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Abstract

In 2012, the Higgs boson, which is a last piece of the standard model
(SM), was discovered by the experiments at Large Hadron Collider (LHC) in
CERN. Hence, correctness of the SM has been proved. But, because the SM
includes some problems, it is not a perfect theory. For example, the SM dose
not include gravitational interaction and can not explain the origin of three
families for quarks and leptons, the mass of neutrino, and the identity of dark
matter and dark energy is unknown, and so on. In order to explain the history
of universe, physics beyond the SM is needed.

Physics beyond the SM such as supersymmetry (SUSY), higher dimen-
sional theories and technicolor (composite) theories has been proposed, and
those theories predict new particles. However, no particles other than the SM
ones have been found until now. This means that new physics should exist at
a very high energy scale, and the SM should be effective up to such a scale.

In this thesis, we focus on a family unification and the origin and identity
of unknown new particles. And, in order to solve those problem, we use the
higher dimensional theory including extra dimensional spaces called orbifold.

In the SM, matter particles are composed of six types of quarks and lep-
tons. However, in the early universe, those particles could not be distinguished
in the framework of grand unified theories (GUTSs). Therefore, we construct
a unification model that all matter particles are unified under a large gauge
group.

By considering SU(N) gauge theory on six-dimensional (6D) space-time
M* x T?/Zp (M = 2,3,4,6), we search the models to unify families and ob-
tained enormous number of models with three families of SU(5) matter multi-
plets and these with three families of the SM multiplets, from a single massless
Dirac fermion with a higher-dimensional representation of SU(N). We also
study the relationship between the family number of chiral fermions and the
Wilson line phases, based on the orbifold family unification. We show that fla-
vor numbers are independent of Wilson line phases relating extra-dimensional
component of higher-dimensional gauge field and this feature originates from
a quantum-mechanical SUSY.

Next, we study phenomenological aspects of orbifold family unification
models with SU(9) gauge group on a 6D space-time including the orbifold
T?/Zs. Especially, we focus on a mass acquirement of the SM matter particles.
And, we also predict relations among sfermion masses in the SUSY extension
of models.

We explain the reason why new particles have not been discovered using
gauge theory on 5D based on 1D orbifold S!/Zs. We propose an idea that new
particles can be separated according to gauge quantum numbers from the SM
ones by the difference of boundary conditions (BCs) on extra dimensions, e.g.
zero modes due to orbifold breaking by inner automorphisms correspond to the
SM particles, and zero modes due to orbifold breaking by outer automorphisms
correspond to new particles. We apply this idea on a gauge-Higgs inflation
scenario. This model contains inflaton which causes the inflation and dark
matter, but they hardly interact with the SM particles.
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1 Introduction

The standard model (SM) contains by electromagnetic, weak and strong inter-
action and is constructed by gauge principle concerning the gauge group Ggy =
SU3)e x SU(2), x U(l)y. The SU(3)c symmetry describes the strong interac-
tion. The SU(2), x U(1)y symmetry is spontaneously broken down to U(1)gw by
the Higgs mechanism, and the unbroken symmetry describes the electromagnetic
interaction and the broken one describes the weak interaction. Under this gauge
group, the SM includes 12 matter particles (Table 1.1), 3 types of gauge bosons cor-
responding to SU(3)¢, SU(2), and U(1)y and the Higgs particles. Gauge quantum
numbers of the SM particles are indicated in Table 1.2, 1.3 and 1.4. Gauge group,
gauge couplings and gauge particles of the SM are summarized in Table 1.5.

15* generation | 2°¢ generation | 3" generation
; uy, cr tr,
L dL SI, bL
quarks ,
U% UR CR tR
l]é dr SR br
I
leptons | cr HL L
I/}{ VeRr ViR Vrr
e% €R UR TR
Table 1.1: The SM matter particles.
Matter particles | SU(3)¢ | SU(2)L T3 Y [ Q=T4Y)
1 2
o 3 2 21 % 31
dr ~3 3
Uup 3 0 2 2
1 2
dr 3 0 -3 -3
1
e 5 0
e 1 2 21 _%
er, -3 —1
€R 0 —1 -1
VeR 0 0 0

Table 1.2: Gauge quantum number of the SM matter particles.

The SM is verified with high accuracy by experiments. In 2012, the Higgs particle
was discovered at the Large Hadron Collider (LHC) in the CERN. As a result, the
SM has been completed. However, there are some unsolved problems in the SM
frame. For example,

- Quantization of gravity



Gauge particles || SU(3)¢ | SU(2), T} Q=T +Y)
Go 8 1 0 0
Wi +1 +1
wes= | wo 1 3 0 0
W 1 -1
B, 1 1 0 0

Table 1.3: Gauge quantum number of the SM gauge particles.

Higgs particle

SU@3)c

SU(2)L

5 |y

Q=T +Y)

)

1

2

(

1
2 1
o 2

o[

o)

Table 1.4: Gauge quantum number of the SM Higgs particles.

Gauge group SU(3)¢ SU2), |UQ1)y
Gauge coupling Js g q
Gauge particle Gy Wy B,

Generator Ta=X/2 | Tp=0"/2| Y

Table 1.5: Gauge group, gauge couplings and gauge particles of the SM.

- Hierarchy problem (fune-tuning problem)

- Strong CP ploblem

- The number of family

- Neutrino mass

- Dark matter and energy

- Baryon asymmetry
- Grand unification

Those problems must be solved by considering new physics beyond the SM. Actu-
ally, physics beyond the SM such as grand unified theories (GUT), supersymmetry
(SUSY), higher dimensional theories and technicolor theories have been proposed.
In order to explain that why the SM gauge group is SU(3)c x SU(2), x U(1)y,
GUT is proposed.

For example, in the case of SU(5) GUT, when SU(5) is broken down to sub-
group Gy, one generation matter particles of the SM is unified into 10, 5 and 1

representation of SU(5) such as

10 = <3,1,é\/§> S (up)® <3,2,—§\/§> tqr D (1,1, \/é) c(er)t, (1.1)

< 1
3717_
3

_ 1 /3
(dr)° @ 1,2, —24/2
)(R)@<77 9 5

>;l

L



1=(1,1,0): (nr)". (1.3)

And, SU(5) gauge field with 24 representation is decomposed to

24 = (8,1,0) (1,3,0) ® (1,1,0) @ <3,2,—g g) @ (32%@) . (14)

where (8,1,0), (1,3,0) and (1,1,0), are representation of SU(3)c, SU(2), and
U(1)y gauge boson, respectively. Therefore, the SM gauge bosons are unified, and
three gauge couplings are unified as g; = ¢ = \/5/3¢' = gaur at GUT scale. The

<3, 2, —2 g) and (3, 2, g\/g) are extra gauge bosons which can cause proton
decay.
When SO(10) gauge group are broken down to subgroup SU(5)x U (1) in SO(10)

GUT, 16 representation of SO(10) is decomposed to

_3 /1 1 /1 5 [1
16= (52— 10, — =/ — 1,—=y/—|. 1.
0 (5’ 2 10) © ( 075 10) © ( 2 10) (1.5)

Hence, one generation of matter particles are unified to a single multiplet with 16
representation of SO(10). In GUT based on Fjg gauge group, 16 representation of
SO(10) gauge group is a part of 27 of Eg.

Furthermore, when exceptional group Fg is broken down to subgroup Egx SU(3),
248 representation of Eg is decomposed to

248 = (78,1) ® (1,8) & (27,3) @ (27, 3). (1.6)

Here, (27,3) includes all matter particles of the SM. However, there are a lot of
extra particles which do not appear in the SM.

We have studied this problems by using higher-dimensional theories. The ad-
vantage of higher-dimensional theories is that substances including mirror particles
can be reduces using the symmetry breaking concerning extra dimensions, as origi-
nally discusses in superstring theory [1-3]. Hence, a candidate realizing the family
unification is GUTs on a higher-dimensional space-time including an orbifold as an
extra space.’

Many physics beyond the SM have been proposed, but their evidences have not
been discovered. In order to explain the history of universe, we should disclose the
identity of unknown particles such as dark matter and inflaton. Because it is hard
to detect such hidden particles directly, they are supposed to interact with the SM
particles weakly. We also have studied this problems by using higher-dimensional
theories.

The contexts of this thesis are as follows. In Sec. 2, we explain the properties of
orbifold and orbifold breaking which is a kind of symmetry breaking. In Sec. 3, we
review a family unification on the basis of SU(NN) gauge theory on 5D space-time,

! Five-dimensional supersymmetric GUTs on M* x S'/Z, possess the attractive feature that
the triplet-doublet splitting of Higgs multiplets is elegantly realized [4,5].
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M* x SY/Zy [6]. In Sec. 4, we investigate the family unification on the basis of
SU(N) gauge theory on 6D space-time, M* x T?/Zy; (M = 2,3,4,6) [7]. In Sec.
5, we investigate the relationship between the family number of chiral fermion and
the Wilson line phases, based on the orbifold family unification [8]. In Sec. 6, we
predict orbifold family unification models with SU(9) gauge group on a 6D space-
time including the orbifold 72 /Z,, and obtain relations among sfermion masses in the
SUSY extension of models [9]. In Sec. 7, we propose an idea that hidden particles
can be separated according to gauge quantum numbers from the visible ones by
the difference of boundary conditions (BCs) on extra dimensions [10]. Section 8 is
devoted to conclusion and discussion.



2 Orbifold

Orbifold is the quotient space M/H which is obtained from a manifold M with
some discrete transformation group H, and the space has fixed point (or space).
First, I consider how to generally construct orbifold.

For orbifold M/H, the discrete group H is the direct production of the space
group and discrete rotation group if space is a flat one M = R™. If the element of
H, g = (6,v), acts on an arbitrary point 4*(i = 1,2,--- ,m) of R, it transforms as

gy — Hj»yj + 07, (2.1)

where v is a translation for space group and 6 is a discrete rotation. Speaking in
the language of the topological transformation group, a set of g is called the “orbit”
of H for ¢, and because a “manifold” is divided by some discrete group, it is called
orbifold. However, orbifold is not manifold because it has fixed points. In fixed
points, the curvature diverges.

In the quotient space R"™/H, the coordinates has the equivalence relation as the
following;

Yy~ 9§yj + 7. (2.2)

Because R" is the flat space and H is the discrete group, R"/H is also flat and
compact from the properties of space group. The quotient space, where the compact
flat space is divided by the discrete rotation group, is orbifold.

The fixed points f for some (6%, vp) is defined by points that satisfy the relation

f=0"f 4+ (2.3)

in the fundamental region. The number of fixed points is defined as
x = det(1—0) = H4sin2(7r¢,;) (2.4)

by Lefschetz fixed point theorem. Here, 6 is the integer representation matrix and
2m¢; are all angles that are integer multiples of 27 /M rotation obtained from Z,,
symmetry up to 7. If y =0, ¢; = 0, and the space is non-compact orbifold or fixed
surface (torus). Therefore, the number of fixed points is automatically fixed when
Zyr is determined.

2.1 S'/Z, orbifold

2.1.1 Property

The S'/Z, orbifold is obtained by dividing a circle S* whose radius is R with
the identification,
Stiy~y+21R, (2.5)

under the Zs symmetry,
Loy~ —y, (2.6)

which is shown in Fig. 2.1.



y=0

y=mR

Figure 2.1: S'/Zy orbifold

It follows that when the point y is identified with the point —y on S'/Z,, the
space is regarded as a line segment whose length is 7R. The both end points y = 0
and TR are fixed points under the Z, transformation. The transformations around
those fixed points can be defined as

So:y—= -y, s1:y—2rR—y, t:y—y+2rR. (2.7)
They satisfy the relation,

so=s7=1, t=s505] . (2.8)

2.1.2 Orbifold breaking by inner automorphisms boundary condition

Let us discuss SU(N) gauge theory to consider boundary conditions (BCs) of
gauge, scalar and spinor field under the transformation, using inner auotomophisms.
5D Lagrangian density is given by

1 _
Lsp = 1 S MY il Dy + [ Dol (2.9)
where Dy = Oy — igs A%, T and FYy = Oy A% — OnAS, + g5 f2¢ A%, A, and g5 is
5D gauge coupling.
First, the BCs of gauge field Ay, = A}, T are determined as

So - A,u(xa _y) - PoA#(I,y)PJ, A5($, _y) = _P0A5<'r7y)Pg ) (210)
s1t Au(@,2nR —y) = PLA,(z,y)Pl, As(z,27R —y) = —PiAs(z,y) P}, (2.11)
t1: Ay(z,y+27R) = UAy(z,y)U7, (2.12)

where Py, P and U stand for the representation matrices for the Zy, Z, and T
transformation, respectively. Those matrices satisfy the relations,

P2=Pi=1, UU'=1, U=PRP . (2.13)

where, Py and P, are hermitian matrices because of Py = POT and P, = PlT .



Next, the BCs of scalar field ¢ are determined as

50 Zgb(l‘, _y) = T‘P[PO]gb(I’y) ) (214)
51 Z¢($, 2R — y) = T@[P1]¢(xay) ) (215)
t1 :¢(x,y + 2rR) = Te[U]o(z,y) , (2.16)

where To[FP), To[P1] and Te[U] represent appropriate representation matrices in-
cluding arbitrary sign factors, with the matrices Py, P, and U. The representation
matrices satisfy

To[Po)? =Te[P)? =1, Ts[U] = Ts|R|To[P] . (2.17)
For example, if ¢ is the fundamental representation of SU(N) gauge symmetry,

Tq:.[P()]Qb([L’, y) = 7’]¢0P0¢(l‘,y) ) T<I>[P1]¢(:U7y) = 77¢1P1¢(£L’,y) )
Ts[Ulg(z,y) = nsp2Ud(z,y) (2.18)

where 79, 71 and 7y are intrinsic Zs parity and they take 1 or —1.
The BCs of spinor field ¢ are determined as

S0 21/)(5(], _y) = ZF5T‘I’[P0]1/}<$’?J) ) (219)
51 :w(xa 2R — y) = iFST\I![Pl]w(xa y) ) (2'20)
tiY(z,y +27R) = Ty [Uld(z,y) | (2.21)

where Ty[Py], Ty[P1] and Ty[U] represent appropriate representation matrices in-
cluding arbitrary sign factors, with the matrices Py, P, and U. The representation
matrices satisfy

TP = Ty|P\)> =1, Tyl[U] = Ty[Po]Tu[P1] . (2.22)
For example, if ¢ is the fundamental representation of SU(N) gauge symmetry,

so pr(x, —y) = —npoPotr(z,y) , Yr(x, —y) = nyoPovr(7,y)
S1 :77Z)L<CU7 2TR — y) - _n¢1P1¢L(x7 y) ) wR(xv 2rR — y) - WIPN/JR(I, y)
ty Wp(z,y + 2rR) = Ut (2, y) , Yr(2,y +20R) = npeUtr(z,y) . (2.23)

note that Z, parity of v is different from that of ¢g. This property is important
to consider chiral theory on 4D.

Let o771 (z,y) be a component in a multiplet and have a definite Z, parity
(P, P1). Here, ¢ is a generic field and it is applied to scalar field ¢, fermion field
¢ or gauge field Ay;. The Fourier expansion of p(70?1)(z,y) is given by

1 [2 & n
(+1,+1) — (0) _E : (n) il
SO (I,y) - \/ﬁgp (I) + 7TR g 90 (I) COs Ry ) (224)

2 o (n—3)
(+1,-1) _ e (n) 2
@ (z,y) = - n§:1 ¢\ (z) cos I

v, (2.25)



[2 & -3
oL () y) = — ; o™ (z) sin (n 7 2) v, (2.26)
90(_1’_1)(55 y) = /i i SO(n) () sin ﬁy _ (2.27)
’ TR — R

Upon compactification, massless mode ¢(©) () appears on 4D when Z, parities are
(Py, P)) = (+1,+1). The massive Kaluza-Kein (KK) modes ¢©™ () do not appear
in our low energy world because they have heavy masses of O(1/R), with the same
magnitude as the unification scale. Unless all components of non-singlet field have
a common Zs parity, a symmetry reduction occurs upon compactification because
zero modes are absent in fields with an odd parity. This type of symmetry breaking
mechanism is called orbifold breaking mechanism.”
For example, if the representation matrices Fy and P; are

N
P():diag(q_]-u"'7+17+17"'7+17_1)"'7_17_17"'»_]-)7
Pl :dlag(+17 7+117\_17'” 7_];7:|_17"' 7+1/7_17"' 7_]-) ’ (228)
P q r s

where s = N —p —q —r, SU(N) gauge symmetry is broken down as
SU(N) — SU(p) x SU(q) x SU(r) x SU(s) x U(1)** (2.29)

where & is the number of SU(0) and SU(1). The SU(1) stands for U(1) and SU(0)

a(Py,21)
M

means nothing. In this case, the gauge field A are divided as

a(4+1,+1) B(+1,-1) B(—1,+1) B(=1,-1)
Au Au Au Au

Y Y Y Y

AL ABLAY B gD (2.30)

? ? ?

where the index « indicates the gauge generators of unbroken gauge symmetry and
the index [ indicates the gauge generators of broken gauge symmetry. This shows
that the gauge symmetry is unbroken when gauge field contains zero modes.

2.1.3 Orbifold breaking by outer automorphisms boundary condition

Let us discuss SU(N) gauge theory to consider BCs of gauge, scalar and spinor
field under the transformation, using outer automorphisms. The BCs of gauge field
A4, T are generated by a conjugation transformation,

So: An(r,~y)T" = A (x,4)(T°) |

Al(x, —y)T* = As(x,y)(T)", (2.31)
t1: AYy(x,y 4+ 2rR)T = A, (z,y) T . (2.32)

2 The Zs orbifolding was used in superstring theory [11] and heterotic M-theory [12,13]. In
field theoretical models, it was applied to the reduction of global SUSY [14,15], which is an orbifold
version of Scherk-Schwarz mechanism [16,17], and then to the reduction of gauge symmetry [18].
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This is an outer automorphism transformation. Such BCs relate particles with a
representation R to that with the conjugated one R as conjugate BCs [19]. In this
case of BCs, SU(N) gauge symmetry is broken down as

U(1) — nothing ,
SU(N) — SO(N) , (2.33)

and the rank is reduced (for n > 2) [20]. In the case of other gauge symmetry,
symmetries are broken down as

SO(p+q) = SO(p) x SO(q) ,
SU(2n) — Sp(n) ,
E6 — Sp(4) , E6 — F4 .

Let us consider a U(1) gauge theory as an example. In the case of U(1), the BCs
(2.31) and (2.32) are represented such as

S0 - A,u(-% _y) = _Au(x7y) ) A5<x7 _y) = A5(Zt,y) ) (234)
ty: Am(z,y+27R) = Ay(x,y) - (2.35)

The 5D U(1) gauge fields Ay are given by the Fourier expansions:

A, (z,y) Z A(”) ) sin 1y (2.36)

R Y

\/ﬁ

1 —~
As(x,y) = mAéo) NP Z Al ) cos— : (2.37)

The BCs of scalar field ¢ and spinor field 1 are determined as

0: ¢z, —y) =¢"(z,y) , (2.38)
cp(x,y +27R) = i (x,y) | (2.39)
0 ¥(x,—y) = (z,y), (2.40)
c(z,y + 27 R) = ePvap(xy) | (2.41)

where 4 and (3, are arbitrary real constants and ¢ = e"<I"?¢)*. The 9)° corresponds
to a charge conjugation of ¢ on 4D space-time, and 7. is an arbitrary real number.
From the BCs of (2.38) - (2.41), ¢ and ¢ are given by the Fourier expansion:

27rn+[3¢

P(z,y) = 2\/@ nzooﬁb n) r)e' R Y (2.42)
_ 1 gan (7) iQ’f;:;wy
vl zﬂn;m (it )55 (2.43)

where ¢(™ (z) are 4D real scalar fields (¢(™*(z) = ¢ (z)), 3% (x) are 4D 2-component
spinor fields, and « and & are spinor indices.

9



2.2 T?/7Z); orbifold

In this subsection, let us explain SU(N) gauge theory on M* x T?/7Z,;. Because
the properties of T?/Zy; orbifold is similar to previous subsection, we easily sum-
marize it. The details of the properties and orbifold breaking mechanism of T?/Zy,
orbifold are described in appendix.

