 0 e—’x2/2a> <1 i > <o 1) (i —i)

.2
e ix /20 0
X (P2 ~|—x2) ( 0 eixz/ZOl) Sl/ﬁ

.2 2 .2 ) 2 )
eix /201(% +ax2)e—lx /2a e ix /20((% +otx2)e”‘ /20

1
4 _e—ix2/2a(%2 +ax2)e—ix2/2a eixz/Zoz(P?2 +ax2)eix2/2a
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1 1 (1 L2 e (P 2\ —ix?)2a
—- L Al
<<O),UVU <0>>C2 4e o + ax” )e (A.1)
2
N pvo-t (O = _Lawna( P74 2) i (A.2)
0 1 C2 4 o

LEMMA A.1. We have that (u, Vu1) = o/4w, and then |(uy, Vui)| = g3.

Then we have

Proof. By (A.1) we have
1 2 P? 2\ —ix2)2 1 (p—x)?° 2
(wr, Vur) = ={vo, e[ = + ax? Je v} = —(vo, | —" + ax? o).
4 o 4 o

Since (vg, (px + xp)vg) = 0, we obtain that

1 2 2
(u1, Vup) = —<v0, (u +ax2)vo>.
4 o

By (vo, x>v9) = 1/(2w) and (vy, p>vo) = w/2 we have (u1, Vu1) = a/(dw). 0

LEMMA A.2. We have that (u1, Vuz) = —(w/?/4a)(w — i)~V/2. In particular |(uy, Vus)|
< a)3/2/4a3/2.

Proof. By (A.2) we have
1 ix2/2 p2 2\ ix22
(1, Vuy) —Z<vo, ex (; + ax )e’x / vo>

1 .
1z ((—i — a))xe_”‘z/2

2

Zeix UO)

") o
v, (i — w)xe™ ?vg) — —(vo, x

o~

1 .
—E((w —i)? + a®)(vo, xze’xzvo).

Since (v, xze”zvo) = (w/m)!/? fR x2e— (@03 gy — %a)l/z(w —i)73/2, we have the

lemma. m]
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