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Summary. Double sequences are important extension of the ordinary no-
tion of a sequence. In this article we formalized three types of limits of double
sequences and the theory of these limits.
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The notation and terminology used in this paper have been introduced in the
following articles: [3], [4], [13], [5], [15], [6], [7], [16], [X1O], [1, [2], [8], [11], [18],
[12], [17], and [9].

In this paper R, Ry, Ro denote functions from N x N into R, r1, 79 denote
convergent sequences of real numbers, n, m, N, M denote natural numbers, and
e, r denote real numbers.

Let us consider R. We say that R is p-convergent if and only if

(Def. 1) There exists a real number p such that for every real number e such
that 0 < e there exists a natural number N such that for every natural
numbers n, m such that n > N and m > N holds |R(n,m) — p| < e.

Assume R is p-convergent. The functor P-lim R yielding a real number is
defined by

(Def. 2) Let us consider a real number e. Suppose 0 < e. Then there exists a

natural number N such that for every natural numbers n, m such that
n > N and m > N holds |R(n,m) — it| <e.
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We say that R is convergent in the first coordinate if and only if
(Def. 3) Let us consider an element m of N. Then curry’(R,m) is convergent.
We say that R is convergent in the second coordinate if and only if
(Def. 4) Let us consider an element n of N. Then curry(R,n) is convergent.
The lim in the first coordinate of R yielding a function from N into R is
defined by
(Def. 5) Let us consider an element m of N. Then it(m) = lim curry’(R, m).
The lim in the second coordinate of R yielding a function from N into R is
defined by
(Def. 6) Let us consider an element n of N. Then it(n) = lim curry(R, n).
Assume the lim in the first coordinate of R is convergent. The first coordinate
major iterated lim of R yielding a real number is defined by
(Def. 7) Let us consider a real number e. Suppose 0 < e. Then there exists
a natural number M such that for every natural number m such that
m > M holds |(the lim in the first coordinate of R)(m) — it| < e.
Assume the lim in the second coordinate of R is convergent. The second
coordinate major iterated lim of R yielding a real number is defined by
(Def. 8) Let us consider a real number e. Suppose 0 < e. Then there exists a
natural number N such that for every natural number n such that n > N
holds |(the lim in the second coordinate of R)(n) — it| < e.
Let R be a function from Nx N into R. We say that R is uniformly convergent
in the first coordinate if and only if

(Def. 9) (i) R is convergent in the first coordinate, and

(ii) for every real number e such that e > 0 there exists a natural number
M such that for every natural number m such that m > M for every
natural number n, |R(n,m) — (the lim in the first coordinate of
R)(n)| < e.
We say that R is uniformly convergent in the second coordinate if and only if

(Def. 10) (i) R is convergent in the second coordinate, and

(ii) for every real number e such that e > 0 there exists a natural number
N such that for every natural number n such that n > N for every
natural number m, |R(n,m) — (the lim in the second coordinate of
R)(m)| < e.
Let us consider R. We say that R is non-decreasing if and only if
(Def. 11) Let us consider natural numbers ny, m1, ng, mo. If ny > ng and my; > mo,
then R(ni,m1) > R(na, ma).
We say that R is non-increasing if and only if
(Def. 12) Let us consider natural numbers ny, m1, ng, mo. If ny > ng and my > mo,
then R(ni,m1) < R(na, m2).

- 10.2478/forma-2013-0018
Downloaded from PubFactory at 09/05/2016 08:08:48AM
via Shinshu U Lib



DOUBLE SEQUENCES AND LIMITS

Now we state the proposition:

(1) Let us consider real numbers a, b, c. If a < b < ¢, then |b| < |a| or
6] < |c].

Note that every function from N x N into R which is non-decreasing and
p-convergent is also lower bounded and upper bounded and every function from
N x N into R which is non-increasing and p-convergent is also lower bounded
and upper bounded.

Let r be an element of R. Let us note that N x N —— 7 is p-convergent
convergent in the first coordinate and convergent in the second coordinate as a
function from N x N into R.

Now we state the proposition:

(2) Let us consider an element 7 of R. Then P-im(NxN +—— r) = r. PROOF:
Set R = N x N +— r. For every natural numbers n, m, R(n,m) = r by
[15, (70)]. O

Note that there exists a function from N x N into R which is p-convergent,
convergent in the first coordinate, and convergent in the second coordinate.

In this paper P; denotes a p-convergent function from N x N into R.