Let z be the complex coordinate of T2%/Z,;. Here, T? is constructed from a
two-dimensional SO(4), SU(3), SO(5) and Gy lattice on T?/Zy, T?/Zs3, T?/Z4 and
T?/Zg, respectively (Fig. 2.2).

€2

62/2

O 61/2 €1
(a) T?/Zy orbifold

€2

62/2

0 61/2 €1

e1/2

(c) T?/Z4 orbifold (d) T?/Zg orbifold

Figure 2.2: T?/7y; orbifold

On T2, the point z is equivalent to the points z + e; and z + ey where e; and
ey are the basis vectors. The orbifold T?/Z,; is obtained by dividing T2 by the Zj,
transformation: 2 — 02(6™ = 1). As the point z is identified with the point 6z on
T?/Zy;, the space is regarded as a dark area in Fig. 2.2, respectively. The fixed
point zy for the Z,, transformation satisfies

zp = 0%z + ne; +mes (2.44)

where k, n and m are integers. In Fig. 2.2, the fixed points is shown by filled circle.
Basis vector, transformation properties and their representation matrices of T?/Zy,
are summarized in Table 2.1. [21,22]
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M H Basis vectors (eq, e3) ‘ Transformation properties ‘ Representation matrices
2 1,1 Z— —Z,Z el —2,2— €y —Z% Py, P, Py

3 1,e2™/3 2 — X3y x5 ¥y e Oy, 0,

4 1,7 Z—iz,Z2 e — 2 Qo, P1

6 1, (=3 +1iVv3)/2 z— ey 2 e —z =0, Py

Table 2.1: The characters of T?/Zy,

3 Review of Orbifold Family Unification on M* x
St/ 7,

In this section, we review family unification on the basis of SU (V) gauge theory
on 5D space-time, M* x St /Z, [6].

With suitable diagonal representation matrices Py, P; such as (2.28), the SU(N)
gauge group is broken down into its subgroup such that

SU(N) — SU(p) x SU(q) x SU(r) x SU(s) x U(1)** (3.1)

where s = N —p— g —r and & is the number of SU(0) and SU(1), and SU(1) stand
for U(1) and SU(0) means nothing.

A fermion with spin 1/2 in 5D is regarded as a Dirac fermion or a pair of
Weyl fermions with opposite chiralities in 4D. After the breakdown of SU(N), Weyl
fermion with the rank % totally antisymmetric tensor representation [N, k] (r), whose
dimension is yC}, is decomposed as

k k—l1 k—=l1—1>

[Na k]L - ZZ Z (pCl17quzarclgasCl4)L ) (32)
11=012=0 13=0
k k—l1 k—l1—l2

[N’ k]R = ZZ Z (p0l17qcl277'01373014)]% ) (33)

11=0105=0 I3=0

where I, = k — [; — [, — [3, and our notation is that ,C; for [ > n and n > 0. The
Zs parity of the representation (,Cj,, (Cl,,Cls, sCl,) () Are given by

gZOL(R) = (_1)k+ll+l277[N,k]L<R) ) f@lL(R) = (_1)k+ll+ls77fN,k]L(R) ) (3.4)

where iy k), , and nf Nkl 2 the intrinsic Zy and Z, respectively. In order to the

kinetic term is invariant under the Z, parity transformation, (,Cj,, ,Ci,,,Ciy, sCly)
and (pCzl, ¢ClssrCly,s 5014)R should have opposite Zy parity to each other:

NNk = —TNINER > UfN,k]L = —UEN,k]R . (3-5)

Therefore, Py, = —Pyg and Hi;, = —P1r 4D Weyl fermions having even Z,
parities Pyrry = P11(r) = +1 compose chiral fermions in the SM.

In order to remove zero mode of unwelcome particles such as mirror particles from
low-energy spectrum, the survival hypothesis [23,24], which is proposed by Georgi,

11



is adopted. Here, the survival hypothesis is the assumption that if a symmetry is
broken down into a smaller symmetry at a scale Mgg, then any fermion masses terms
invariant under the smaller group induce fermion masses of O(Msg).

Let consider two gauge symmetry breaking pattern:

SU(N) — SU(5) x SU(q) x SU(r) x SU(s) x U(1)*~

SU(N) — SU(3) x SU(2) x SU(r) x SU(s) x U(1)*~
In the case of the gauge symmetry breaking pattern SU(N) — SU(5) x SU(q) x
SU(r) x SU(s), using the survival hypothesis and the equivalence of (5z)¢ and

(10g)¢ with 57 and 10z, respectively, the number of 5 and 10 representations for
left-handed Weyl fermions are

ns =5, — 5, + t5r — #5R
ke—ly k—ly—1Is

Z Z Z 1) (P, — Pr) 4Ci, - +Cly - sCl (3.6)

11=1,41=0 1[3=0
nip = $10; — 10, + §10; — 105
k—Il1 k—1l1—1s

Z Z Z 1) (P, — Pr) 4C, - +Cly - sCl, (3.7)

11=2,415=0 13=0
where § represents the number of each multiplet and

1 - Ponryl — Pinr)
2 2
In [6], many solutions which give rise to three families ng = njy = 3 have been
found.
Next, in the case of gauge symmetry breaking pattern SU(N) — SU(3) x
SU(2) x SU(r) x SU(s) x U(1)>*, using the survival hypothesis and the equiv-
alence on charge conjugation, the flavor number of each chiral fermion are

ng = ﬁ (‘6’7 l)L - tt (37 l)L + ﬁ (37 1)R - ﬂ (2’ 1)R

Prry = (3.8)

k—l1—l2
= > Z 1)t (P — PR),Cyy - 5O, (3.9)
(11,12)=(2,2),(1,0) 13=0
nl:ﬂ( ) )_ﬂ(172)L+ﬁ(172)R_ﬁ(1’2)R
k—=l1—1l2

- Z Z D (P — PRr),.Cy, - 5O, (3.10)

(l1,12)=(3,1),(0,1)  l3=0
nﬂ:ﬁ(371)_ﬁ<371)L+ﬂ(371)R_ﬂ(3a1)R

k—l1—12

- Z Z Dt (P, — PR) O - Chy (3.11)

(11,l2)=(2,0),(1,2) 13=0

né:ﬁ(Ll)_ﬁ(lvl)L_’_ﬁ(Ll)R_ﬁ(l’l)R

k—l1—l2

B Z Z 1)+ (P — Pg) ,Ciy - Gl (3.12)

(11,12)=(0,2),( I3=0

12



Nq :Ij(3’2) _Ij(g?z)L_Fﬁ(g?z)R_ﬁ(?’az)R
k—l1—12

— Z Z l1+l2 P PR) Cl3 . 5014 ) (313)

(11,12)=(1,1),(2,1) 13=0
The total number of heavy neutrino singlets (v,)¢ is

:ﬁ(lvl)+ﬁ(1a1)L+ﬁ(1’1)R+ﬁ(1’1)R
k—l1—12

- > > (=) (P, = PR),C - C, (3.14)

(I1,12)=(0,0),(3,2) l3=0

In [6], it is found that there is no solution satisfying ng = n; = ny = n: =n, =n, =
3.

Therefore, we think that it is important to expand space dimension. In next
section, we study family unification on 6D M* x T2 /7.
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4 Orbifold family unification on M* x T?/Z,,

In this section, we study the possibility of family unification on basis of SU(N)
gauge theory on M* x T?/Zy (M = 2,3,4,6), in the framework of 6D SU(N)
GUTs.

4.1 7Z); orbifold breaking and formulas for numbers of species

Fields possess discrete charges relating eigenvalues of representation matrices
for Zy, transformation. The discrete charges are assigned as numbers n/M (n =
0,1,---,M — 1) and €™M are elements of Z,; transformation. We refer to them
as Zjs elements.

A fermion with spin 1/2 in 6D is regarded as a Dirac fermion or a pair of Weyl
fermions with opposite chiralities in 4D. There are two choices in a 6D Weyl fermion,

ie.,
1+ (R0 AN

e ) ()= (4)
U= U= 2 - = o). 4.2
2 0 5= v? 2 (4.2)

where U, and W_ are fermions with positive and negative chirality, respectively,
and I'; and 75 are the chirality operators for 6D fermions and 4D ones, respectively.
3 Here and hereafter, the subscript &+ stands for the chiralities on 6D.

From the Z,; invariance of kinetic term and the transformation property of
the covariant derivatives Zy; : D, — pD, and Dz — pD= with p = e 2™/ and
p = e*/M the following relations hold between the Z,; element of W} g and

\IJ?%(LV

Py2 = pPyr . Py =pPyz (4.3)

) 6

where z = 2° +i2® and 7 = 2° — i2®.

Chiral gauge theories including Weyl fermions on even dimensional space-time
become, in general, anomalous in the presence of gauge anomalies, gravitational
anomalies, mixed anomalies and/or global anomaly [26,27]. In SU(N) GUTSs on
6D space-time, the global anomaly is absent because of II(SU(N)) = 0 for N > 4.
Here, [Ig(SU(N)) is the 6-th homotopy group of SU(N). In our analysis, we consider
a massless Dirac fermion (W, ,W_) under the SU(N) gauge group (N > 8) on 6D
space-time. In this case, anomalies are canceled out by the contributions from
fermions with different chiralities

4.2 Formulae for numbers of species

With suitable diagonal representation matrices R, (a = 0,1,2 for T?/Z, and
a=0,1for T?/Z3, T?/Z4 and T?/Zs), the SU(N) gauge group is broken down into
its subgroup such that

SU(N) — SU(py) x SU(ps) x -+ x SU(p,) x U(1)"~™ (4.4)

3 For more detailed explanations for 6D fermions, see Ref. [25].
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where N = )" | p;. Here and hereafter, SU(1) unconventionally stands for U(1),
SU(0) means nothing and m is a sum of the number of SU(0) and SU(1). The
concrete form of R, will be given in the next section.

After the breakdown of SU(N), the rank k totally antisymmetric tensor repre-
sentation [N, k], whose dimension is yCY, is decomposed into a sum of multiplets of
the subgroup SU(p1) x -+ x SU(p,) as

k k— ll k— llf 7ln72
ZZ Z (p10l17p20l27"' ’pnCln)7 (45)
ll 0l2 0 n 1= =0
where [,, =k — 1l —--+- — [,_; and our notation is that ,C; =0 for [ >n and [ < 0.

Here and hereafter, we use ,C; instead of [n,(] in many cases. We sometimes use
the ordinary notation for representations too, e.g., 5 and 5 in place of 5C; and 5C}.

The [N, k] is constructed by the antisymmetrization of k-ple product of the
fundamental representation N = [N, 1]:

[NJk] = (NN x -+ X N)j . (4.6)
We define the intrinsic Zy; elements 7} such that
(N x- - XN)py = (RN x -+ X RyN)y . (4.7)

By definition, n¢ take a value of Zy; elements, i.e., e2™/™ (n = 0,1,--- , M — 1).
Note that n{ for U, are not necessarily same as those of ¥_, and the chiral symmetry
is still respected.

Let us investigate the family unification in two cases. Each breaking pattern is
given by

SU(N) — SU(5) x SU(pa) % -+ X SU(pn) x Uy —mt (4.8)
SU(N) — SU(3) x SU(2) x SU(pg) -~ x SU(p,) x U(1)"—m= (4.9)
where SU(3) and SU(2) are identified with SU(3)¢ and SU(2), in the SM gauge
group.
4.2.1 Formulae for SU(5) multiplets

We study the breaking pattern (4.8). After the breakdown of SU(N), [N, k| is
decomposed as

k k=4 k—=li——lp_2

Z Z Z (5Cl1ap20l27 T 7pn0ln) . (410)

l10l20 nlo

As mentioned before, 5Cy, 5C1, 5Cs, 5C3, 5C4 and 5C5 stand for representations 1,
5,10, 10, 5 and 1. *

4 We denote the SU(5) singlet relating to 5C5 as 1, for convenience sake, to avoid the confusion
over singlets.
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Utilizing the survival hypothesis and the equivalence of (5z)¢ and (105)¢ with
5. and 10;, respectively, ° we write the numbers of 5 and 10 representations for
left-handed Weyl fermions as

ngEﬂgL—ﬁE)L—FﬁE)R—ﬂgR 5 (411)
ny = 10, — 410, + #10z — #1053 , (4.12)

where f represents the number of each multiplet.

The SU(5) singlets are regarded as the right-handed neutrinos, which can obtain
heavy Majorana masses among themselves as well as the Dirac masses with left-
handed neutrinos. Some of them can be involved in see-saw mechanism [28-30].
The total number of SU(5) singlets (with heavy masses) is given by

Formulae for ng, niy and ny from a Dirac fermion (W, W_) whose intrinsic Zy,
elements are (1} ,nj_)are given by

SEDDH DIC EN EEED DI SN PRCTEPR AN (S )
+ L=14 {zg,..,zn,l}nflLi {lo ,lnfl}nllRi

mo= > D[ > = Y | wChn G (415)
+ =23 {l2’“"ln71}"?1L:t {l2’”"l"71}"71R:t

m = Z Z Z + Z p2Ol2 te 'pncln 5 (416)
+ 11=0,5 {lg,n-,ln,l}n?lLi {l2,~~-,ln71}niz1Ri

where p, = N — Z?:_ll p; and [, = N — Z?:_ll l;. Y, represents the summation

of contributions from ¥, and ¥_. Furthermore, > (la, means that the
’ L+

summations over [; = 0,--- ,k — 1 —--- —l;_y (j = 2,---,n — 1) are carried

out under the condition that I; should satisfy specific relations on 7?/Z), given in

Table 4.1. The relations will be confirmed in the next section. In the same way,

2{127“',ln—1}n? . means that the summations over {; = 0,---  k — [} —--- — [,
1

7ln*1}na
h

(j=2,---,n—1) are carried out under the condition that {; should satisfy specific
relations nf . = nf ;. F 1 (mod M) for Wy. The formulae (4.14) — (4.16) will
be rewritten in more concrete form for each T?/Zy; (M = 2,3,4,6), by the use of
projection operators, in the next section.

® As usual, (5z)¢ and (10g)° represent the charge conjugate of 5z and 10g, respectively. Note
that (5r)¢ and (10g)¢ transform as the left-handed Weyl fermions under the 4-dimensional Lorentz
transformations.
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Orbifolds Pl Specific relations

(—1)Fnd, = (—1)= n?lLi =lb+l3+l,=2—1 —as (mod2)
TQ/ZQ (—1)’677];::(—1)6:‘: n}lLiEl2+l5+l6:2—l1—ﬁi (mod 2)
(=1)kn2, = (—1)= n%lLiEl3+l5+l7:2—ll—’}/i (mod 2)

n?lLi El2+l3+2<l4—|—l5+l6>

T2/ 75 1 i 3—h—oy (mod 3)
(e-2mif3)kpl  — (27il3) Nypy =la+ 1l +2(l+ 15+ 1s)
=3—-1 —p+ (mod 3)
2 (=) e = %% e = L2+ 2+ L) +3(5 + o)
T? )74 =4—1; —ax (mod 4)
(—1)fni, = (—1)5= np.=ls+1ls+1l;=2—-1 —fs (mod2)
e = lo +2(l3 + 1) + 3(ls + o)
(e7) iy = (em/2) +4(I7 + 1) + 5(lg + lo)
T? /7 =6—10; —ax (mod 6)

njpe =l+ls+l+ly+1n
=2—10;—f+ (mod 2)

Table 4.1: The specific relations for [; for SU(5) multiplets.

4.2.2 Formulae for the SM multiplets

We study the breaking pattern (4.9). After the breakdown of SU(N), [N, k] is
decomposed as

ko k=l k—li— ety — el o
E g E E (3Ol17 2Cl27p30l37 e ’pnCln) . (417)
11=0102=0 I3=0 lp—1=0

The flavor numbers of down-type anti-quark singlets (dg)¢, lepton doublets [y,
up-type anti-quark singlets (ug)¢, positron-type lepton singlets (er)¢, and quark
doublets ¢;, are denoted as ng, n;, ng, ne and n,. Using the survival hypothesis and
the equivalence on charge conjugation, we define the flavor number of each chiral
fermion as

8(3C2,202) L — 1(3C1, 2C0) L + #(3C1,2C0)r — 1(3
1(3C3,2C1) L — 1#(3C0, 2C1) L + #(3C0, 2C1)r — #(3
1(3C2,2C0) L — #(3C1,2C2) L + (301, 202)r — 1(3
8(s )L — 4 ) + 4 )

8(s )L — 4 ) )

3
Il

Co,209) 1, — (305, 2C0) 1 + 8(3C5, 2C0)r — (3
C1,2C1) L — (302, 2C1) L + £(3Ca, 2C1) r — (3

I I
&
[V
S
S— N N N
ool = V= I
—~ Y~~~
i~
)
o

)
)
)
)
)
)

where f again represents the number of each multiplet. The total number of (heavy
neutrino singlets (vg)¢ is denoted n; and defined as

= 1(3C0, 2C0) 1 + #(3C3,205) 1, + 8(3C3, 2C2) g + £(3C0, 2Co) &- (4.23)
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Formulae for the SM species including neutrino singlets are given by

ng = Z > (-t > - > psCls 9, Cty

(I1,12)=(2,2),(1,0) {lg,+ I 1}nl o {l3s ln— 1}"1112Ri

I S D S

(I1,12)=(3,1),(0,1) {l3, ln— 1}”1112Li {l3, ln— 1}”1112Ri
(4.25)
Nu = Z ( 1)l1+l2 Z o Z psCl:s o 'pnoln )
+ {137“' ln— 1}n {137"'7ln—1}n"‘
(4.26)

{137'~~,ln71}nfll2Li

pscls o 'pnCln )
{ls,-",lnfl}n?lei

(4.27)

Z Z (_1)l1+l2

(l1,12)=(1,1),(2,1)

foydnbug o Alsdnidag

p30l3 o 'pnCln )

/—\
=
=
QN
V]
N
Il
LS
£
=
i
™
=
| |
e e e e

|
|
|

(4.28)

Z > + > 2sCla -Gl (4.29)

(11,12)=(0,0),(3,2) \ {l3, 7l"—1}n?‘l {l3sln—1}pa

oL+ 11lpR+

where 2{13, S - means that the summations over [; = 0,--- k=l —---—1;_;

(j=3,---,n—1) are carried out under the condition that [; should satisfy specific
relations on T?/Zys given in Table 4.2.  The relations will be confirmed in the

next section. In the same way, > (s 1o means that the summations over
T "1y R

i=0,---k—li—-- =l (j=3,---,n— 1) are carried out under the condition
that l; should satisfy specific relations nf LRE = =n{ - F 1 (mod M) for Uy. The
formulae (4.24) — (4.29) will be also rewritten in more concrete form for each T2 /Z,,
by the use of projection operators, in the next section.

4.3 Total numbers of models with three families

We investigate the family unification in SU(N) GUTs for each T?/Zy; (M =
2,3,4,6). Let us present total numbers of models with the three families, for refer-
ence. Total numbers of models with the three families of SU(5) multiplets and the

SM multiplets, which originate from a Dirac fermion whose representation is [V, k]
(k < N/2) of SU(N), are summarized up to SU(12) in Table 4.5 and up to SU(13)
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Orbifolds . Specific relations

(—1)k7’]2i = ( 1)Oéi n?IZQLi = 13 -+ l4 =2 ll — lg — O+ (mod 2)
T? /7 (_1)]677111 = (—1)5i nlllbLi =ls+lg=2—1 —ly— f+ (mod 2)
(—l)knii = (=1)=* n?thi =l3+ls+1l;=2—10; —v+ (mod 2)

n?lbLi = l3 + 2([4 + l5 -+ 16)

e—2mi/3\kp0  _ (p2mi/3ox
( )1z = ( ) =3—-l—ly—as (mod3)

T2 /7, 1
(e=2m/3)kpl | — (o2ri/3)Bs N gore = la+ 17 +2(ls 4 13)
= =3-1;,—2,—B: (mod 3)
(—i)Fn?, = 0% Myre = 213 + 1) + 3(l5 + o)
T2 /7, b —4—1l —ly—as (mod4)
(_1)k771£:|: - (_1)ﬂi nllllQLi =l+ils+1l;,=2—1; — ﬁi (mod 2)
. ‘ ) pyre = 2(l3 +1a) + 3(ls +1s)
(e ™)k, = (&%) +4(17 + 1) + 5(lg + L1o)
T? /7 =6—10 —ly— oy (mod 6)
nllllgL:i: = l3 + l5 + l7 + lg + l11

=2—-1 — B¢ (mod 2)

Table 4.2: The specific relations for [; for the SM multiplets.

in Table 4.10, respectively. In the Tables, the hyphen (-) means no models. We omit
the total numbers of models from [N, N — k], because each flavor number from [N, k|
with intrinsic Zys elements 7{, is equal to that from [N, N — k| with appropriate

ones 1Ny_j.-

4.3.1 Numbers of SU(5) multiplets on 77?/Z,

After the breakdown SU(N) — SU(5) x SU(p3) X -+ x SU(p,) x U(1)"~™+1
[N, k| is decomposed as

k k-l k—ly——lp_1

[N’ k]i - ZZ (50117P20l27"' 7pnCln):|: ) (4'3())

11=0105=0 lp_1=0

where l,, =k —l; —lp — - —1,,_1.

The Zjy; elements of the representation (,,Cy,,,Chy, -+ 1 p,Ci, ), are given by
Table 4.3. Using the assignment of Z;; elements, we find that zero modes appear if
the specific relations of Table 4.1 are satisfied.

Utilizing the survival hypothesis and equivalence of charge conjugation, we obtain
the formulate the formulae (4.14) — (4.16). The Z,; projection operator that picks
up zero modes of left- and right-handed ones represents Pys.. For each T?/Zy;, the
Zy; projection operators are defined as

P(9,9,0)

o (14+021) (1 +02.)(1 +0Py) for T Zy | (4.31)

0| —
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Orbifolds | n the Zj,; elements
i@Oﬂ: — (_1)11+12+13+l4+ai

TQ/ZQ 8 | Py = (_1)ll+l2+15+16+ﬁi
f@2i — (_1)l1+l3+l5+l7+7i

Loy = whHletls+2(latls+He)+ax

2
T /Z3 9 P = whHatlr+2(la+ls+s)+B+
P = Z‘ll+12+2(l3+l4)+3(l5+16)+ai
T2)Zy | 8 | 7%
gzli — (_1)l1+l3+l5+l7+5:&:
P, = 114+12+2(13+14)+3(I5+16)+4(lr+18)+5(lo+110)+ot
T2/75 |12 %P

_ i +H3+5+174+19+1
Py = (_1) 1+l +s+Hlr+lo+l1+6+

Table 4.3: The Zys elements for each T2 /Zy,

1 _ _ _ _

P9 = G020+ P P21+ 0. + > P2,) for T?)Zs (4.32)
/ 1 _ _ _ _

PP = gL+ 0P + P+ PPN+ 0Py for T 7y , (4.33)
' 1 _ _ _ _ _

P = U+ 0P + PP+ O P, + 0 P4, + 0 75,)

x (1+0Py) for T?/Z . (4.34)
Using the Z)s projection operators, the formulae (4.14) — (4.16) are rewritten as

k—11 k=li——lp_2

g = T D

11=1,41>=0 lp—1=0

X (PM+ - P],W—l- + PM_ - PJ/\J—) P20l2 o 'pnOln ) (435)

k—1Iy k—ly——lp—2
§ § E l
nlO = e (_1) 1
11=2,312=0 ln—1=0

X (PM+ — P]/\/H- —l—PM_ _P]/\/[_)pgclg ---pnOln s (436)

k—Iy k—l1——ln—2
ni= > Y o Y (Pus+ Py + Py + Py ) p,Cye,Cry o (437)
11=0,512=0 lp_1=0

Here, we give a list of Zj; projection operator in Table 4.4.

Total numbers of models with the three families of SU(5) multiplets, which
originate from a Dirac fermion whose representation is [N, k] (k < N/2) of SU(N),
are summarized up to SU(12) in Table 4.5.

Here, we give some examples for representations and BCs to derive ng = nqyy = 3,
for each T?/Zys orbifold, in Table 4.6 — 4.9.
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Orbifolds | P+ Pl jo Pl
T2/Z2 P2(J1F,1,1) PQ(;l,fl,fl) P2(£’1 1) PQ(: —1,-1)
F | | A | |
12z, | PRV | PRV REY | P
rz | A | Ry | R | R

Table 4.4: The Zj; projection operator for picking up zero modes.

T2/ Zs T2 /73 T%)Z, T2/ Z¢
SU(8) ] 8,3]:24 [8,3]:14 8,3]:28
(8,4]:12 [8,4]:16 8,4]:20
SU(9) [9,3]:192 [9,3]:182 [9,3]:142 [9,3]:512
[9,4]:348 [9,4]:32 [9,4]:800
[10,3]:852 | [10,3]:160 | [10,3]:2484
SU(10) - [10,4]:1308 | [10,4]:92 | [10,4]:2654
[10,5]:48 [10,5]:1532
[11,3]:768 | [11,3]:1608 | [11,3]:456 | [11,3]:6530
SU(11) | [11,4]:768 | [11,4):1716 | [11,4]:436 | [11,4]:6768
[11,5]:1794 | [11,5]:186 | [11,5]:5540
[12,3]:1104 | [12,3]:2214 | [12,3]:748 | [12,3]:17084
SU(12) [12,4]:1020 | [12,4]:676 | [12,4]:13692
[12,5]:534 | [12,5]:10498
[12,6]:632 | [12,6]:13188

Table 4.5: Total numbers of models with the three families of SU(5) multiplets.

[N, k] | (p1, p2; P3, P45 5, D6, P75 P8) | (ps By ve) | (o B, y-)
9,3] (5,0,0,0,3,0,0,1) (0,1,1) (0,0,1)
[11,3] (5,0,1,0,4,0,1,0) (0,0,1) (1,1,0)
[11,4] (5,0,3,1,0,1,1,0) (0,0,0) (0,0,1)
[12,3] (5,2,0,0,2,0,1,2) (1,0,1) (0,0,0)

Table 4.6: Examples for the three families of SU(5) from T2/Zs.
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[N, K] | (1, D2, P3, P4y D5, D6, D7, P8, Do) | (g, By) | (a—, B-)
8,3] (5,0,0,0,3,0,0,0,0) (2,0) (2,2)
8,4] (5,1,1,0,1,0,0,0,0) (0,0) (2,2)
9,3] (5,0,0,2,0,1,0,0,1) (2,0) (2,1)
9,4] (5,0,2,0,0,0,0,2,0) (2,2) (0,2)
[10,3] (5,0,0,0,3,2,0,0,0) (2,0) (2,2)
[10,4] (5,0,0,1,0,1,1,1,1) (2,2) (2,2)
[10,5] (5,1,0,0,1,0,2,0,1) (0,0) (0,0)
[11,3] (5,1,0,0,1,4,0,0,0) (0,0) (2,1)
[11,4] (5,2,2,0,0,1,0,1,0) (1,2) (2,1)
[11,5] (5,1,1,1,1,0,0,0,2) (0,1) (1,1)
[12,3] (5,0,0,3,3,0,0,0,1) (2,0) (0,2)
[12,4] (5,0,3,1,0,1,0,2,0) (1,2) (0,1)

Table 4.7: Examples for the three families of SU(5) from T2/Zj.

[N,E] | (p1,p2, D3, 4,5, 6, 07, 08) | (g, By) | (a—, B-)
[8,3] (5,0,0,0,0,0,3,0) (2,1) (0,0)
[8,4] (5,0,0,3,0,0,0,0) (0,0) (2,0)
[9,3] (5,3,0,0,0,0,0,1) (1,0) (0,1)
[9,4] (5,0,2,0,0,0,1,1) (2,0) (2,0)

[10,3] (5,0,0,0,3,0,0,2) (1,0) (2,0)

[10,4] (5,0,0,0,0,4,0,1) (0,0) (2,1)

[11,3] (5,0,0,1,2,2,0,1) (3,1) (2,0)

[11,4] (5,0,3,1,2,0,0,0) (2.0) (1,1)

[11,5] (5,0,0,2,0,0,1,3) (0,1) (3,0)

[12,3] (5,4,0,1,0,0,0,2) (3,1) (1,0

[12,4] (5,0,4,0,1,2,0,0) (2,0) (3,0

[12,5] (5,1,2,0,2,2,0,0) (3,1) (1,1)

[12,6] (5,0,3,0,1,0,3,0) (2,0) (2,1)

Table 4.8: Examples for the three families of SU(5) from T2/Z,.
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[NE] | (p1,p2: 03, 11, p12) | (g, By) | (a—, B2)
18,3] | (5,0,0,3,0,0,0,0,0,0,0,0) (0,1) (2,0)
8,4] | (5,0,0,1,0,0,0,2,0,0,0,0) (0,0) (2,0)
9,3] | (5,0,0,0,0,0,3,0,0,0,0,1) (0,1) (5,0)
9,4] | (5,2,0,1,0,0,1,0,0,0,0,0) (2,0) (2,0)
[10,3] | (5,0,0,1,1,0,0,0,0,0,3,0) (0,1) (4,1)
[10,4] | (5,0,1,0,1,1,0,0,0,1,1,0) (5,0) (2,0)
[10,5] | (5,0,0,0,0,0,1,2,0,2,0,0) (4,1) (1,0)
[11,3] | (5,0,0,1,0,0,0,0,0,1,4,0) (3,1) (4,1)
[11,4] | (5,0,0,0,0,2,0,0,2,1,0,1) (5,0) (2,0)
[11,5] | (5,3,0,0,0,0,0,0,0,0,3,0) (1,1) (1,1)
[12,3] | (5,3,0,1,0,0,0,0,0,0,0,3) (0,1) (3,0)
[12,4] | (5,0,0,0,0,0,0,1,0,4,1,1) (5,0) (2,0)
[12,5] | (5,0,0,0,0,0,2,1,2,1,1,0) (1,1) (1,1)
[12,6] | (5,0,0,0,0,3,1,1,2,0,0,0) (3,0) (0,0)

Table 4.9: Examples for the three families of SU(5) from T2 /Zg.

4.3.2 Numbers of the SM multiplets on TQ/ZM

After the breakdown SU(N) — SU(3) x SU(3) x SU(ps) x --- x SU(p,) %
U(1)"™+ [N, k|1 is decomposed as
k k-l k=li——ln_1
N k i - Z Z Z (3Cl1a2cl27pgcl37 T JPnCln)i ) (438)
11=012=0 lpn—1=0
where ln:]{?—ll—lg—"'—ln_l.

Using the Zjys projection operators (4.31) — (4.34), the formulae (4.24) — (4.29)
are rewritten as
k—li—lz  k—li——lg
TR DI SRR YRS
(11,12)=(2,2),(1,0) 13=0 l7=0
X (PM+ _P]/\/H-_'—PM* - M—)psCl3"'pnCln )
(4.39)
k—li—lz  k—li——lg
TENID VI DI DTS
(11,12)=(3,1),(0,1) I13=0 l7=0
X (PM+ —P]/\/H_—FPM, —PM_)pscl3 "'pnCln s
(4.40)
k—li—lz  k—li——lg
3 e
(l112)=(2,0),(1,2) l3=0 17=0
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X (PM+ —

2 k—li——lg

k—l1—1
n, — ; S

(l1,12)

2 k—li——lg

k—11—1
ny — ; 3o

(ll lg) (2 l) 13=0 17=0
X (PM+ —
k—Il1—l2 k—l1—-—lg
(ll,lg) (0 0 (3 2) 13=0 17=0

P]I\4++PM—_PM—)P30Z3"

Z (_1)l1+l2

),(3,0) 13=0 17=0
X (PM+ —

Z (_1)l1+l2

Py + Pu— = Py) 5 Gy

X (PM++P],\4++PM—+P],\4—)p30l3"

' Pn Oln )

(4.41)

’ PnCln )

(4.42)

’ pnCln )

(4.43)

" Pn Cln )

(4.44)

where each Z); projection operator are listed in Table 4.4. Total numbers of models
with the three families of the SM multiplets, which originate from a Dirac fermion
whose representation is [N, k] (k < N/2) of SU(N), are summarized up to SU(13)

in Table 4.10.

/7,

T2/ 74

/7,4

T2/ 76

SU(8) ]

SU(9)

[9,3]:8

9,3]:8
[9,4]:32

SU(10) -

[10,3]:80
[10,4]:108

SU(11)

[11,4]:80

[11,3]:84
11,4]:144
11,5]:156

[12,3]:120

SU(12)

[12,3]:80

[12,4]:88
[12,6]:240

12,3]:392
12,4]:120
[12,5]:72
[12,6]:552

[
[
[
[

[13,3]:144

SU(13)

[13,4]:40

[13,3]:712
[13,4]:88
[13,5]:140
[13,6]:200

Table 4.10: Total numbers of models with the three families of SM multiplets.
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Here, we give a list of all BCs to derive three families of SM fermions from [9, 3]

from T2 /Z,, in Table 4.11, and some examples for representations and BCs to derive
three families of SM fermions from 72/Zsz, T?%/Z3 and T?/Zg, in Table 4.12 — 4.14.

4.4 Generic features of flavor numbers

We list generic features of flavor numbers.

(i) Fach flavor number from [N, k| with intrinsic Zy; elements nj,. is equal to that
from [N, N — k| with appropriate ones n%_,...
Let us explain this feature using the SU(5) multiplets. From (4.10) and the
decomposition of [N, N — k| such that

k k-1 k=l ——=lp_2

N N = k Z Z Z (505—11’p20p2—l27 U 7PnOpn—ln) ) (445)

11=012=0 lp—1=0

there is a one-to-one correspondence between (5C5_i,, p, Cpo—ins -+ pn Cpn—t,, ) I [N, N —
k] and (5C),, p,Cly, -+ - p,Ci,,) in [N, k]. The right-handed Weyl fermion whose repre-
sentation is (5Cs_1;, pyCpo—iny = * s pn Cpn—t,,) 1s regarded as the left-handed one whose
representation is the conjugate representation (5Cj,, »,Cly, - - , »,Cl, ), and hence we
obtain the same numbers for (4.14) — (4.16) with a suitable assignment of intrinsic
Zy elements for [N, N — k.

Here, we give an example for T?/Z,. Each flavor number obtained from [N, k]
with (—1)", = (—1)°, (—1)Fnl, = (—1)% and (—1)kg2, = (—1)"* agrees with
that from [N, N — k] with (=1)V"*9%_, . = (=1)%%, (=1)¥*nL_,. = (=1)%* and
(=D)N=Fn2 . = (—1)%%, where o/, £ and v, satisfy the relations o/, = a4 +py +

p3 + pa(mod2), By = Bi + pa + ps + ps(mod2) and v, = v1 + p3 + ps + pr(mod2),
respectively.

(ii) Each flavor number from [N, k| with intrinsic Zy elements (—1)*n¢, = (—1)°%
is equal to that from [N, k] with the exchanged ones (6% > 6°), i.e., (—1)Fnf, =
(—=1)%.

This feature is understood from the fact that specific relations on [; for W,
change into those of W_ and vice versa, under the exchange of Z, parity of ¥, and
that of W_.

Here, we give an example for 7?/Z,. Under the exchange of o, and o, n?l I
and n) g, change into n ;  and n) . (mod2), respectively. Each flavor number
remains the same, because the summation is taken for ¥, and W_.

(iii) Fach flavor number from [N, k| is invariant under several types of exchange
among p; and intrinsic Zys elements.

From specific relations in Table 4.1, we find that the same number for each SU(5)
multiplet is obtained under the exchange,

(p37p47ai) <~ (p57p67ﬁi) )
(p27p676:|:) <~ (p37p77’7:|:) )
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[N, k] | (p1, P2, 03, P4, D5, D6, D7, D8) | (g, By v4) | (@, B, y-)
(3,2,0,0,0,3,0,1) (0,1,1) (0,1,0)
(3,2,0,0,0,3,0,1) (0,1,0) (0,1,1)
(3,2,0,0,0,3,1,0) (0,1,1) (0,1,0)
(3,2,0,0,0,3,1,0) (0,1,0) (0,1,1)
(3,2,0,0,3,0,0,1) (0,1,1) (0,1,0)
(3,2,0,0,3,0,0,1) (0,1,0) (0,1,1)
(3,2,0,0,3,0,1,0) (0,1,1) (0,1,0)
(3,2,0,0,3,0,1,0) (0,1,0) (0,1,1)
(3,2,0,3,0,0,0,1) (1,0,1) (1,0,0)
(3,2,0,3,0,0,0,1) (1,0,0) (1,0,1)
(3,2,0,3,0,0,1,0) (1,0,1) (1,0,0)
(3,2,0,3,0,0,1,0) (1,0,0) (1,0,1)
(3,2,3,0,0,0,0,1) (1,0,1) (1,0,0)
(3,2,3,0,0,0,0,1) (1,0,0) (1,0,1)
(3,2,3,0,0,0,1,0) (1,0,1) (1,0,0)

9.3] (3,2,3,0,0,0,1,0) (1,0,0) (1,0,1)

’ (3,2,0,0,1,2,0,1) (0,1,1) (0,1,0)
(3,2,0,0,1,2,0,1) (0,1,0) (0,1,1)
(3,2,0,0,1,2,1,0) (0,1,1) (0,1,0)
(3,2,0,0,1,2,1,0) (0,1,0) (0,1,1)
(3,2,0,0,2,1,0,1) (0,1,1) (0,1,0)
(3,2,0,0,2,1,0,1) (0,1,0) (0,1,1)
(3,2,0,0,2,1,1,0) (0,1,1) (0,1,0)
(3,2,0,0,2,1,1,0) (0,1,0) (0,1,1)
(3,2,1,2,0,0,0,1) (1,0,1) (1,0,0)
(3,2,1,2,0,0,0,1) (1,0,0) (1,0,1)
(3,2,1,2,0,0,1,0) (1,0,1) (1,0,0)
(3,2,1,2,0,0,1,0) (1,0,0) (1,0,1)
(3,2,2,1,0,0,0,1) (1,0,1) (1,0,0)
(3,2,2,1,0,0,0,1) (1,0,0) (1,0,1)
(3,2,2,1,0,0,1,0) (1,0,1) (1,0,0)
(3,2,2,1,0,0,1,0) (1,0,0) (1,0,1)

Table 4.11: The three families of SM multiplets from [9, 3] on T?/Zs.
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[Nv k} (pbp27p3>p47p57p67p77p87p9) (O(—i-aﬁ—%-) (a—aﬁ—)
[11,4] (3,2,0,0,1,2,3,0,0) (0,1) (0,1)
[12,3] (3,2,0,1,1,0,1,2,2) (1,0) (0,1)

Table 4.12: Examples for the three families of SM multiplets from 72 /Z3.

[N,E] | (p1,p2, D3, P4, D5, D6, 07, 08) | (g, By) | (a—, B-)
[9,3] (3,2,1,0,0,0,2,1) (0,1) (0,0)
[11,3] (3,2,1,1,0,4,0,0) (1,0) (1,1)
[11,4] (3,2,0,0,3,1,1,1) (0,1) (0,0)
[12,4] (3,2,1,0,2,1,3,0) (0,1) (0,0)
[12,6] (3,2,1,2,0,0,0,4) (0,1) (1,1)
[13,4] (3,2,1,2,2,2,0,1) (0,1) (0,0)

Table 4.13: Examples for the three families of SM multiplets from T2 /Z,.