Let Py be a p-convergent convergent in the second coordinate function from
N x N into R. Note that the lim in the second coordinate of Py is convergent.

Now we state the proposition:

(3) Suppose R is p-convergent and convergent in the second coordinate.
Then P-lim R = the second coordinate major iterated lim of R. PROOF:
Consider z being a real number such that for every e such that 0 < e there
exists a natural number N7 such that for every n and m such that n > Ny
and m > Nj holds |R(n,m) — z| < e. For every e such that 0 < e there
exists N such that for every n such that n > N holds |(the lim in the
second coordinate of R)(n) — z| < e by [4, (63), (60)]. For every e such
that 0 < e there exists N such that for every n such that n > N holds
|(the lim in the second coordinate of R)(n) — P-lim R| < e by [4, (60),
(63)]. O

Let P3 be a p-convergent convergent in the first coordinate function from
N x N into R. Let us note that the lim in the first coordinate of P3 is convergent.

Now we state the proposition:

(4) Suppose R is p-convergent and convergent in the first coordinate. Then
P-lim R = the first coordinate major iterated lim of R. PROOF: Consider
z being a real number such that for every e such that 0 < e there exists
a natural number N; such that for every n and m such that n > Ny and
m > Nj holds |R(n,m) — z| < e. For every e such that 0 < e there exists
N such that for every n such that n > N holds |(the lim in the first
coordinate of R)(n) — z| < e by [4, (63), (60)]. For every e such that 0 < e
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there exists N such that for every n such that n > N holds |(the lim in
the first coordinate of R)(n) — P-lim R| < e by [4] (60), (63)]. O
One can verify that every function from N x N into R which is non-decreasing
and upper bounded is also p-convergent convergent in the first coordinate and
convergent in the second coordinate and every function from N x N into R which
is non-increasing and lower bounded is also p-convergent convergent in the first
coordinate and convergent in the second coordinate.
Now we state the propositions:
(5) Suppose R is uniformly convergent in the first coordinate and the lim in
the first coordinate of R is convergent. Then

(i) R is p-convergent, and
(ii) P-lim R = the first coordinate major iterated lim of R.
(6) Suppose R is uniformly convergent in the second coordinate and the lim
in the second coordinate of R is convergent. Then
(i) R is p-convergent, and
(ii) P-lim R = the second coordinate major iterated lim of R.

Let us consider R. We say that R is Cauchy if and only if
(Def. 13) Let us consider a real number e. Suppose e > 0. Then there exists a
natural number N such that for every natural numbers ny, no, m1, ms such
that N < n3 < ng and N < my < mg holds |R(ng, ma) — R(ny,m1)| < e.
Now we state the propositions:

(7) R is p-convergent if and only if R is Cauchy. PROOF: Define R (element
of N) = R($1,$1). Consider s; being a function from N into R such that for
every element n of N, s;(n) = R(n) from [7, Sch. 4]. Reconsider z = lim s;
as a complex number. For every e such that 0 < e there exists IV such that
for every n and m such that n > N and m > N holds |R(n,m) — z| < e
by [, (63)]. O

(8) Let us consider a function R from N x N into R. Suppose

(i) R is non-decreasing, or
(ii) R is non-increasing.

Then R is p-convergent if and only if R is lower bounded and upper
bounded.

Let X, Y be non empty sets, H be a binary operation on Y, and f, g be
functions from X into Y. Observe that the functor H; , yields a function from
X x X into Y. Now we state the propositions:

9) (i) r.,.,, 18 convergent in the first coordinate and convergent in the
second coordinate, and

(ii) the lim in the first coordinate of ‘g, , is convergent, and

- 10.2478/forma-2013-0018
Downloaded from PubFactory at 09/05/2016 08:08:48AM
via Shinshu U Lib



DOUBLE SEQUENCES AND LIMITS 167

(iii) the first coordinate major iterated lim of ‘g, r, = lim 7 -limry, and
(iv) the lim in the second coordinate of ‘g, r, is convergent, and