[NE] | (p1,p2. 03, 011, p12) | (o, By) | (o, B2)
9,3] | (3,2,0,1,0,0,0,0,0,0,1,2) (0,0) (0,1)
9,4] | (3,2,0,0,0,1,0,0,1,2,0,0) (1,1) (1,0)
[10,3] | (3,2,0,0,3,0,0,0,0,0,1,1) (1,0) (1,1)
[10,4] | (3,2,0,1,1,2,0,0,0,0,1,0) (0,1) (0,0)
11,3] | (3,2,1,1,1,0,0,0,0,1,1,1) (0,1) (0,0)
[11,4] | (3,2,0,1,0,2,0,0,0,3,0,0) (0,1) (1,0)
[11,5] | (3,2,0,0,1,0,4,0,1,0,0,0) (0,1) (0,0)
[12,3] | (3,2,0,1,3,1,0,1,0,0,0,1) (1,0) (1,1)
[12,4] | (3,2,0,0,0,1,1,2,0,2,1,0) (1,1) (1,0)
[12,5] | (3,2,1,1,0,3,1,1,0,0,0,0) (1,0) (1,1)
[12,6] | (3,2,0,0,0,1,0,0,3,0,0,3) (1,1) (1,1)
[13,3] | (3,2,1,0,0,0,0,3,2,0,0,2) (0,0) (0,1)
[13.4] | (3,2,2,0,1,1,1,1,0,0,1,1) (1,0) (1,1)
[13,5] | (3,2,1,0,0,4,0,0,0,3,0,0) (1,1) (1,0)
[13,6] | (3,2,1,0,0,0,0,2,4,0,0,1) (0,0) (0,1)

Table 4.14: Examples for the three families of SM multiplets from T2 /Zg.
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(p27p47a:t) — (p57p77’y:t) for T2/Z2 ) (446)
(p27p37p67ai) <~ (p47p77p87ﬁi) fOI' TQ/Z?) ’ (447)

where the exchange is done independently.
In the same way, from specific relations in Table 4.2, we find that the same
number for each SM multiplet is obtained under the exchange,

(p3>p4704i) — <p57p675i) ) for T2/Z2 . (4-48)

Under the above exchanges, although the unbroken gauge symmetry remains,
the numbers of zero modes for extra-dimensional components of gauge bosons are,
in general, different and hence a model is transformed into a different one.

(iv) Each flavor number obtained from [N, k] is invariant in the introduction of
Wilson line phases.
Let us give some examples.
On T?/Z,, the numbers ns and n;o obtained from the breaking pattern SU(N) —
SU(5)x SU(pa) x -+ -x SU(pg) x U(1)™™™ are same as those from SU(N) — SU(5) x
SU(phy) x -+ x SU(pg) x U(1)™"™, if the following relations are satisfied,

Py — P2 = Py — pr = P3 — Py = D6 — D »

Ph=Da, D5=Ds, Ps=Ds, (4.49)
or

/ / / /

Po—=P2=P7 —Pr=P4—Py=DP5 D5

Ps=Ds, Ds=D6, Ps=Ds, (4.50)
or

Py — D3 =P —P6 = Pa— Py = D5 — Dy
Py=pa, Dr =1, Psy=Ds- (4.51)

The above BCs are connected by a singular gauge transformation, and they
are regarded as equivalent in the presence of Wilson line phases. This equivalence
originates from the Hosotani mechanism [31-34], and is shown by the following
relations among the diagonal representatives for 2 x 2 submatrices of (Fy, Py, ) [22],

(73,7'3,7'3) ~ (7'3,7'3, —7'3) ~ (73, —7'3773) ~ (7'37 —T3, —7'3) ) (4-52)

where 73 is the third component of Pauli matrices.

In our present case, we assume that the BC is chosen as a physical one, i.e., the
system with the physical vacuum is realized with the vanishing Wilson line phases
after a suitable gauge transformation is performed. Hence, it is understood that each
net flavor number obtained from [V, k| does not change even though the vacuum
changes different ones in the presence of Wilson line phases.

In the same way, the numbers ng, n;, ng, ns and n, obtained from the breaking
pattern SU(N) — SU(3) x SU(2) x SU(p3) x -+ x SU(pg) x U(1)"™™ are same as
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those from SU(N) — SU(3) x SU(2) x SU(py) x -+ x SU(py) x U(1)"™™™, if the

following relations are satisfied,
P3—P3=DpPs—Ps=Dps— Py =P5—D5, Pr=D7, Ps=Ds. (4.53)

On T?/Z3, the numbers nz and ny obtained from the breaking pattern SU(N) —
SU(5)x SU(pa) x - - x SU(pg) x U(1)¥™ are same as those from SU(N) — SU(5) x
SU(phy) x -+ x SU(py) x U(1)¥~™, if the following relations are satisfied,

Py — P2 =P —Ps =Py —Pr=Dp3— Py =Dps— Py = Ds — D ,
Ps=Ds5, Po=Do - (4.54)

The above BCs are also connected by a singular gauge transformation, and they
are regarded as equivalent in the presence of Wilson line phases. The equivalence
is shown using the following relations among the diagonal representatives for 3 x 3
submatrices of (g, ©1) on T?/Z3 [22],

(X, X) ~ (X, 0X) ~ (X,wX) | (4.55)

where w = €™/, G = /3 and X = diag(1,w,®).
For these cases, it is also understood that each net flavor number does not change
even though the vacuum changes different ones in the presence of Wilson line phases.
Although this feature holds for models on T2/Z, and T?/Z¢, there are no ex-
amples in our setting, because of the absence of Wilson line phases changing BCs
but keeping SU(5) or the SM gauge group for T2/Z, and because of the absence of
equivalence relations between diagonal representatives for 72 /Zg [22].

29



5 Relationship between the family number of chi-
ral fermions and the Wilson line phase

In this section, we study the relationship between the family number of chiral
fermions and Wilson line phases, based on the orbifold family unification of previous
section.

5.1 Family number in orbifold family unification

In section 4, we assume that the BCs are chosen as physical ones, i.e., the system
with the physical vacuum is realized with the vanishing Wilson line phases after a
suitable gauge transformation is performed. Then, the feature is expressed by

{pi},ar=0 {p;},a,=0) >

where N, is a net chiral fermion number (flavor number) for 4D fermions with the
representation r of the gauge group, unbroken even in the presence of the Wilson
line phases (2may), and it is defined by

Ny =01y — MRy — N7 + Mg - (5.2)

Here, n) ., n%,., n?_ and n%.. are the numbers of 4D left-handed massless fermions
with 7, 4D right-handed one with r, 4D left-handed one with the complex conjugate
representation 7 and 4D right-handed one with 7, respectively. Note that 4D right-
handed fermion with 7 and 4D left-handed one with = are transformed into each
other under the charge conjugation.

On the other hand, the equivalence due to the dynamical rearrangement is ex-
pressed by

Nr|({pi}7ak7ﬁ0) - N"'({p,’i},akzo) : (5'3)
From (5.1) and (5.3), we obtain the relation,
N'r’|({pi},ak20) = Nr|({pi},ak¢o) ) (5.4)

and find that each flavor number obtained from [N, k| does not change even though
the vacuum changes different ones in the presence of the Wilson line phases.

In this way, we arrive at the conjecture that each flavor number in the SM is
independent of the Wilson line phases that respect the SM gauge group. If there
were a Wilson line phase with a non-vanishing SM gauge quantum number, (a part
of) the SM gauge symmetry can be broken down. Hence, we assume that such a
Wilson line phase is vanishing or switched off.

5.2 Fermion numbers and hidden supersymmetry

On a higher-dimensional space-time M?* x KP4 a massless fermion ¥ = ¥(x,y)

satisfies the equation,
i Dy ¥ =0, (5.5)
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where KP~* is an (D — 4)-dimensional extra space, '™ (M =0,1,2,3,5,---, D) are
matrices that satisfy the Clifford algebra TMT'N + TNTM = 2pMN Dy = 0y +igApy
and VU is a fermion with 2[P/J-components. Here, ¢ is a gauge coupling constant,
Apn(= AS,TY) are gauge bosons, and [*] is the Gauss symbol. The coordinates z*
(p=0,1,2,3) on M* and z™ (m = 5,---, D) on KP~* are denoted by z and v,
respectively.

After the breakdown of gauge symmetry, ¥ is decomposed as

y) =3 [ @l w) + vl el w)] (5.6)

T {n;}

where erH (x) and w{"’ (x) are 4D left-handed spinors and right-handed ones, re-
spectively. The subscrlpt ry stands for some representation of the unbroken gauge
group H, and the superscript {n;} represents a set of numbers relating massive

modes and those concerning components of multiplet ry. The functions gbiﬁi (y)

and Qﬁgﬁ (y) form complete sets on KP4,
We define the chiral fermion number relating r as

Ny = n%r - n%r ) (57)

where 7 is a representation of the subgroup unbroken in the presence of the Wilson
line phases. The net chiral fermion number N, is given by N,. = n, — nz.

In case that n, is independent of the Wilson line phases (2may), ni, and n$,
must be expressed as

n%’r = nﬁ)r + fr(ak) and ncl:]{'r = ng'r’ + fr(ak) ) (58)

respectively. Here, n{’, and nf, are some constants irrelevant to aj and f,.(az) is a
function of ay.
5.2.1 An example

Let us calculate n?,. and n%,., and verify the relations (5.8), using an SU(3) gauge
theory on M* x S'/Z,.
On 5D space-time, ¥ is expressed as

@:(j;), (5.9)

where ¢, and 1)g are components containing 4D left-handed fermions and 4D right-
handed ones, respectively.
The equation (5.5) is divided into two parts,

Z'E‘LLD#’LbL — Dy’(ﬂR =0, iUuD#¢R + DyIDL =0, (510)
where D, = 0, +igA,. For ¢, and g, the BCs are given by

Uiz, —y) = n"Povr(z,y) , Yu(z,20R —y) =n'Pir(z,y) , (5.11)
Ur(z, —y) = —1"Por(z,y) , Yr(z,20R —y) = —n'Piyr(z,y) , (5.12)
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where Py and P; are the representation matrices for the Zs transformation y — —y
and the Z, transformation y — 2w R — y, respectively. n° and n' are the intrinsic Z
parities for the left-handed component. Note that Z, parities for the right-handed
one are opposite to those of the left-handed one. For the gauge bosons, the BCs are
given by
A#(l’, _y) = POAu(mu y>P(;r ) Au(ib‘, 2R — y) = PlAM(xa y)PlJr ) (5'13)
Az, —y) = =P Ay(z,y) P} , A (x,2rR —y) = =P A,(z,y)P] . (5.14)

We take the representation matrices,
Py = diag(1,1,-1) , P, =diag(1,1,-1) . (5.15)

Then SU(3) is broken down to SU ( ) x U(1). We consider the fermion with the
representation 3 of SU(3) and (n°,n') = (1,1). Then, ¢, and ¢r are expanded as

> v (x) cos fy 3 Uha(@)sin
w=| Sul@eosiy | o= | Teh@sngy |. (510
> i (x) sin 3 vfa(@) cos fy

After a suitable SU(2) gauge transformation, the vacuum expectation value
(VEV) of A, is parameterized as

(5.17)

o O O
oS O e

where 27a is the Wilson line phase. From the periodicity, we limit the domain of
definition for @ as 0 < a < 1. In case with a # 0, SU(2) is broken down to U(1),
and then every 4D fermion becomes a singlet.

Inserting (5.16) and (5.17) into (5.10), we obtain a set of 4D equations,

ﬁuDzﬂﬁio - %Qﬁ%o =0, Z'U“D;ﬂﬂlg%o - %¢io =0, (
io" Dty =0, (
i Db, — %w%{n — %q/;%m =0 (n=1,2--), (
T D2, — %wﬁn =0 (n=1,2--), (5.21
7 Dyt + U+ Rk =0 ( ) (
i0" Dy, — %@bin + %win =0 (n=1,2,---), (
i D2, — %@Z)ﬁn ~0 ( ) (
) (

. n a
ZO-“DMwlin + E¢En - }_%wllm =0 (TL - 17 27 o
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Using the equations (5.20), (5.22), (5.23) and (5.25), we derive a set of 4D equations,

T D, 0h) — T (ke — YR =0 (n=12-) . (5.26)
T D0, — 05 — Wk +UR) =0 (=120, (5.27)
0" DUk, + 08) — W, V) =0 (=120, (5.29)
0 Dy — V) = T (Ul ) =0 (R =1,2,-) (5.29)

From (5.18), 1{, and ¢, form a 4D Dirac fermion. In the same way, we find
fermions for n = 1,2,--- from (5.21) and (5.24), (5.26) and (5.29), and (5.27) and
(5.28), respectively.

The numbers of 4D massless fermions are evaluated as

ny =148, n% = o, (5.30)

where g, represents the Kronecker delta. From (5.30), we confirm that the fermion

number n(= n! —n% = 1) does not depend on the Wilson line phase. The mass

spectrum for 4D fermions in this model is depicted as Figure 5.1.

---#---=  —o==G---=(3+a)/R
3/R—e—e—o— —e—e—<—  3/R® - T -(3—a)/R
e cemme-=== (24 a)/R
2/R—e—e—o—  —&—e—-—  2/R—e—"—  —6—— (2 —a)/R
---#---=  —o-=G---=(1+a)/R
l/R—e—e—o—  ——o—-o—  1/R—&—"—"  —o—— o= (1-a)/R
e e e R ——
(o YR UL Ur
(@) a=0 () 0<a<1

Figure 5.1: Mass spectrum of 4D fermions. The filled circles and the open ones represent
left-handed fermions and right-handed ones, respectively.

5.2.2 Hidden quantum-mechanical supersymmetry

We explore a physics behind the feature that the fermion numbers are indepen-
dent of the Wilson line phases.

From Figure 5.1, we anticipate that the feature originates from a hidden quantum-
mechanical SUSY. Here, the quantum-mechanical SUSY means the symmetry gen-
erated by the supercharge @) that satisfies the algebraic relations [35,30],

H=Q*, {Q(-1)"}=0, (-0 =1, (5.31)
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where H, F' and I are the Hamiltonian, the “fermion” number operator and the
identity operator, respectively. The eigenvalue of (—1) is given by +1 for “bosonic”
states and —1 for “fermionic” states, and Tr (—1)¥ is a topological invariant, called
the Witten index [37].

It is known that the system with 4D fermions has the hidden SUSY where the
4D Dirac operator plays the role of @ [38,39]. The correspondences are given by

) 0 oD
Q< "D, = ( io"D, 0 g ) , (=D s, (5.32)

where 75 is the chirality operator defined by ~5 = i7%y!72~3. The trace of 75 is the

index of the 4D Dirac operator, and the following relations hold,

Tr 5|, = n{.[4,] — n},.[A,] = dimker 6*D,|, — dimker 5 D,,|,

=5 / tr, € s M FP dh e (5.33)
e

from the Atiyah-Singer index theorem. Here, n{,.[A,] and n{,[A4,] are the num-
bers of normalizable solutions (massless fermions) satisfying io*D, g, = 0 and
ic" D1, = 0, respectively. Note that massive fermions exist in pairs (¢g, and
Y1) and do not contribute to the index. The integral quantity in (5.33) is called
the Pontryagin number, and it is deeply connected to the configuration of gauge
bosons A, on 4D space-time.

It is pointed out that higher-dimensional theories with extra dimensions also pos-
sess the hidden SUSY [40,41]. In the system with a 5D fermion, the Dirac operator
relating the fifth-coordinate plays the role of ) and there are the correspondences,

(é _01) . (5.34)

Note that I' = —v5. The counterpart of the Witten index is given by

Q<—>Dy:<_%y %) (- eT

= ﬁ%r(a) - ﬁ%r(a) ) (535)

where 71%,.(a) and 7{,.(a) are the numbers of eigenfunctions, that satisfy the equa-

tions, 5, ( ﬁR ) _ ( DyOwR ) _ ( 8 ) (5.36)
(5)=(om)=(5) o

respectively. Note that the eigenvalue equations are given by Dyyr = Ar and
Dby, = XNy, eigenfunctions with non-zero eigenvalues exist in pairs, which corre-
spond to 4D massive fermions as seen from (5.10), and they do not contribute to the
index. From the equations (5.10), there is a one-to-one correspondence such that

and

qube =0+ Z'EuDﬂl/}L =0, Dy¢L =0+ iUuDﬂl/JR =0. (538)
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Let us generalize to a system with a fermion on a higher-dimensional space-time.
For the case that D = 2n (n = 3,4, ---), the correspondences are given by

D
Qe D=> "D, , (-1)' T =-Tp,, (5.39)
m=>5

where I'p; is the chirality operator defined by I'p,; = (—i)" ™I ... TP,
For the case that D =2n+ 1 (n = 2,3, --), the correspondences are given by

D
Q< D=U"Y "D, U, (-1)" T =il", (5.40)

m=>5

where U is the unitary matrix that satisfies the relation iI'” = UTT'U, and iI'? is a
diagonal matrix with the same form as the chirality operator on D(= 2n)-dimensions
up to a sign factor.

The equation (5.5) is written by

D
iT'D, W+ Y il D, ¥ =0 . (5.41)

m=>5>

For the case that D = 2n + 1, after the unitary transformation I'"* = UTTMU and
U = UMW is performed, ["™ and ¥’ are again denoted as T'™ and W in (5.41). The
counterpart of the Witten index is given by

Tr | =g, (ar) — 7). (ar) , (5.42)
where 7ig,.(ax) and 77, (ax) are the numbers of eigenfunctions, that satisfy Dy =0
and Dy, = 0, respectively. From (5.41), there is a one-to-one correspondence such
that . .

DwR =0 iFuDqu =0, DwL =0 ’LTWDM”(#R =0. (543)

Here ¢)g and vy, are a 4D right-handed spinor component and a 4D left-handed one
in U, that are eigenspinors of the 4D chirality operator I's = iI'°T"'I"?I"® whose eigen-
values are 1 and —1, respectively. Note that components with a different 4D chirality
involve each other through the equation (5.41), because I's is anti-commutable to
il D, but it is commutable to D.

From (5.43), the following relations hold,

TNZORr(a’k) - n(I)m ) ﬁ%r<ak‘) - noRr ’ (544)

and, using (5.44), we derive the relation,

Tr ' = ﬁOR'r<ak) - ﬁ%r<ak> = n(I)/r - noRr : (545)

Because Tr f’ is a topological invariant and the Wilson line phases determine

the vacuum W’i’th (Frn) = 0 globally in our orbifold family unification models,
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ne(= nl, —ny,) is independent of the Wilson line phases. Hence, N,.(= n, — nz) is

also independent of the Wilson line phases.
Finally, we give a comment on Tr f‘ . As seen from the Atiyah-Singer index the-

orem relating the Dirac operator for exgra—dimensions, fermion numbers are deeply
connected to the topological structure on K”~* including the configurations of A,,
on KP~*. From this point of view, the family number has been studied in the
Kaluza-Klein theory [42] and superstring theory [20].
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6 Prediction of SU(9) orbifold family unification

In this section, we study predictions of orbifold family unification models with
SU(9) gauge group on a 6D space-time including the orbifold 72 /Z,. For the pre-
dictions, we search specific relations among sfermion masses on the SUSY extention
of models.

6.1 SU(9) orbifold family unification

We have found 32 possibilities that just three families of the SM fermions survive
as zero modes from a pair of Weyl fermions with the 84(= ¢C}3) representation of
SU(9). For the list of (pi1, ps, 3, Pa, Ps5, Pe, 7, Ps) to derive them, see Table 4.11.
They are classified into two cases based on the pattern of gauge symmetry breaking
such that SU(9) — SU(3)c x SU(2)r x SU(3)r x U(1)? and SU(9) — SU(3)¢ x
SU(2) x SU(2)p x U(1)*. We study how well the three families of fermions in the
SM are embedded into ¥, and ¥_, in the following.

6.1.1 SU(9) — SU(3)e x SU(2), x SU(3)p x U(1)?

For the case that p; = 3, ps = 2, either of p3, p4, ps or pg is 3 and either of p; or
ps is 1, SU(9) is broken down as

SU(9) — SU(3)e x SU(2)1, x SU(3)p x U(1)1] x U(1)y x U(1)s, (6.1)

where SU(3)F is the gauge group concerning the family of fermions, U(1); belongs
to a subgroup of SU(5) and is identified with U(1)y in the SM, and others are
originated from SU(9) and SU(4) as

SU(9) > SU(5) x SU(4) x U(1)s, 6.2)
SU(4) > SU(3) x U(1)s. (6.3)

Let us illustrate the survival of three families in the SM, using two typical BCs.