(v) the second coordinate major iterated lim of ‘g, ,, = lim7y - limry,
and

(Vi) ‘Rpy,rp 1S p-convergent, and

(vii) P-lim gy, p, = limry - lim7s.
PROOF: Set R = Ry, . For every n and m, R(n,m) = ri(n) - ra(m)
by [5, (77)]. For every element m of N and for every real number e such
that 0 < e there exists N such that for every n such that n > N holds
|(curry’(R,m))(n) — limry - 7o(m)| < e by [4, (47), (65), (44)]. For every
element m of N, curry’ (R, m) is convergent. For every element m of N and
for every real number e such that 0 < e there exists IV such that for every
n such that n > N holds |(curry(R,m))(n) — r1(m) - limrs| < e by [4}
(47), (65), (44)]. For every element m of N, curry(R,m) is convergent. For
every e such that 0 < e there exists N such that for every n such that
n > N holds |(the lim in the first coordinate of R)(n) —limr -limry| < e
by [4, (46), (65)]. For every e such that 0 < e there exists N such that
for every m such that n > N holds |(the lim in the second coordinate of
R)(n) —limr - limre| < e by [4, (46), (65)]. For every e such that 0 < e
there exists N such that for every n and m such that n > N and m > N
holds |R(n,m) — limr; - limro| < e by [12, (3)], [4, (63), (46), (65)]. O
(10) (i) +mri,rp is convergent in the first coordinate and convergent in the
second coordinate, and

(ii) the lim in the first coordinate of +g,, r, is convergent, and

(iii) the first coordinate major iterated lim of +g ,, r, = limry + lim 7y,
and

(iv) the lim in the second coordinate of +g,, r, is convergent, and

(v) the second coordinate major iterated lim of +g, r, = limr; +limry,
and

(Vi) +Rrpy ., 1S p-convergent, and

(vii) P-lim 4wy, r, = limry + limro.

PROOF: Set R = 4Ry, . For every n and m, R(n,m) = r1(n) + r2(m) by
[5, (77)]. For every element m of N and for every real number e such that
0 < e there exists a natural number N such that for every natural number
n such that n > N holds |(curry’(R,m))(n) — (limry 4+ r2(m))| < e. For
every element m of N, curry’(R, m) is convergent. For every element m of
N and for every real number e such that 0 < e there exists N such that for
every n such that n > N holds |(curry(R,m))(n) — (ri(m) + lim )| < e.
For every element m of N, curry(R, m) is convergent. For every e such
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that 0 < e there exists IV such that for every n such that n > N holds
|(the lim in the first coordinate of R)(n) — (limr; +limrg)| < e. For every
e such that 0 < e there exists N such that for every n such that n > N
holds |(the lim in the second coordinate of R)(n) — (limry + limry)| < e.
For every e such that 0 < e there exists N such that for every n and m
such that n > N and m > N holds |R(n,m) — (limr +limr)| < e by [4,
(56)]. O

(11) Suppose R; is p-convergent and Ra is p-convergent. Then
(i) R1+ Ry is p-convergent, and
(ii) P—lim(Rl + RQ) = P-lim R; + P-lim R».

(12) Suppose R; is p-convergent and Ry is p-convergent. Then
(i) Ry — Ry is p-convergent, and
(ii)) P-lim(R; — Rg) = P-lim Ry — P-lim R,.

(13) Let us consider a function R from N x N into R and a real number r.
Suppose R is p-convergent. Then

(i) 7+ R is p-convergent, and
(ii) P-lim(r- R) =r-P-lim R.

(14) If R is p-convergent and for every natural numbers n, m, R(n,m) > r,
then P-lim R > r.

(15) Suppose R is p-convergent and Ry is p-convergent and for every natural
numbers n, m, Ri(n,m) < Ra(n,m). Then P-lim Ry < P-lim Ry. The
theorem is a consequence of (12) and (14).

(16) Suppose R; is p-convergent and Ry is p-convergent and P-lim Ry =
P-lim Ry and for every natural numbers n, m, Ri(n,m) < R(n,m) <
Rs(n,m). Then

(i) R is p-convergent, and
(ii) P-lim R = P-lim R;.
PRrROOF: For every e such that 0 < e there exists N such that for every n
and m such that n > N and m > N holds |R(n,m) — P-lim R;| < e by
14, (4), (5), (1)]. O
Let X be a non empty set and s; be a function from N x N into X. A
subsequence of s1 is a function from N x N into X and is defined by
(Def. 14) There exist increasing sequences N, M of N such that for every natural
numbers n, m, it(n,m) = s1(N(n), M(m)).
Let us consider P;. Observe that every subsequence of P; is p-convergent.
Now we state the proposition:
(17) Let us consider a subsequence Py of P;. Then P-lim P, = P-lim P;.
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Let R be a convergent in the first coordinate function from N x N into R.
Note that every subsequence of R is convergent in the first coordinate.
Now we state the proposition:

(18) Let us consider a subsequence R; of R. Suppose
(i) R is convergent in the first coordinate, and
(ii) the lim in the first coordinate of R is convergent.
Then
(iii) the lim in the first coordinate of R; is convergent, and

(iv) the first coordinate major iterated lim of R; = the first coordinate
major iterated lim of R.

PRrooOF: Consider I7, Is being increasing sequences of N such that for every
natural numbers n, m, Ri(n,m) = R(I;(n), I2(m)). For every e such that
0 < e there exists N such that for every m such that m > N holds
|(the lim in the first coordinate of Rj)(m) — the first coordinate major
iterated lim of R| < e. O
Let R be a convergent in the second coordinate function from N x N into
R. One can check that every subsequence of R is convergent in the second
coordinate.
Now we state the proposition:

(19) Let us consider a subsequence R; of R. Suppose
(i) R is convergent in the second coordinate, and
(ii) the lim in the second coordinate of R is convergent.
Then
(iii) the lim in the second coordinate of R; is convergent, and

(iv) the second coordinate major iterated lim of R; = the second coordinate
major iterated lim of R.

PRroOF: Consider I1, I being increasing sequences of N such that for every
n and m, Ri(n,m) = R(I1(n), I2(m)). For every e such that 0 < e there
exists N such that for every m such that m > N holds |(the lim in the
second coordinate of Rj)(m) — the second coordinate major iterated lim
of R| <e. O

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbersl Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek. |The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[3] Czestaw Bylinski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.

[4] Czestaw Bylinski. [The complex numbers. Formalized Mathematics, 1(3):507-513, 1990.

- 10.2478/forma-2013-0018
Downloaded from PubFactory at 09/05/2016 08:08:48AM
via Shinshu U Lib


http://fm.mizar.org/1990-1/pdf1-1/nat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/ordinal1.pdf
http://fm.mizar.org/1990-1/pdf1-1/binop_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/complex1.pdf

170 NOBORU ENDOU, HIROYUKI OKAZAKI, AND YASUNARI SHIDAMA

[5] Czestaw Byliniski. Binary operations applied to finite sequences. Formalized Mathematics,
1(4):643-649, 1990.

[6] Czestaw Bylinski. [Functions and their basic properties. Formalized Mathematics, 1(1):
55-65, 1990.

[7] Czestaw Bylinski. Functions from a set to a setl Formalized Mathematics, 1(1):153-164,
1990.

[8] Czestaw Bylinski. [Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

9] Czestaw Bylinski. [Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990 Y

[10] Noboru Endou, Keiko Narita, and Yasunari Shidama. The Lebesgue monotone conver-
gence theorem. Formalized Mathematics, 16(2):167-175, 2008. doi;10.2478/v10037-008-
0023-1.

[11] Andrzej Kondracki. Basic properties of rational numbers. Formalized Mathematics, 1(5):
841-845, 1990.

[12] Jarostaw Kotowicz. |Convergent sequences and the limit of sequences. Formalized Mathe-
matics, 1(2):273-275, 1990.

[13] Adam Naumowicz. Conjugate sequences, bounded complex sequences and convergent
complex sequences. Formalized Mathematics, 6(2):265-268, 1997.

[14] Jan Popiolek. |[Some properties of functions modul and signum. Formalized Mathematics,
1(2):263-264, 1990.

[15] Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics, 1
(2):329-334, 1990.

[16] Michatl J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.

[17] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

[18] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73-83, 1990.

Received August 31, 2013

- 10.2478/forma-2013-0018
Downloaded from PubFactory at 09/05/2016 08:08:48AM
via Shinshu U Lib


http://fm.mizar.org/1990-1/pdf1-4/finseqop.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/partfun1.pdf
http://fm.mizar.org/1990-1/pdf1-1/zfmisc_1.pdf
http://dx.doi.org/10.2478/v10037-008-0023-1
http://dx.doi.org/10.2478/v10037-008-0023-1
http://fm.mizar.org/1990-1/pdf1-5/rat_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/seq_2.pdf
http://fm.mizar.org/1997-6/pdf6-2/comseq_2.pdf
http://fm.mizar.org/1997-6/pdf6-2/comseq_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/absvalue.pdf
http://fm.mizar.org/1990-1/pdf1-2/funcop_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/int_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/subset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_1.pdf