(BCl) : (p17p27p37p47p57p67p77p8) = (37 27 37 07 OJ 07 07 1)
In this case, 84 is decomposed into particles with the SM gauge quantum num-

bers and its opposite ones, and their U(1) charges and Z, parities are listed in Table
6.1. In the first and second columns, particles are denoted by using the symbols
in the SM, and those with primes are regarded as mirror particles. Here, mirror
particles are particles with opposite quantum numbers under the SM gauge group
Gsm = SU(3)e x SU(2), x U(1)y. The U(1) charges are given up to the normal-
ization. The Z, parities of wim) are given by omitting the subscript k(= 3) in the
last column. The Zy parities of w%l) are opposite to those of 1/1;(2).
When we assign the intrinsic Z, parities of ¢} and ¢? as

(fmi,nt) = (+1, =1L, +1), (%, nl,n?) = (+1,-1,-1), (6.4)

all mirror particles have an odd Z, parity and disappear in the low-energy world.
Then, just three sets of SM fermions (g%, (u%)¢, (d%)¢, %, (e))¢) survive as zero modes
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TP 1 SUBYe x SUQR)L x SUB)r | UML)y | ULy | U3 | (20, 21, 25)
(€R)° | er (3C5,2C0, 3Cy) = (1,1,1) —6 12 0 (+1°, +nt, +1?
g, | (q)° | (3C5,2C1,3C)) = (3,2,1) -1 12 0 | (0’ +n' —n
(uR)° | ugr (3C1,20%,3Cy) = (3,1,1) 4 12 0 (+1°, +n, +1?
(ug)® | ujy (3Cs,2C, 3C1) = (3,1, 3) —4 3 1 (+n°, —nt, +n?
(ug)® | uy (3C5,2C0,3C0) = (3,1,1) —4 3 =3 | (=% —nt, —n
ar | (qp)° | (3C1,201,3Ch) = (3,2,3) 1 3 L (% =" =
ar | (q1)" | (3C1,2Ch,5C0) = (3,2,1) 3 =3 | (=" =", +n?
(er)® | €g (3C0, 205, 3C1) = (1,1,3) 6 3 1 (+n°, —nt, +n?
(er)¢ | €p (3C0, 205, 3Cy) = (1,1,1) 6 3 -3 | (=% —n', —n
(dr)®| dr (3Ch,2C0,3C2) = (3,1,3) —2 —6 2 (+10, +11, +n
(d)¢ | dg (3C1,2C0,3C1) = (3,1, 3) -2 —6 =2 | (=% +nt, —n
U ()| (3C0,201,30) = (1,2,3) 3 —6 2 | (+1°, 0t —n
I ()| (3C0,201,30) = (1,2,3) 3 —6 | =2 | (=1, 40t +n
(vr)® | PR (3Co,2C0,3C3) = (1,1,1) 0 —15 3 (+n°, —nt, +n
(vr)® | Dr (3C0, 2Co, 3C2) = (1,1, 3) 0 —15 -1 | (= —nt, —n

Table 6.1: Decomposition of 84 for (p1, p2, p3, p4, s, Ps, P7,08) = (3,2,3,0,0,0,0,1).

and they belong to the following chiral fermions,
vr, D (up)’, (€R)% (Vr)', ¥R D dp, ¥ D (1) ¥E D gy, (6.5)

where i(= 1,2,3) stands for the family index. By exchanging n% for n*, ¢ and %
are exchanged for ¢? and v}, respectively. Note that a right-handed neutrino (vg)°
appears alone. We obtain the same result (6.5) by assigning the intrinsic Z, parities
suitably, in case with p4, ps or pg = 3 in place of p3 = 3.

(BCZ) : (p17p27p37p47p57p67p77p8> - (37 27 37 07 Oa 07 17 O)

In this case, 84 is decomposed into particles with the same gauge quantum
numbers but sightly different Zy parities from those of (BC1). Concretely, the third
Zo parity & of fields with [; = 1 is opposite to that with Iy = 1, i.e., &5 of
(3C2,2C0,3Ch), (3C1,2C1,3Ch), (3C0,205,3Ch), (3C1,2C0,3C1), (3C0,2C1,3C1) and
(5C0, 2C0, 3Cs) is given by +n%, —n?, +n%, +n*, —n* and +n?, respectively.

Under the same assignment of the intrinsic Zy parities as (6.4), all mirror particles
have an odd Z, parity and disappear in the low-energy world. Then, just three sets
of SM fermions survive as zero modes such that

vr, D (up)’, (€R)% (vr)S ¥R D (1), YR D dp, Vi D a. (6.6)

Note that (17)¢ and di are embedded into 1% and v, respectively, different from
the case of (BC1). We obtain the same result (6.6) by assigning the intrinsic Zs
parities suitably, in case with p4, ps or ps = 3 in place of p3 = 3.
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We summarize fermions with zero modes and those gauge quantum numbers in
Table 6.2. Here, G235 = SU(3)c x SU(2), x SU(3)p, l, is a number appearing
in a representation ,,C;, of SU(3)r for a = 3,4,5 or 6, and, in the 7-th and 8-th
columns, the way of embeddings for the SM species are shown for pg = 1 and p; = 1,
respectively.

species | Glaoz | (I, la, 1) [U(Q)1 [U)y [U(L)s [ ps=1 | pr =
¢ 13,23 (1,1,1) 1 3 1 ) )
(up)e | (3,1,3) | (2,0,1) | —4 3 1 B2 2
dy 1(3,1,3)| (1,0,1) | —2 | —6 | -2 21 1)
(1) | (1,2,3)] (0,1,1) 3 -6 | -2 1) 21
(er)° | (1,1,3) | (0,2,1) 6 3 1 @) 1@
wvr) | (1,1,1)] 0,0,3) | o [ —15 | 3 AR

Table 6.2: Gauge quantum numbers of fermions with even Zy parities for SU(9) —
G323 X U(l)l X U(l)g X U(l)g

6.1.2 SU(9) — SU(3)c x SU((2)p x SU(2)p x U(1)*

For the case that p; = 3, pa = 2, either of (ps, ps) or (ps, ps) is (2,1) or (1,2) and
either of p; or pg is 1, SU(9) is broken down as

SU(9) — SU(3)e x SU2)1 x SU2)p x U(1); x U(1)s x U(1)s x U(1)s, (6.7)

where U(1); belongs to a subgroup of SU(5) and is identified with U(1)y in the SM,
and others are originated from SU(9), SU(4) and SU(3) as

SU(9) D SU(5) x SU(4) x U(1)a, (6.8)
SU(4) D SU(3) x U(1)3, 6.9)
SU(3) D SU(2) x U(1),. (6.10)

The embedding of species are classified into two types, according to ps = 1 or
pr=1

(BC3)

For the case with pg = 1, just three sets of SM fermions survive as zero modes
such that

wi@) > (uiR)ca (eZ]'%>C7 qr, 1/}?{(1) > d%? (lL)Ca
DR D dp, (1), 02V D (ur)e, (er)", qb, (VR)©, (6.11)

where 1 = 1, 2.

(BC4)

39



For the case with p; = 1, just three sets of SM fermions survive as zero modes
such that

Ui D (W) (€h)C ar. Y D dr. (13)°,
o o diy (1)°, VY S (ur)s, (er)’, 4k, (Vr)", (6.12)
where 1 =1, 2.

We summarize fermions with zero modes and those gauge quantum numbers in

Table 6.3. Here, G3oo = SU(3)c x SU(2)p x SU(2)F.

species Gao |U) UL |UM)3 |U(L)s | ps=1|pr=1
(uh)e, (uk)° | (3,1,2) | —4 | 3 1 1| 9® | e
(ug)° (3,1,1)| —4 3 1 —9 2) 2D
a2 (3,22 1 3 1 1 2] Y
ar (3,2,1) 3 1 —2 | @
(eh) ()" | (1,1,2) 3 1 1| ] e
(er) | (1,1,1) 3 1 | —2 | 20 | 20
d,, d2, (3,1,2) | -2 —6 ) 1 21) 1@
dr B, 1,1)| —2 | =6 | =2 | —2 | i@ | 42V
(1), (2) | (1,2,2) -6 | —2 | 1 | @ | 20
() |(1,2,1) 6 | 2 SRR
(vr)° (1,1,1) 15 3 0 i [y

Table 6.3: Gauge quantum numbers of fermions with even Zo parities for SU(9) —
G322 X U(l)l X U(l)g X U(1)3 X U(1)4.

6.2 Predictions
6.2.1 Yukawa interactions

We examine whether four types of SU(9) orbifold family unification models,
where the embedding of the SM fermions are realized as (6.5), (6.6), (6.11) and
(6.12), are realistic or not,by adopting the appearance of Yukawa interactions from
interactions in the 6D bulk as a selection rule. This rule is not almighty to select
models, because Yukawa interactions can also be constructed on the fixed points
of T?/Zy. Here, we carry out the analysis under the assumption that such brane
interactions are small compared with the bulk ones in the absence of SUSY.

We assume that the Yukawa interactions in the SM come from interaction terms
containing fermions in the bilinear form and products of scalar fields in the 6D bulk.
® From the Lorentz, gauge and Z, invariance, the Lagrangian density containing

6 We assume that fermion condensations and Lorentz tensor fields are not involved with the
generation of Yukawa interactions.
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interactions among a pair of Weyl fermions (¥, ¥_) and scalar fields ®' on 6D
space-time is, in general, written as

Liw = Y oW F s (@) + ) W BU™ Gopee (1) + hic.
a,...,f a,...,f
_ 11 —QchI)I 1yet, )2 Lyeloh2) (DL h
—Z Vv +VrYL ) F( )+Z((¢L) Ui+ (V) TR) G(@1) +hee,
(6.13)

where ¥, = whT0 ;DL R) = Y and (¥, (0)° = i7"y, In the final
expression of (6. 13) we omit mdlces of S U (9) such as a, b, -, f designating the

components to avoid complications. The F'(®!) and G (CIDI ) are some polynomials of
®l. e.g., F(®) is expressed by

Z @Y @ e =YY fr, @0 (6.14)

I, n Iy, I

where f,..;, are coupling constants. Note that mass terms of W, such as mpW, W_
and my UL EW_ are forbidden at the tree level, in case that U and U_ have different
intrinsic Zo parities. Using the representation given by 6D gamma matrices, E is
written as

0 0 e 0
0 0 0 io?
— P36 _
E=17T°T ig? 0 0 0 , (6.15)

where o2 is the second element of Pauli matrices. It is shown that L, is invariant
under the 6D Lorentz transformation, Uy — exp [— 2wy yESMN] Wy, where MY =
%[FM , I'N] and wyy are parameters relating 6D Lorentz boosts and rotations.

After the dimensional reduction occurs and some components acquire the vacuum
expectation values (VEVs) generating the breakdown of extra gauge symmetries, the
linear terms of the Higgs doublet ¢;, and its charge conjugated one éh can appear in
F(®') and G(®') and then the Yukawa interactions are derived. For instance, the
linear term f¢y, appears from F(®7) = f&,P3d5 where &, are scalar fields whose
representations are (:i), after some SM singlets in ®3 and ®5 acquire the VEVs.

From the above observations, we impose the selection rule that Yukawa inter-
actions quiu%ggh, ;‘Jl-qLd%gbh and LequSh i the SM can be derived from Li, on
orbifold family unification models.

For (BC1), the following Lagrangian density is derived at the compactification
scale M,

3
Loy = Y dpay 157 (9) + Z [Leh st (o Z Tl G (6) + hoe.,  (6.16)

3,j=1 1,7=1 1,7=1

using (6.5), and Yukawa interactions in the SM can be obtained, after some SM
singlet scalar fields in the polynomials Fl(l)(¢), Fg(l)(@ and GM(¢) acquire the
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VEVs. Because all gauge quantum numbers of the operator Gidﬁ are same as those

of I}, ¢%,, there is a possibility that Ffl)(gb) is identical with FQ(I)(¢) as a simple case.
In ’;his case, we have the relations g- = fj; at the extra gauge symmetry breaking
scale.

For (BC2), the following Lagrangian density is derived,

Lpc2) = Z Uy jLG ®) +h.c, (6.17)

2,7=1

using (6.6). In this case, down-type quark and charged leptons masses cannot be
obtained from L;,; at the tree level at M.
For (BC3), the following Lagrangian density is derived,

Lpos) = Z rah FD(8) + qdn B (6) + Z L eh D (6) + el FP(¢) + hec.

i,j=1 ,7=1

2
+ 3 Ugl GIN(6) + G urGS (6) + huc., (6.18)

irj=1
using (6.11). For (BC4), the following Lagrangian density is derived,

2
Loy = I (Arai P (0) + TLdi L (6) + L P (0) + et} FLP(9) ) + hc.

i=1

+ Z Waq) G0 () + TLurGy) (6) + hoc., (6.19)

i,7=1

using (6.12). In both cases, the full flavor mixing cannot be realized at the tree level
at Mc.

In this way, we find that the model based on the embedding (6.5) is a possible
candidate to realize the fermion mass hierarchy and flavor mixing, in case that
radiative corrections are too small to generate mixing terms with suitable size for
(BC2), (BC3) and (BC4). In any case, we have no powerful principle to determine
the polynomials of scalar fields, and hence we obtain no useful predictions from the
fermion sector.

6.2.2 Sfermion masses

The SUSY grand unified theories on an orbifold have a desirable feature that
the triplet-doublet splitting of Higgs multiplets is elegantly realized [4,5]. Hence, it
would be interesting to construct a SUSY extension of orbifold family unification
models.

In the presence of SUSY, the model with (BC1) does not obtain advantages of
fermion sector over that with (BC2), (BC3) or (BC4), because any interactions other
than gauge interactions are not allowed in the bulk and Yukawa interactions must
appear from brane interactions. In SUSY models, complex scalar fields (¢, d_)
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are introduced as superpartners of (¥, W_), and they consist of two sets of com-
plex scalar fields @, = (¢},¢%) and &_ = (¢1,¢?), where ¢}, ¢7, ¢! and ¢
are superpartners of 1, ¥%, 1L and ¥?, respectively. Here, we pay attention to
superpartners of the SM fermions called sfermions and study predictions of models.

Based on the assignment (6.5) for (BC1), sfermions are embedded into scalar
fields as follows,

oL Dy, e, Un, 0L Ddy, L DIF, ¢ DG (6.20)

Gauge quantum numbers for sfermions are given in Table 6.4. Here, the charge
conjugation is performed for scalar fields d’ and ZZL* corresponding to the right-

handed fermions, and Gsa3 = SU(3)¢ X SU( )r. X SU(3)p. Note that (ly,12,1,) is
untouched by change as a mark of the place of origin in 84.

species | (a3 (I1,00,0,) | U(1); | UL | U(1)3
@ 1(3,2,3)| (1,1,1) 1 3 1
ax 1 (3,1,3) ] (2,0,1) | —4 3 1
dz 1 (3,1,3) | (1,0,1) 2 6 2
oo1(1,2,3)| (0,1,1) | -3 6 2
ex 1 (1,1,3) | (0,2,1) 6 3 1
7y | (1,1,1) | (0,0,3) 0 15 | 3

Table 6.4: Gauge quantum numbers of sfermions with even Zo parities for SU(9) —
G323 X U(l)l X U(l)g X U(l)g.

We study the sfermion masses based on the following two assumptions.

1) The SUSY is broken down by some mechanism and sfermions acquire the soft
SUSY breaking masses respecting SU (9 ) gauge symmetry. Then, a3, en. vk
and dzR* get a common mass m,, and ¢; and ZZL get a common mass m_ at

some scale Ms.

2) Extra gauge symmetries SU(3)p x U(1)y x U(1)3 are broken down by the
VEVs of some scalar fields at Mg. Then, the D-term contributions to the
scalar masses can appear as a dominant source of mass splitting.

The D-term contributions, in general, originate from D-terms related to broken
gauge symmetries when the soft SUSY breaking parameters possess non-universal
structure and the rank of gauge group decreases after the breakdown of gauge sym-
metry [43-46]. The contributions for scalar fields specifying by (I, ls,1,) are given
by

m%(ll,lz,la) = (=1)""2[@Q1Dp1 + Q2Dra + {9(l1 + Io) — 15} D,
+{4l, — 33 =1, — l2)} Ds], (6.21)

where ()7 and )y are the diagonal charges (up to normalization) of SU(3)r for
the triplet, i.e., (Q17Q2) = (1,1), (—1,1) and (O,—2) DFI: DFQ, DQ and D3 are
parameters including D-term condensations for broken symmetries.
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. 2 . .
Using m,, m_ and m Dl dala)> W€ derive the following formulae of mass square
for each species at Mg: *

Mg = mi + Dpi + Dp2 + 3Dy + D, (6.22)
m%%* =m% — Dpy + Dy + 3Dy + Ds, (6.23)
My =m} — 2Dpa + 3Dy + Ds, (6.24)
mé}; = m% + Dpy + Dy + 3Dy + Ds, (6.25)
m% = m% — Dp1 + Dy + 3Dy + Ds, (6.26)
M. =m} — 2Dps + 3D3 + D, (6.27)
m?;}; =m? — Dpy — Dpy + 6Dy + 2D3, (6.28)
mfz%* =m3 + Dp1 — Dps + 6D, + 2Ds, (6.29)
M. =m} +2Dpy + 6D, + 2Ds, (6.30)
mg =mZ + Dp1 + Dpy + 3Dz + D, (6.31)
m% =m? + Dpy — Dy + 3Dy + Ds, (6.32)
mgy =m2 — 2Dpy + 3D, + D, (6.33)
ng; = m? — Dpy — Dpy + 6D, 4 2Ds, (6.34)
mlg% =m? — Dpy + Dpg + 6Dy + 2D, (6.35)
mp, =m? +2Dpy + 6Dy + 2D;. (6.36)

By eliminating unknown parameters such as m2, m2, Dy, Dpa, Dy and Ds, we
obtain 15 kinds of relations ®

mz}; = mg}%*, ng = mgé*, m%; = ngﬁ*, (637)
m%{* — mlgi = mz% — mlg% = mfzgg — ml?%
m% + nglL = m% + mngL = mgi + ml%i7 (6.39)
m% + mfi}g = m% + m%; = mfj% - m?@;

= mlgi + mfl}{ = mlg% + m?%* = mlg% + mi:;,? (6.40)

They are compactly rewritten as

2 _ 2 2 2 _ 2 2

Magie = M Mgee = Mgie = MG — M, (6.41)
2 2 = —m> 2 =mi —m% = —-m? 2

Mgie = Magge = —Mgee + Mg = Mg — My my +my (6.42)

" In case that the extra gauge symmetry breaking scale (M) is lower than Mg, m% receive
radiative corrections between Mg and My, and the mass formulae should be modified. Here, we
consider the simplest case to avoid complications.

8 Sum rules among sfermion masses have also been derived using the orbifold family unification
models on five-dimensional (5D) space-time [47-49].
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where 7,7 = 1,2, 3.
In the same way, based on (6.6) for (BC2), we obtain the relations,

2 2 2 2 2

2

Migie = M M — Mg = Mg — M, (6.43)
2 2 _ _

Mgy — Mige = mdz* + de = qu mﬂ =—mZ —i—ml], (6.44)

where 4,j = 1,2,3. Note that these relations are obtained by exchanging m? i for
mZ in those for (BCL).

L

Furthermore, we obtain the specific relations,

2 2 2 2 2 2

mﬂ’gg = mé%’w mdh - m,ai* = mﬁL — m[ji, (6.45)
m%? a miiz B _m%‘L * mlgi’ mg; — m?{ - _md” + mdgg" (6.46)
My = Mige = Mgy — M (6.47)
mi}% + m%sﬁ = m% + mgi, mfz}; + mfl% = mlgi + m?i (6.48)

for (BC3) and

Mgz = Miie, ml%L —m2. = m?ﬁg —mg, (6.49)
m%}; — m?@ = m% - m%, (6.51)
m%}g + m?ﬁ;; = mzi + m%, mfz}; + m?z;};_; = mlgi + ml%z (6.52)

for (BC4) Here, 7,7 = 1,2, 3 and we denote u}, €}, dR, [, and qL as uy, ex, d ZN%
and ¢3. The relations for (BC4) are obtained by exchanging m? dis for ml% in those
for (BC3).

The above relations become predictions to probe models because they are specific
to models, in case that the extra gauge symmetry breaking scale is near Msg.
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7 Separation of the SM and hidden particles on
5D

In this section, we propose that hidden particles can be separated according to
gauge quantum numbers from the visible ones by the different BCs. Especially, we
show that the separation of visible and hidden particles can be realized in gauge
interactions using a 5D extension of the SM with an extra U(1) gauge symmetry
coexisting different types of BCs. Furthermore, we also study models that hidden
particles relating to conjugate BCs are identified with dark matter or inflaton.

7.1 Why hidden

In order to obtain some hints to explore the origin of dark matter and the identity
of inflaton and to address the reason for their existence, we search for an factor that
it is hard to detect hidden particles based on the following assumptions.

e There is an extra gauge group Ghiqqen Other than the SM one Ggy (or some
extension such as a grand unified group Ggur), and Ghiqqen leaves little trace
behind around the terascale.

e Hidden particles such as dark matter and inflaton possess gauge quantum
numbers of Gjggqen Or are some components of gauge bosons in a hidden sector,
and they are gauge singlets of Ggy (or Ggur).

e The SM particles are gauge singlets of Ghigden-

Gauge quantum numbers are suitably assigned to construct a realistic model,
but in most cases, it would be done without any foundation except for symmetry
principle. We expect a reason or a mechanism that a subtle separation of gauge
quantum numbers in the above assumptions is realized naturally, and propose a hy-
pothesis that hidden particles can be separated according to gauge quantum numbers
from the visible ones by the difference of BCs on extra dimensions. °

To embody our hypothesis, we consider a 5D theory with Gsy X U(1)e gauge
group as an extension of the SM with an extra U(1) gauge boson Cy = Cy(z,y)
and an extra matter ¢ = @(z,y). For simplicity, we pay attention to scalar fields
and U(1) gauge bosons and treat the Lagrangian density,

1
Lsp = (DyH) (DMH) —m?2 | H? - ZBMNBMN

. . . 1
+ (Du@)" (DY) = mg|@l* — 7CunCMY
2 ~ 2 ~
—M(HP?)" =25 (1817)" = Amix H P22+ -+, (7.1)

where H = H(xz,y) is 5D complex scalar field containing the SM Higgs doublet as
its zero mode (H(®), and A, Ay and Anix are quartic couplings of scalar fields.

9 According to a similar idea that a dark matter possesses different features from the SM
particles on extra dimensions, a truncated-inert-doublet model has been constructed that the SM
ones belong to Zs even zero modes and the dark matter is one of Zs odd zero modes on a warped
extra dimension [50].
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If By which is the 5D extension of the U(1)y gauge boson in the SM satisfies
the BCs such as (2.10) — (2.12) and C); satisfies the BCs such as (2.34) and (2.35),
H and ¢ cannot own both non-zero U(1) charges. In other words, H is separated
from ¢ in gauge interactions through the difference of BCs.

After the dimensional reduction, we obtain the following 4D Lagrangian density
for zero modes H®, O B,SO) and C’éo), at the tree level,

1
gg — (D£0)H(0))*(D(0)MH(0)) _ m%,|H(0)|2 _ ZBEL(B)B(O)MV
Lo -0 ~(0 1 2 B — 4t ’ So2 , L (0) (0)
+ §au90( Jore® — B} {m¢ + (W (@)% + 5@6’5 oCsy
1 1
= AHOP) = @) = S HOPO) - (7.2)

where where 6 is the Wilson line phase defined by

TR 1
0=3g / COdy = V21 RgsCL. 7.3
95 _WR\/ﬁ 5 Yy 95 5 ( )

and the ellipse in (7.2) stands for parts containing Kaluza-Klein modes of gauge

bosons and the kinetic term of C’éo). Note that the U(1) gauge symmetry is broken
by orbifolding, and 6 is a remnant of the U(1). And, we use the Fourier expansion
(2.24) for H and (2.42) for ¢.

As seen from (7.2), 05(0) is massless at the tree level. After receiving radiative

corrections, the effective potential relating to 05(0) is induced and 05(0) acquires a
mass through the Hosotani mechanism [31,32]. Concretely, the one-loop effective

potential for the Wilson line phase 6(= v/ 27TR§5CéO)) is derived as

1 [ dpg & ) ) 21 + B — a0\
WZ&/WZI“{]’E*%*( )

3 > 1 T 7’(2'5 s ~
=5 g () s G i), (0

where pg is a 4D Euclidean momentum, Fj is a #-independent constant and rg =

2w Rmg. The physical vacuum is realized at 3z — gz0 = 0 and 05(0) decouples in the
low-energy theory, if R is small enough, by acquiring the mass of O(1/R).

The scalar field $(¥)(z) survives in a post-SM at the terascale for Bs — Gzt =0
and mg < O(1)TeV, and we find that our Lagrangian density agrees with that
containing a dark matter in a specific model called the New Minimal Standard
Model (NMSM) [51,52]. Then, (¥ (z) becomes a possible candidate of dark matter.

The ¢ (z) couples to the SM Higgs doublet through the quartic interaction
—(1/2) Amix | HO2(¢)2. In the presence of this term as the Higgs portal, the run-
ning of A based on the renormalization group equation changes compared with that
in the SM, and the vacuum stability of Higgs potential can be improved [52,53].

Here, as a complementary comment on our hypothesis, we state a feature that
matters are not necessarily classified into the visible ones and the hidden ones, even
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if a system has two U(1) gauge bosons By and Cy with different types of BCs,
because there can exist particles that possess both U(1) charges. Let us show it using
a model described by the Lagrangian density,

J N - 1 1
Ly, =Y {(Du@a) (DM@a) —m? |G’} — ZBMNBMN - ZCMNCMNa (7.5)

a=1,2

where Dy = On — 19593, Bvr — 195G5,Cr for a pair of complex scalar fields ¢, =
Pa(z,y) (a = 1,2). In case that ¢z, = ¢g,, 3, = —qz, and my, = mg,, Ls, is a
single-valued function under the BCs (2.10) — (2.12), (2.34), (2.35) and

Pa(z,y +27R) = P23, (2,y), &1z, —y) = na@2(z,y), (7.6)

where (; takes 0 or m and 7y takes 1 or —1. We refer to the U(1) gauge symmetry
concerning the BCs (2.34), (2.35) and (7.6) as an exotic U(1) symmetry [54,55]. 1
Then, we find that ¢, own both U(1) gauge quantum numbers. A similar feature
holds on a theory containing non-abelian gauge symmetries: matters can possess
both gauge quantum numbers whose gauge bosons satisfy different types of BCs if
the theory is vector-like.

7.2 Gauge-higgs inflation
7.2.1 Inflation

Inflation has been proposed to solve some problems in Big Bang cosmology such
as horizon problem, flatness problem and magnetic-monopole problem by K. Sato
and A. Guth in the early 1980s [57,58]. Inflation is an exponential expansion of
space in the early universe. It is realized by a vacuum energy of inflaton potential.
Here, inflaton is any scalar field.

Especially, slow-roll inflation models which have been proposed by A. Linde
is one of the most important model [59]. Inflation can be estimated by inflation
parameters, which are observable, only using inflaton potential. From observation
and theoretical analysis, inflation parameters are restricted as follow:

- Minimum value of inflaton potential V'(¢) is almost zero:
V({(¢)) ~0. (7.7)

- The slow-roll conditions:

M2 (V! 2 i
EETG(V((E))) <1, n=M} V(f))'<<1, (7.8)
Mg = 2.4 x 10'®GeV : the reduced Planck scale |
iy OVI(e) L O0PV(9)
V(¢)_8—¢’ V"(¢) = 55r

10 The orbifolding due to these BCs is regarded as a variant of the diagonal embedding proposed
in [56].
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- The e-folding number:
“ = L | [ V@)
NE/ Hdt:—/ d¢':50~60, 7.9
L. Mg s, V'(9) (79)
H : the Hubble constant

¢, : the value of inflaton field in the start point of inflation

¢ : the value of inflaton field in the end point of inflation

- The scalar power spectrum:

1 (V(9)

PC= Tomnis (Vi(o) P

= (2.196 +0.079) x 107°  (7.10)
=«

- The spectral indez:

ns = 1 — 6€e, + 2n, = 0.9655 4+ 0.0062 , (7.11)
€+, Ms © the quantities at the horizon exit

- The tensor-to-scalar ratio:

r=h 6, <012, (7.12)
Pe
_ 2V(9)
Pa= 3m2 M2

The first conditions are assumed because the current cosmological constant is very
small value. The slow-roll conditions are demanded from the flatness of potential.
The e-folding number represents that how much exponential expansion continued.
In order to realize our universe, the e-folding number should be taken N = 50 ~ 60.
The constraint of the scalar power spectrum, the spectral index and the tensor-to-
scalar ratio are given by Planck observation in 2015 [60].

Many slow-roll inflation models have been proposed, but in most of models,
inflaton potential have been given by hand. This causes problems such as the ori-
gin of inflaton and fine-tuning problem of parameters. Higher-dimensional theories
may solve those problems. On 5D gauge theory, gauge-Higgs field which is 5-th
component of 5D gauge field dose not have its potential in the classical level, but,
in 1-loop level, gauge-Higgs potential is generated by radiative corrections. Fine-
tuning problem is solved because this potential is finite due to 5D gauge symmetry.
N. Arkani-Hamed have proposed inflation model that gauge-Higgs field are identified
with inflaton [61]. This model can solve the origin of inflaton and the fine-tuning
problem, under the condition that the value of relevant gauge coupling constant is
tiny enough.

Recently, the models with 5D gauge theory added to 5D gravitational theory
has been constructed, and investigated fine-tuning problem and the origin of in-
flaton [62-64]. These models may solve problems of fine-tuning and the origin of
inflaton with a same magnitude of gauge coupling constant as the SM ones. On
5D gravitational theory, a scalar field called radion, which is an extra-dimensional
component of 5D gravity field, is included, and it may be also inflaton.
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7.2.2 Gauge-higgs inflation

We apply a model with conjugate BCs on a gauge-Higgs inflation scenario. Let
us consider a gravity theory coupled to a U(1)c gauge theory defined on a 5D
space-time whose classical background is M* x S!/Z,. The starting action is given
by

1 A 1
Sgr — d5 A —R _ _AMPANLC C
5D I\ —9s [167TG5 5 49 g MNUPL
+ 30—y Vi — ) U
a=1
+ Z @Zgh(—igMNfMDN — )| (7.13)

where g5 = det gy, gMY is the inverse of 5D metric gasn, G5 is the 5D Newton

constant, Rs is the 5D Ricci scalar, Cyyy = 9y Cxn — OnCoy, Tap = EX Ty, (EY, =
E% (x, y) is the fiinf bein, I'; are 5D gamma matrices, and k is the space-time index
in the local Lorentz frame), Vy = Oy — (i/4)0k >, (wN is the spin connection and
S = i[5 1/2), Dy = Oy — (i/4)&k Sk — igsG,Cy for P, Cy is a 5D U(1)e
gauge boson in the hidden sector and we assume that it satisfies the conjugate BCs
(2.31) and (2.32), ¢ are neutral fermions, ¢* are U(1)¢ charged fermions whose
U(1)¢ charge is ¢, and ¢; and ¢y stand for numbers of neutral and charged fermions,
respectively. The g5 is a 5D gauge coupling constant.

If the SM gauge bosons satisfy the ordinary BCs such as (2.10) — (2.12) and
both wn and wCh satisfy the BCs (2.40) and (2.41) with /3, and /3, as a twisted phase
(ﬁw) wn and 1/1 should be singlets of the SM gauge group, as a consequence in the
previous section.

The BCs of gy are given by

gun(z,y +27R) = gun(z,Yy) (7.14)
guu(xa _y) = g#l/(‘ra 3/) ) guB(xa _y> = —§M5(x,y) )
§55($, _y) = §55($, y) ) (715)

and then the Fourier expansions of g,y are presented as

G (T,y) = g,“, ) + Zg cos -, (7.16)
Jus(,Y) Zgug, sin —y : (7.17)
s5(7,y) = 955 ) + Zg5 cos . (7.18)

The spin connection @kl satisfy the ordinary BCs such that
Nz, y + 27 R) = Wk (z,y) | (7.19)
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wil(x7 _y) = (':);Ijl<x7y) ) w§l<x7 _y> = _w5 (l‘ y) (720)
and then the full Lagrangian density containing both visible and hidden sectors
becomes a single-valued function on S Y Zs.

On the Minkowski background, gw, takes the classical value such as (ggf,)) = Nuws
and other zero modes are assumed to have the following classical values:

0
vV 27TR§5 7

where ¢ is the radion and 6 is the Wilson line phase. The Kaluza-Klein modes are
assumed to have zero classical values.

According to a usual procedure, the following effective potential is obtained at
the one-loop level,

@Dy = ¢** () = (7.21)

3L2m6 - 1 /3 p2/3 1/3
%4 0) = 27 —NTmp
) 27r2p2[ 1zl<n ”m?m?’)e
1 / .
e (ns * pn_4 g_) e cos {n (6 - qe)}]
L
ol a+- (7.22)

where we take common masses y = p, and m = my, a common twisted phase 5 = f3,
and a common charge § = g, for simplicity, L = 21 R, p = L3m3¢, ((k) = Y07, 1/nk,
rm = p/m and a is some constant.

The above potential has the same form as that obtained in [63] except overall
factor and [, and hence both radion and Wilson line phase are stabilized in case with
c1 > 2+co, and 6 is, in particular, fixed as §—¢f = 7. Furthermore, the gauge-Higgs
field 6 can give rise to inflation in accord with the astrophysical data [64].

We need some modification of our model to explain the origin of the Big Bang
after inflaton decays into the SM particles. The direct coupling between inflaton and
some SM particles is necessary to produce radiations at a very early universe, but
it is difficult due to the mismatch of BCs, as explained in the previous section. As
a way out, if some SM particles or its extension form a pair of vector-like multiplet
for U(1)¢ and satisfy the BCs such as (7.6) or counterparts of fermions, they can
directly couple to 05(0). For instance, if there exist two Higgs doublets H, as a
vector-like pair of U(1)¢, there can appear the coupling such as §§Q%|HC(LO)|2(C§O))2.
In this case, although the contributions from H, are added to the potential (7.22),
f might remain inflaton because they are not dominated.
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8 Conclusion and Discussion

First, we have explained feature of the orbifold S*/Zy, T?/Zs, T?/Z3, T?/Z, and
T?/Zs. And, we have reviewed orbifold family unification on the basis of SU(N)
gauge theories on five-dimensional space-time, M? x S1/Z,. Orbifold family unifi-
cation model on the basis of SU(N) gauge theories which is broken down to SU(5)
gauge group by orbifold breaking have been found, but orbifold family unification
model on the basis of SU(N) gauge theories which is directly broken down to the
SM gauge group by orbifold breaking have not been found.

Second, we have studied the possibility of family unification on the basis of
SU(N) gauge theory on 6 dimensional space-time, M* x T?/Z);. We have obtained
enormous numbers of models with three families of SU(5) matter multiplets and
those with three families of the SM multiplets from a single massless Dirac fermion
with a higher-dimensional representation of SU(N), after the orbifold breaking.
The total numbers of models with the three families of SU(5) multiplets and the
SM multiplets are summarized in Table 4.5 and 4.10, respectively.

Third, we have also studied the relationship between the family number of chiral
fermions and the Wilson line phases, based on the orbifold family unification. We
have found that flavor numbers are independent of the Wilson line phases relating
extra-dimensional components of gauge boson, as far as the SM gauge symmetry is
respected. This feature originates from a hidden quantum-mechanical SUSY. The
relationship of left-handed fermions and right-handed ones corresponds to that of
bosons and fermions in quantum-mechanical SUSY.

Fourth, we have taken orbifold family unification models base on SU(9) gauge
symmetry on M* x T?/Z, and have examined the reality of models by checking
the appearance of Yukawa interactions from the interactions in the 6D bulk as
a selection rule. We have picked out a candidate of model compatible with the
observed fermion masses and flavor mixing. The model has a feature that just
three families of fermions in the SM exist as zero modes and any mirror particles
of fermions do not appear in the low energy world after the breakdown of gauge
symmetry SU(9) — SU(3)c x SU(2)p x U(l)y x SU(3)r x U(1)? or SU(9) —
SU(3)e x SU(2)L x U(1)y x SU(2)r x U(1)* by orbifold breaking. Depending on
the assignment of intrinsic Zy parities, uk, €k, di, I* and ¢4 belong to U, and W+
with 84 of SU(9), respectively. We have found out specific relations among sfermion
masses as model-dependent predictions in the SUSY extension of models.

The massless degrees of freedom relating to a family symmetry must be made
massive by further breaking. For example, extra scalar fields can play the role of
Higgs fields for the breakdown of extra gauge symmetries including non-Abelian
gauge symmetries. As a result, extra massless fields including the family gauge
bosons can be massive.

Fifth, we have formulated 5D U(1) gauge theories yielding different types of BCs
on S'/Z,. On the conjugate BCs, the 4D components of U(1)s gauge boson have
odd Z, parities and their zero modes are projected out through the dimensional
reduction. Then, the U(1)c gauge symmetry is broken down by orbifolding. In
contrast, the 5-th component of U(1)c gauge boson has even 7, parities, and its
zero mode 05(0) survives and becomes a dynamical field. It is massless at the tree
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level, but the effective potential relating to Céo) is induced after receiving radiative
corrections. Then, C’éo) acquires a mass of O(1/R) and decouples to the low energy
theory if R is small enough. Matter fields transform into the charge conjugated ones
under the Z5 transformation. Then, only real fields such as real scalar and Majorana
fermions appear after compactification.

We have also shown that the separation of visible and hidden particles can be
realized in the gauge interactions using a 5D extension of the SM with an extra
U(1) gauge symmetry and an extra scalar field coexisting different types of BCs.
We also have derived the Lagrangian density containing a dark matter in the NMSM.
The zero mode of extra scalar field yielding the conjugate BCs becomes a possible
candidate of dark matter.

Furthermore, we have applied a 5D gravity theory coupled to a U(1) gauge theory
with conjugate BCs on a gauge-Higgs inflation scenario. We have found that the
effective potential containing the radion ¢ and Wilson line phase 6 plays a role of
an inflaton potential and 6 become inflaton.

We give a comment on the right-handed neutrinos. Because, the right-handed
neutrinos are singlets of the SM gauge group and they have Majorana masses, we
guess that there might be hidden matters obeying conjugate BCs. But, it is difficult
to realize it, because we cannot construct a Z, invariant term in 5D Lagrangian den-
sity to derive the 4D Yukawa interaction relating to neutrino, due to the mismatch
of BCs between the SM non-singlets and singlets. Nevertheless, it would also be
interesting to examine the origin of the right-handed neutrinos from the viewpoint
of BCs.

In this thesis, we have studied the possibility of extra dimensional theories as
the physics beyond the SM choosing orbifolds as an extra dimensional space-time.
Especially, we have focused on the mystery of family number and the origin of undis-
covered particles. Our models can be attractive from the phenomenological point
of view. However, we should investigate other phenomenological and cosmological
verifications from the view point of the mass of the SM particles and observables.

It would be interesting to construct GUT models with a large gauge group be-
cause gauge theories on higher-dimensional space-time satisfying conjugate BCs
lower the rank of gauge symmetries after orbifold breaking. FExtra dimensional
models satisfying conjugate BCs have not been studied very much. It would be in-
teresting to combine orbifold family unification models with orbifold with conjugate
BCs. In this case, there can be family unification models without family symmetry
after orbifold breaking.

Extra dimensional theories relate sting theory, which is the candidate of ultimate
theory. If our models are considered as effective theories of string theory, it is
interested to reconsider our models in the framework of string theory.
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A Notation

We use the natural unit system. The speed of light ¢ and the reduced Planck
constant h are
c=h=1 (A.1)

- Pauli matrix

(A.2)
2 0 —1 3 1 0
=\i o) 7270 1
- 4D gamma matrix: v* (u=0,1,2,3)
0 ot
no__ )
0”:(00 Ui ,(7 O—O'i),
—1
7P = inPyln2y? = ( 2x2 ) ) ’ (A.4)
2x2
{7y} = 29", {7 =0, (A.5)
- 5D gamma matrix: ' (M =0,1,2,3,5)
Th=qt, T° =iy, (A.6)
{PM TN} =2¢MN (A7)
- 6D gamma matrix: ' (M =0,1,2,3,5,6)
_ s_ (70
FM_,}/‘@O'—(O _7u> , (A.8)
0
5 _ -1 4x4
I° = 14><4 K10 = ( Z.14><4 0 ) s (Ag)
[0 =144 ®ic” = 0 Taa : (A.10)
_14><4 0
-
" =TT = —° @ 0 = ( g 35 > : (A.11)
{PM TN} =2MY {1 TV} =0, (A12)
[ =0°44il%, I'"=T°—4I"%. (A.13)

B The Properties of T%/Z,; orbifold

In this section, let us discuss SU(N) gauge thoery on M? x Z); in detail. Espe-
cially, we explain the properties of orbifold M* x Zj; and orbifold breaking mecha-
nism by inner automophisms boundary conditions.
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B.1 1?/Z, orbifold
B.1.1 Property

Let us discuss SU(N) gauge theory on M* x T?/Z,. On T?/Z,, the T? is
constructed by SU(2) x SU(2) lattice, and its basis vector takes e; = 1, e5 = i. The
point z is equivalent to the points z +e; and 2z + e, and the point —z on 72 /Z,. In
this case, the fixed points are

€1 €9 €]+ e
0o, —, —, ) B.1
2 2 2 (B-1)
The transformation around those fixed points can be defined as
So0iZ—>—%Z, So1:Z——Z+e€e, Sp:zZ——Z+e,
Sogiz— —2+e+e, t1:z—z24e, tg:z—>24eo. (BQ)
They satisfy the relations,
S50 =3 = Sy = S35 =1, o1 =118, Son =125,
S93 = t1l2820 = S21520822 = S22820521 , l1la = laty . (B.3)

At this time, the BCs of bulk fields are characterized by matrices (Fy, Pi, P, P,
Uy, Us). Those matrices satisfy the relations,

Pi=Pl=P; =P/ =1, P=UPR, P=UP,
Py = U Uy Py = PLPPy = PP Py, UyUs = UsUs (B.4)

Since three of those matrices is independent, we choose three matrices Fy, P, P
which are unitary and hermitian matricies.

B.1.2 Orbifold breaking by inner automophisms boundary conditions

The BCs of gauge field are determined as

S20: Au(z,—z,—%) = PyA,(z, 2,%) P,

A, (x,—2,—%) = —PyA,(x,2,2) P},

As(x,—2,—Z2) = —PyAs(x, 2, 2) P}, (B.5)
so1: Au(z,eq — 2,8 — 2) = PLA,(x,2,2) P},

Az, e; — 2,61 — 2) = =P A, (2, 2,2) P,

Az ey —z 8, — 2) = —PiAs(x, 2, 2) P}, (B.6)
Sp9 0 Au(x, ey — 2,8 — Z) = PyA,(x,2, )P},

Az, 69— 2,85 — 2) = —PyA, (2, 2,2) P},

Az ey — 2,80 — 2) = —PyAs(x, 2, 2) P, (B.7)
Sog 0 Au(w,e1+ex— 2z, 61 + 63— 2) = P3A,(x, 2, Z)Pg,

Az, ey +ey— 2,84 — 2) = —P3A.(x, 2, %) P,
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As(z,e1 + ey — 2,61+ 63 — 2) = —P3As(x, 2, E)Pg, (B.8)
t1: Au(z,z+ e, 2+ 6€1) = Ui Ay(z, 2, Z)Ufa (B.9)
t1: Ay, 2+ €9, 2 4 &) = UpAp(x, 2, 2)UJ, (B.10)

where z = 2% +i2%, 7 = 2% — 2%, A, = A5 +iAg and A = A5 — iAg. The BCs of
scalar field ¢ and spinor field ) are determined as

So0 1 P(x,—z,—2) = Te[Pylp(x, 2, Z) , (B.11)
So1: O(z,60 — 2,61 —Z) = T¢[P1]¢( JZ) (B.12)
Soo : d(x,e9 — 2,69 — Z) = T | Po]t(x, 2, Z) (B.13)
Soz: P(x,e1 —eg — 2,6 — g — Z) = Tq>[ s|o(z, 2, 2) (B.14)
t1: ¢,z +e1,z+e1) =To|Uh]p(x, 2, 2) , (B.15)
ta: @(x, 2+ €2, 2+ &) = To|Us]p(2, 2, 2) , (B.16)
So0 ¢ Y(x,—z,—2) = Ty[Po)Y(z, 2, Z) , (B.17)
So1: Y(x,e1 — 2,61 — 2) = Ty[P1](x, 2, 2) (B.18)
Soo ¢ Y(x,e9 — 2,69 — Z) = Ty[Po)tb(z, 2, Z) . (B.19)
So3 1 (w1 —ey— 2,61 — g — Z) = Ty[Pso(x, 2, 2) | (B.20)
t1: Y(r,z4 e, 2+ 6€) = Ty|Uh|¢(x, 2, 2) (B.21)
ty: Y(z, 2+ €9,z + &2) = Ty[Us)th(x, 2, 2) , (B.22)

where T (w)[Fi] and Tow)[U;] represent appropriate representation matrices includ-
ing arbitrary sign factors, with the matices P; and U;. The eigenvalues of T [Py,
Ts[P)] and Tg|P,] are interpreted as the Zy parities for the extra space. The repre-
sentation matrices Tx[P|(X = ®,V, P = By, Py, P, P53, Uy, Us) satisty

Ts[R)? = Ts[P)? = Tx[P)? =1, Ts[U)]Ts[Us] = Ts[Uo]T5[UY]
Ts [Pl] Ts[G]Ts[R] , Te[R] = Te[Us]Ts[F]
UL Ts[Us| T [Po] = T | P Ts | Po)Ts[Po] = T [ Po] T [ Po|Ts[P)] . (B.23)
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Let 90(‘920’%“%)(3;,2,2) be a component in a multiplet and have a definite Zy
parity (%, X1, Ps). Here, p is a generic field and it is applied to scalar field ¢,

fermion field ¢ or gauge field Ay;. The Fourier expansion of ¢(70:71:72) (g, 2, 7) is
given by
1
FLALAD (5 5y = — = ,0.0)(,
(”m )[cos|pm(z, Z B.24
(n+7n7$0)
HLAL=D (g 5 7 ”m) )[coS]n.m 2,z B.25
2 (77> W\/mn;[)(p ] +1/2( )7 ( )
(n+m##0)
=LA D) (g 2 2 )[cos]ni1/2.m(2, 2 B.26
2 (77) W\/TRQZ ]+1/2,(7)7 ( )

n,m=0
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2

(ALt (g 5 7)) = —— ) () [sin]at /2.0m 2,2 B.27

2 ( 2 ) W\/mmmzogp ( )[ } +1/2, +1/2( ) )7 ( )
2 o0

R (T I — 1) () [coS|,i 1 /2.m 2,z B.28

2 ( )’ % ) W\/mmmz_ogp ( )[ ] +1/2, +1/2( ) )7 ( )
(—1,41,-1) _ 2 -

A C -7 (B.29)

e — (n,m) . _
) 7vVRiR, R;O@ (z)[sin]ny1/2,m(2, 2)

(=LA (g 5 7 (”m )[sin] zZ,Z B.30
2 (77) ﬂ_\/mn;o },-&-1/2(7)7 ( )

o B 2 o . _
oD g 2, ) = S @ @)sinn(z.2) (B31)

™ R1R2 n,m=0

where

[sin];ta.mp(2, Z) = sin [— 1 { (n tao_ i i B) } z
2 Ry Ry

[cos|ntam+p(2, Z) = cos [ 1 { (n ro i i 5) } z
2 Ry R,

s o

Upon compactification, massless zero mode ¢(®%(z) appears on 4D when Z, parities
are (P, Py, Py) = (+1,+1,+1). And, the massive KK modes ¢™™(z) do not
appear in our low energy world because they have heavy masses. Here, zero modes
mean 4-dimensional massless fields surviving after compactification. KK modes do
not appear in our low-energy world, because they have heavy masses of O(1/R),
with the same magnitude as the unification scale.

If the representation matrices Fy, P; and P, are given by

dlag(r[—i_l] [+1] D2 [+1]p37 [+1]p47 [_1]1757 [_1]1767 [_1]1777 [_1]178) )
Pl - dlag([+1] [+1] P2 [_1]1?37 [_l]pu [+1]p57 [+1]p6> [_1]1777 [_1]]98) )
dlag([+1] [ 1] P2 [+1]P37 [_1]2?47 [+1]p5’ [_1]1767 [+1]P77 [_1]:08) ) <B33)

where [+1],, represents +1 for all elements and N = 3% p;, the SU(N) gauge
group is broken down into its subgroup such as

SU(N) — SU(p1) x SU(py) x -++ x SU(pg) x U(1)"™* | (B.34)

by orbifold breaking mechanism. In this case, the gauge fields Aﬁ%’%’%) are

divided as

a(+1,+1,+1) B(+1,+1,-1) B(+1,—1,+1) B(—=1,+1,+1)
A“ AM AM , AH

) I b
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B(“rl,—l,—l) ﬁ(_11+11_1) ﬁ(_11_13+1) ﬂ(_lu_l’_l)
Au Au Au Au

AB(+1,—1,—1) Aﬁ(—1,+1,—1) AB(—I,—I,—H) Aa(—l,—l,—l)

)

A§(+1,+1,+1) A§(+1,+1,—1) A§(+1,+1,—1) A§(+1’+1’_1)

) ) ) )

APHLL=1) 4814

AJELTIED et (B.35)

)l )

where the index « indicates the gauge generators of unbroken gauge symmetry and
the index [ indicates the gauge generators of broken gauge symmetry.

B.2 T?/Zs orbifold
B.2.1 Property

Let us discuss SU(N) gauge theory on M*xT?/Zs. OnT?/Zs, T? is constructed
by SU(3) lattice, and its basic vectors takes e; = 1 and ey = ¢*™/3 = w. The point
z is equivalent to the points z + e; and z + ey, and the points wz on M* x T?/Zs.
The fixed points for the Zs transformation z — wz are

261 + e9 e+ 262

0, B.36
To af (B.36)
The transformation around those fixed points can be defined as
S30: 2 — Wz, S31:Z—>wWz+e, S3:Z—WZ+ey,
ti:z—z+e, ta:z—z+ey, (B.37)
where satisfy the relation,
3 3 _ 3 _ _ _ _
S30 = S31 = S3p = S30531532 = 531532530 = 532530531 = [
S31 = 11830 , S32 = tat1S30 , lita = oty . (B.38)

At this time, the BCs of bulk fields are characterized by matrices (O, ©1, Oz, O3,
Uy, Us). Those matrices satisfy the relations,

O = 03 = 02 = 00,0, = ©,0,0, = O,0,0; = I ,
@1 = U1@0 y @2 = U2U1@0 s U1U2 = U2U1 . (B39)

Since two of those matrices is independent, we choose two matrices @y, @; which
are unitary matrices.
B.2.2 Orbifold breaking by inner automophisms boundary conditions
The BCs of gauge field are determined as
s30 1 Au(r,wz,02) = OgA,(x, 2, 2)6),
A (r,wz,0z) = WO A, (x, z, Z)@g,
As(z,wz,@Z) = wOYAs(z, 2, 2)6), (B.40)
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s31: Au(z,wz+e,0z+61) = O14,(x, 2, Z)@I,
A.(z,wz +e1, 0z 4 ¢) = 0O, A, (z,z,2)6],
As(z,wz + ey, 0z 4 &) = wO As(x, 2, 2)6), (B.41)
S390 Au(T,wz + ey +eg, @+ & + &) = OrA,(x, 2,2)6),
A(x,wz + €1 + e,07 + &1 + &) = WO A, (x, 2, 2)O),
As(z,wz + ey + e2,wZ + € + &) = wOA:(x, 2, 2)@;, (B.42)
ty: Ap(z,z+eq, 2+ e1) = UyAy(z, 2, 2)UT, (B.43)
ty: Ay, 2+ ey, 2+ &) = UsAp(, 2, 2)UJ, (B.44)

where z = 2% 4425, 2 = 2° — 25, A, = A5 +iAg and A; = Ay —iAg, and w = e2™/3

and @ = e*™/3. The BCs of scalar field ¢ areand spinor field 7 are determined as
s30 1 Oz ,wz,wZz) = T |Op)o(z, 2, 2) (B.45)
s31: Oz, wz+ e, wz +é1) = Te[O1]Y(x, 2, 2) (B.46)
S30 1 O(xr,wz + e + ey, Wz + €1 + €2) = To[Os)1)(x, 2, 2) | (B.47)
t1: ¢z, z+er,z+e1) =To[Z1]o(x, 2,2) , (B.48)
to: Oz, 2+ €9,z + €2) = To[Z2]o(x, 2, 2) (B.49)
S30 1 Y(r,wz,wz) = Ty[Olt(z, 2, Z) , (B.50)
s31: Y(r,wz + e, wZ +€1) = Ty[O1]Y(z, 2, 2) | (B.51)
S32 ¢ Y(x,wz + €1 + €9,z + €1 + &) = Ty[Os)t)(x, 2, Z) . (B.52)
ty: Y(z,z+er, 2+ ¢6) =Ty[Uh]Y(x, 2, 2) (B.53)
to: P(x, 2+ €9,z + €2) = Ty|Us)th(x, 2, 2) | (B.54)

where Typ(g)[0;] and T

v)[U;] represent appropriate representation matrices includ-

ing arbitrary sign factors, with the matices ©; and U;. The representation matrices
TE[P](E = (I), \If, P = @0, @1, @2, Ul, U2> satisfy

=15 @O]TZ [QI]TE[@Z] =715 [@1]TE [QQ]TE[Q()] =15 [QQ]TE[Q()]TE [@1] =1
Tx[64] = Tx[Uh]|T%[00] , Tx[Oo] = Tx[Us] Tx[U1]Tx[O0]
T[] Ts[Us] = Ts[Us] Ts[U4] (B.55)

Let gp(%"%)(x, z,Z) be a component in a multiplet and have a definite the Zj
elements &, and &, which relate the representation matrices ©y and ©;, and take
1, w or w, respectively. Here, ¢ is a generic field and it is applied to scalar field

¢, fermion field v or gauge field Ay;. The Fourier expansion of p(Z07V)(z, 2, 7) is
given by
31/4
() (2). 70 (2, 7) | B.56
b O A (5.50)

(n+m7£0)
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o0

1

w — n,m 0 ~
Pw,22) = e 3 W@ T ymal(52) (BT
n,m=0
5 ~ 1 N m 0 -
P @2,2) = m 2, & @) a2 (B5Y)
o) (2, 2, Z) = - 12R1R2 Z o (@) FWD (2, 2) (B.59)
(7?+731¢%)
w,o > 1 N n,m L Z
o )(%Z»Z) = m Z ™ )($)97§+)1/3,m+1/3(3’ z) (B.60)
w — nm 1 >~
oz, 2,7) = m/l?Rle Z O N@)F s mrays(5:E) (B.61)
w(@,@)(x7272> _ - 12R1R2 Z SOnm) 752 (Z Z) ’ (B62)
(:+Tn¢00)
5 1 = m 2 -
PO (x,2,2) = TR TRy Z ™ )(93)97(1+)1/3,m+1/3(z’ z) (B.63)
n,m=0

) ) 1

- - (nm) () 7 (2) 5 B.64
TR n;()w (7) (2,2) , (B.64)

n+2/3,m+2/3

where

yﬁa mi8(%2) = Furam+(2, 2) + Fotramip(W2, 02) + Fnpamip(@2,wZ)

FL) s 2) = 0Fnramis(2,2) + WFnramis(W2, 02) + Fnyames(@2,w7)

FD 52 2) = 0Pt amrs(2, Z) + 0Futamr (W2, @F) + Futamrs(@2,WE)

) 2
yn+a’m+g(2,2):€Xp|:—%{ <n+a nto ) (m+ﬁ>>z

— 1 1
Ry V3R, V3R,

(g o) ] o

Upon compactification, massless zero mode ©(*9(x) appears on 4D when Zs ele-
ments are (%), #;) = (1,1). The massive KK modes ¢™™ () do not appear in
our low energy world because they have heavy masses.

If the representation matrices ©y and 6, are given by

o = diag(,[l]m [Upss [Lpss [Wlps, [w]j;w [W]pe s [@]pr s [@]ps [w]p;) )
O1 = diag([1]p,, [W]ps: [@lps, Lpss Wlps, [@]ps s [y, [Wpss [Elpe) 5 (B.66)

where [1],,, [w],, and [@],, represent +1, w and @ for all elements and N = 37 p;,
the SU(N ) gauge group is broken down into its subgroup such as

SU(N) — SU(p1) x SU(pz) x -+ x SU(pg) x U(1)¥" | (B.67)
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by orbifold breaking mechanism. In this case, the gauge fields A;}%’%) are divided
as

a(1,1) B(Lw) B(1L,) Blw,w) Blw,w)
Au ’ Au ) AN ) Au ) Au )

Bl)  AB@@)  4R@D)  gB@w)
ABED) [ pAB@E) AR | pB@w)

Af(l’l) 7 Af(l’“’) : Ag(l,@) : Ag(w,w) 7 Af(w@) ’
N R

AZD A0 A A A
AZDAZEE LD A (B.68)

where the index o indicates the gauge generators of unbroken gauge symmetry and
the index [ indicates the gauge generators of broken gauge symmetry.

B.3 17?/Z, orbifold
B.3.1 Property

Let us discuss SU(N) gauge theory on M*xT?/Z,. On'T?/Z,, T? is constructed
by SU(2) x SU(2)(~ SO(4)) lattice, and its basic vectors are e; = 1 and ey = i, The
point z is equivalent to the points z + e; and z + e, and the point z is equivalent to
the points —z and ¢z. The fixed points for the Z, transformation z — 0z = iz are

er +es

0, , B.69
: (5.69)
and it for the Z, transformation z — 6z = —z are
€1 €9 €1+ es
0o, —, =, B.70
2 2 2 ( )
The transformation around those fixed points can be defined as
S40 2 — 12, Sy1:2—iz+e, Syp:izi——2,
So1 12— —Z+€1, SpiZ—>—Z+e€y, So3:Z—>—Z+€ t+ey,
tv:z—z+e, la:z—>2+4+ey, (B.71)

They satisfy the relations,

4 4 2 2 2 2

Sop = t9San , S20 = S3p, S21 = S41540 , S22 = S40S41

So3 = l1t2S20 = S21520S22 = S22820821 , L1t = taly . (B.72)
At this time, the BCs of bulk fields are characterized by matrices (Qo, Q1, Po, Pi,
Py, P3, Uy, Us). Those matrices satisfy the relations,

Qo=Q =P =P =P;=P =1, Q1=U0:Qy, P=UF,

Po=UyPy, Po=Qi, Pi=Q1Qo, P»=QyQ:,

P3:U1U2P0:P1POP2:P2POP1, U1U2:U2U1, (B73)

where (); are unitary matrices, and F; are unitary and hermitian matrices. Since
two of those matrices is independent, we choose two matrices Qq, P;.
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B.3.2 Orbifold breaking by inner automophisms boundary conditions

The BCs of gauge field are determined as

S40 -

S41 -

So0 -

So1 -

S99 .

So3 -

tliA

8
~.
I

183

|

r,12 + ey, —1Z + €1

|

=
8

|
w

|
Y

= Y] Ny
8
|
n
|
I

I

|

I

W

p(X,—24+e1+ey, -2+ +6)=
Sz, —z+e ey —Z+6+éy) =—PA
T,—z+e +ey,—Z+e +é)=—PA
vz, z+e,z+e) =UAy(z, 2 2)Ul,

S R e S e e e S N e

|

,u .CU,ZZ, ) QO (:C7ZJ 2)@57

_) - _ZQOA (ZL’, Z7§)Qg)7

.
N

) b

x,iz,—iz) = iQuAs(x, 2, 2)Q),

w12+ e, —1Z2 + ¢

Q (.CL' z Z)Qla

) =
xyiz 4 e, —iz+ &) = —i1 A (x,z,z)Ql,
) =

ZQl (JT,Z,E)QJ{,
) POA (LE,Z,Z)PJ,

x,—z,—2) = —RA, (x,z,Z)POT,

Z) = —RAs (x,z,Z)POT,

x,—z+el,—z+el) PA,(z, 2, E)Pf,

r,—z+e,—Z+&)=—PA,(z,z2)P],
x,—z—i—el,—z+€1)=—P1 (ﬁZE)Pfa
(T, =2+ ey, —Z+6) = PA (:vzz)PQT,
T, —2+ ey, —Z+ &) = —PyA,(x, 2, 2)P),
T, —z+ ey, —Z 4 &) = —PyAs(x,2,2) P,

t1: Ap(x,z + €9, 2 + é9) = UsAps(z, 2, E)UQT,

Sz, 2,2

Sz, 2,2

P3A,(x, 2, 2)P),

)P,
)P,

(B.74)

(B.75)

(B.76)

(B.77)

(B.78)

(B.79)
(B.80)
(B.81)

where z = 2° 4+ 2%, 2 = 2% — 2%, A, = A5 + iAg and A; = A5 — iAg. The BCs of
scalar field ¢ and spinor field ¢ are determined as

S40 -
S41 -
So0 -
S91
S99 .
S93 -
tl .
t2 .

S40 -
S41 -

S90 -

N |

P(x,iz, —iz) = To[Qolp(z, 2, 2) |

(

O(r,iz+e,—iz+e) =Ty [ (z, 2, 2)
¢(r, =2, —2) = To[R](x, 2, 2) ,

(v, —2+e,—z+er)= T@[P1]¢(1':Z75) )
O(x,—z+ex, —Z + &) = To[Po)op(2, 2, 2) ,
p(x,—z+e+e,—Z+e +6)=
O(r,z+e,Z2+¢61) = o(x, 2, 2)

2]

Ts[U )
Oz, 2+ ea,z2 + €3) = To[Us]d(z, 2, 2)
(,

1/}(1’,@2, _iz) [ ] )
U(x iz + e, —izZ +€1) = Tq,[@l]w(x, 2, %),
@/}(13,—2,—2) T\I,[P]@/)(x,z,i) )

T<1>[P3]w($7 272) )



so1: Y(x,—z+e,—z2+e) = Tu[PAlY(x,2,2) (B.93)
Soot Y(x,—z+ €9, —Z + &3) = Ty[Pat(x, 2, 2) | (B.94)
So3t Y(x,—z+ e +eg,—Z+ €+ 62) = \y[ s)U(x, 2, Z) . (B.95)
ty: Y(z,z4 e, 2+ e) =To[Uh]Y(x, 2, 2) (B.96)
ta: Y(x, 24 €2, 2+ &) = Ty[Us]t(x, 2, Z) (B.97)

where Ty [P], Tow)[Q:] and Tew)[U;] represent appropriate representation matri-
ces including arbitrary sign factors, with the matices P;, Q); and U;. The represen-
tation matrices Tx[P](X = ®, U, P = Qq, Q1, Po, P1, P», P3, Uy, Us) satisty

Ts[Qo)! = Te[Q1]* = Ty [P = Ts[P)? = T[P)? = T [P = 1
Tx[Q1] = Tx[Ui]Tx[Qo] , Tx[P1] = Tx[Ui]Tx[R] ,

P =T5[Uy] , Tx[P] =Tx[Q1]Ts[Qo] , Tx[Pa] = T%[Qo|Tx[Q1] .
P] = Ts[U|Tx [Us)Tx[Po] = T [P Ts[R|Ts [ P2] = Ts | R Ts[Ro] T [P
U1|Ts[Us] = Ts|Us|Ts[Un] - (B.98)

Let (#7071 (g, 2, %) be a component in a multiplet and have a definite the Z,
elements &, and &?; which relate the representation matrices @)y and P;, respec-
tively. The eigenvalue of @)y takes +1, —1, +7 or —¢ under the Z, symmetry, and
of P, takes +1 or —1 under the Z, symmetry. Here, ¢ is a generic field and it is
appied to scalar field ¢, fermion field ¥ or gauge field A,;. The Fourier expansion
of p(Z0:?)(x, 2, %) is given by

(4D (g, 2,2) = —f -
T L1 L9

@ "0 (z)

(”m {[cos]n.m(2, Z) + [cos|pm(iz, —iZ)} |
WWZ b (22) + [c08hnn(i2, ~i2)}

(n+m#0)

(B.99)
1= (g 2, %) @™ (2){[co8] pt1 /2.m 2,2
¥ ( ) ﬂ_\/mnz ]+1/2> +1/2( ) )
+ [Cos]n+1/2 m+1/2( z,—iZ)} ,
(B.100)
‘ 2v/2 °©
(+4,+1) ) — _~“vV*= (n,m) : _
R L CICURTPEE
+ i[sin], m(iz, —i2) } (B.101)
H-D(g, 2,%2) = @™ () {[sin]pm (2, Z
SO ( ) ) ﬂ'\/m nz } 5 ( ) )
+ d[sinfny1/2,my1/2(i2, —i2) }
(B.102)

D(g,2,5) = —22 S 0 1) feoshum(z:2)

N VIRV R1R2 n,m=0
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— [cos|pm(iz, —iZ)} , (B.103)

L=D(z, 2 Z) (”m {[cos],, m Z,Z
¥ ( g} ﬂ_\/m Z ]+1/2 +1/2( )

n,m=0

- [Cos]n+1/2,m+1/2(iza _ZE)} )

(B.104)
. 22 >
(=,+1) 7) — vV *& (n,m) . _
¥ ($7Z>Z) ﬂ_\/m mm:ogp ($){[Sln}n+1/27m+1/2(zvZ)
—ifsin]um(iz, —i2)},  (B.105)
(—i,—1) - (nm
® (x,2,2) = W\/m Z {[sin)pm(z, 2)
— i[sin]ny1/2,me1/2(i2, —i2)}
(B.106)
where
fcos] cos{ 1 {(n—i—a nta im—i—ﬁ)
n+a,m = - - - z
Famp 2v/2 Ry Ry Ry
4 (nte g nte mEBY
R R Ry ’
fcos] g [ 1 {<n+a n+a ,m—l—B)
ntamis = sin | — —1 —1 z
Femtp 2V/2 Ry Ry Ry
n+a n4+a m+p\ _
. (B.107
+(R1 +1i 7 +1 7 >2H ( )

Upon compactification, massless mode (09 () appears on 4D when Z, elements
are (Py, #,) = (+1,+1). The massive KK modes ¢™™ () do not appear in our
low energy world because they have heavy masses.

If the representation matrices ()g and P; are given by

N
A\

~

QO - diag([+1]P17 [+1]P27 [+i]P37 [_H:]PM [_1]1757 [_1]1’67 [_i]P77 [_i]P8> ’
Pl = diag([+1]p1’ [_1]1727 [+1]p3? [_1];047 [+1]p5’ [_1]]767 [_'—1]107? [_1];08) ’ (B'108)

where [+1],, and [+i],, represent +1 and +i for all elements and N = 3% | p;, the
SU(N) gauge group is broken down into its subgroup such as

SU(N) — SU(p1) x SU(py) x -+ x SU(pg) x U(1)"™" , (B.109)

by orbifold breaking mechanism. In this case, the gauge fields Aﬁ/}‘%’%)

as

are divided

Aoz(+1,+1) Aﬁ(+1,fl) Aﬁ(Jri,Jrl) Aﬁ(+’i,+1)
1% Y 12 Y 12 ’ 12 Y

ABCLAD - fBCLD) - gBil) | ABi)

AE(+17+1) , AE(J’_L_l) , Af(+l7+1) , A?(+Z7_1) ,
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ABCLAD | gB-L-D)  pB(il) | gB(-i))
L (B.110)

where the index « indicates the gauge generators of unbroken gauge symmetry and
the index [ indicates the gauge generators of broken gauge symmetry.

B.4 T?/Zg orbifold
B.4.1 Property

Let us discuss SU(N) gauge theory on M*xT?/Zs. OnT?/Z¢, T? is constructed
by Gy lattice, its basic vectors are e; = 1 and ey = (=3 +iv/3)/2 (|ea] = V/3). The
point z is equivalent to the points z 4 e; and z 4+ e, and the point 2 is equivalent to
the points pz where pb = 1 (p = ¢™/?). The fixed point for the Zg transformation
z — pz is

0, (B.111)

it for the Zs transformation z — p?z = wz are
0, —, =, B.112

and it for the Z, transformation z — p32z = —z are

0 6_1 6_2 €1+ es
2727 2

(B.113)

The transformation around those fixed points can be defined as

S0 1 2 — Pz, 830:z—>,022, 332:z—>p2z+61+62,
53322—>p22’—|—261+2€2, 320:2—>p32, 521:2—>p32+61,
522:z—>p3z+62, 323:z—>p3z+61+62,

ti:z—z+e, ta:z—>2z+e, (B.114)

They satisfy the relations,

6 _ 3 _ 3 _ 3 _ 2 _ 92 92 92 _
Sgo = S30 = S3p = S33 = S0 = Sy = Sgn = Sp3 =1

Szo = tilaszo . S3z = 1113830 , So1 = t1820 , S22 = taSag

$30532533 = 532833530 = 533530532 = [ |

S93 = t1t2S20 = S21520522 = S22520521 = S32560 5

S30 = 36230 , S9o0 = Sgo s tltz = tgtl (B115)

At this time, the BCs of bulk fields are characterized by matrices (=p, O, O2, O3,
Py, Py, Py, P3, Uy, Us). Those matrices satisfy the relationa,

B =0=0=0=P =P} =P} =P =1,
Oy = U U0y, O3 =UU;60,, Po=UP,, P,=UP,,
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OyO203 = O,0:0) = O360,0, = I |
Py =UUsPy = PLP Py = PPy P = 095
=5, Ph=5, UUy=UU, .

(B.116)

Since two of those matrices is independent, we choose two matrices =y, P;. !

B.4.2 Orbifold breaking by inner automophisms boundary conditions

The BCs of gauge field are determined as

S60 -

S30 -

532 .

533 -

S90 -

S91 .

S99 .

S93 .

tli

Wz, pz,p°2) = EOAM(m,Z,Z)Eg,
(2, p2,p°2) = p° S0 A.(x, 2, ’):3
s(z,p2,p°2) = pZoAs(x, 2,2) 5]

Wz, p%2, p*2) = QA (, 2, 2)O)

Az, p?2, p*2) = p @QAZ(ZB,Z,Z)@S;,

x, prz, p'z) = p?OpAs(x, 2, 2)O],

u(T PPz te teyptzre+6) = A, (z, 2, 2)@;,

Az, pPz F ey deg, ptZ 4 e+ &) = plOyA,(x, 2, 2)@3,

T, p2 24 e+ e, plz+ e + ) = pPOL A (2, 2, 2)6),
(T, 072 4 261 + 2eq, p'Z + 281 + 289) = O3A,,(z, 2, Z)@;,

|

|

|

W, %2, p°2) = PyA,(x, 2, 2) P,
Az, p*z, p°2) = pPPoAL(x, 2, Z)POT,
x, p°z, p°2) = p*PyAs(x, 2, 2) Pl

|

W, P2+ e, p’z 4+ &) = PLA,(x, 2, 2) P,
z$032+€17P32+61 _p-Pl (.T,Z,E)PI,
z,p%z + ey, plz+e) = pPPAs(x, 2, 2) P},

|

P P2 (I‘,Z,Z)PQT’
Z 103Z+€27;035+€2 _pP2 (l‘,Z,Z)PJ,

)
)
W3, 0%2 + e, p°2 + &) = PyA, (2,2, 2) P,
A2, pP2 g, pPZ + &) =
)

|

3, p%2 Fer 4 eg, pPZ 4 & 4 &) = P3A,(x,2,2) P,
Lz, 02 e+ e, P24 &+ ) = pPPPsAL(x, 2, 2) Py,
(z,0°2 + €1 + ey, p°2 + &1 + &) = pPPyAs(, 2, E)Pg,
Ay, 2+ e1, 2+ &) = UyAp(z, 2, 2) U7,

e S e S e e N T~ S e e N N e S N N NS

|

Au(
(
(
(
(
(
(
(
(
(
2, pP2 + 261 + 269, p*Z + 281 + 265) = p*O3A, (1, 2, 2)@;,
(z, p%2 + 2e1 + 2e9, p*Z + 261 + 26) = p*O3A(x, 2, Z)Qg,
(
(
(
(
(
(
(
(
(
(
(

(B.117)

(B.118)

(B.119)

(B.120)

(B.121)

(B.122)

(B.123)

(B.124)
(B.125)

1 Though the number of independent representation matrices for T?/Zg is stated to be three

n [65], it should be two because other operations are generated using sg

sz = e™/3z and ry

2z — e; — 2. For example, t; : 2 — 2z + e and to : 2 — 2 + e are generated as t; = r1(sg)® and
to = (s0)%r1(s0)*r1, respectively.
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ty: Ay, 2+ ey, 2+ &) = UpAp(, 2, 2)UJ, (B.126)

where z = 2° +12%, z = 2% — 2% A, = A5 +idg and A; = A5 — iAg. The BCs of
scalar field ¢ and spinor field ¢ are determined as

sé0 : O(x, pz, p°2) = Te|Z0]o(, 2, 2) (B.127)
s30 0 Pz, 0%z, p*2) = Ts|O0)0(, 2, 2) , (B.128)
300 O(x,p°2 4 €1 +eq, p'Z 4 &1 + &) = Tp[Ooth(w, 2, 2) (B.129)
s33 0 Pz, p%2 + 2e1 + 2eq, p*Z + 281 + 285) = Tp|Os]th(x, 2, Z) | (B.130)
900 Olx, p’z, p°2) = T¢[P0]<;§(J; z,2) (B.131)
so1 1 O(x, p°z +e1, p°Z + &) = Top[P](n, 2, 2) | (B.132)
so2 0 Oz, 0°2 + g, p°Z + &) = To[P)Y(, 2, 2) | (B.133)
so3: Pz, p°2 +e1 +eq, p’Z+eE +é ) Te|Ps)(z,2,2) , (B.134)
tr: ¢z, z+ e, 2+ 61) =To[U ] (x,2,2) (B.135)
ty: @z, 2+ ez, 2+ &) = To[Us]d(7, 2, 2) , (B.136)
se0 : V(x,pz, p°2) = Ty[Zo)p(z, 2, 2) | (B.137)
ss0 0 U(x, p?z, p*2) = Ty[Oo)o(x, 2, 2) | (B.138)
5320 Y(x,p’2 +ep + e, p'Z 4 e+ &) = Ty|Ooh(, 2, 2) (B.139)
saz: V(x, p*z + 2e1 + 2eq, p'z + 261 + 262) = Ty[O3]Y(z, 2, 2) (B.140)
so0 0 Y(x,p°2, p°2) = Ty[Po)o(z, 2, 2) | (B.141)
so1: Y(x, pPz + ey, p’z+6) = Ty|P(x, 2, 2) , (B.142)
Son 1 (T, PPz + €9, p°Z + &) = To[Po]tb(z, 2, 2) | (B.143)
o3 Y(x,p°2 +e1 + e, pPZ 4 &L+ &) = Ty|Palab(w, 2, 2) (B.144)
ty: Y(z,z+e1,z2+¢e) = Ty[Uh]Y(x, 2, 2) (B.145)
ta: Y(x, 2+ €9, 2+ &) = Ty[Us]t(x, 2, 2) (B.146)

where Tow)[Z0], Tow)(O:], Tow)|[P;] and Tew)[U;] represent appropriate represen-
tation matrices including arbitrary sign factors, with the matices =y, ©;, P; and U;.
The representation matrices T [P](X = @, ¥, P = =, 0y, O, O3, Py, Py, Py, P3, Uy, Us)
satisfy
Tx[50)° = Tx[60)* = Tx[61] = Tx[0s)?
=Tx[P))? = Tx[P)? = Tx[P)? = Tx[P3)? =1,
(02] = T [U T [Ua)T5[60] , Tx[0s] = Tu[U*Tx[Us]*T5[O0] |
[P = Ts[UTs[R] , Ts[P] = Te[UsTs[ Ry
(O] T5[Os]T5[O3] = Tx O] Tx|O3|Tx[O0] = T5[O5]T% (O] T5[Os] = 1
T [Ps] = T [U]|Ts[Us]Ts [ Ry] = T [P Ts[Po] T[]
= To[P]T[R)Te[P1] = T [0a)Ts [ =]
Ts[00] = Te[Z0)? , Ts[Py) = Ts[Z0)?, Ts[UW]Ts[Us] = Tx[Us)Ts[UY] . (B.147)

Tx
T,
Ty,

Let (7071 (g, 2, %) be a component in a multiplet and have a definite the Zs
elements &, and £?; which relate the representation matrices =, and Pj, respec-
tively. The eigenvalue of =, takes p’ (i = 1,---,6) under the Zg symmetry, and
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of P, takes +1 or —1 under the Z, symmetry. Here, ¢ is a generic field and it is
applied to scalar field ¢, fermion field ¢ or gauge field A);. The Fourier expansion
of (70?1 (z, 2, %) is given by

31/4
VIRV 2R1R2

(+1,+1)(

x,2,7) = "0 (z)

¥

() (). 70 B.148
7T\/12R1R2 n;() ¥ nm( ) ( )

(n+m=#0)

(a2, 5) =

”m) z© _
T 12_]?,1}%2 Z Y n+1/2,m+1/2(272) (B.149)

n,m=0

1
(p,+1) ) — (nm rg-(l) B.150
a2 7) = e 3 e (B.150

(n+m#0)

1
(p,—1) 7\ — nm) (1) >
¥ (z,2,2) = 2R E : b n+1/2 m+1/2(27z) (B.151)

2 1
(g, 2, 2) = ———— E () ( (2) 2,z B.152

(n-m£0)

n,m=0

1
(1) 5) — (nm) (). 5
@ (x,2,2) = - 12R1R2nm§ Oso nH/zmH/Q(z,z) (B.153)

1 o
A (g y5) = — (nm) () ZG) (5 7 B.154
(g, 2, 7) 7r12R1R2WZ_OSO (2).F5) (2, 2) (B.154)

(n+m#0)

1
(r*,-1) 7)) — nm) (3) -
¥ (z,2,2) = 12h T E P F i1, m+l/2(z7z) (B.155)

. 1 -
R ) P — (m) (g FW (5 7 B.156
(g, 2, 7) 7r12R1R2n;OSO (@) 7). (2, 2) (B.156)

(n+m=£0)

1
(p47_1) ) = - @@ E nm) ) >

1
A (g, 2,8) = —— E (m) (). Z0) (2, z B.158
v (z,2,2) TI2R1 Ry 5~ i (@) nm(2 ) ( )

(n+m=0)

n,m=0

n,m=0

1
1) -\ nm) (5) =
(x,2,2) = YN g ol F i1 j2my1/2(% 2) (B.159)

n,m=0

5

(p(p [

where

yﬁ-)a,mﬁﬁ(z’ Z) = Fnram+s(2, Z) + Fotramrs(pz, ,055>

+ yn+a,m+ﬁ<:02z7 p42) + cgznJroznnJrB(pSZa /032)
+ gn+a,m+,3(p4z7 pQZ) + <g\n-i-oz,m-i-ﬁ(pazy ,05)
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1 — _ _
yé.;.)a,nﬂ_ﬁ(za Z) = yn+a,m+ﬁ(z7 Z) + pg;nJra,erﬁ(pZa p5z)

+ 0* Foramis(p°2, p'2) + 0° Fotamis(p°2, p°Z)

+ P4§n+a,m+6 (,042, pgz) + p5gn+a,m+ﬁ(9527 pZz)

2 _ _ _
FD is(22) = Prtamis(2,2) + PP Pt amrs(p2, 0°F)

+ 0" Fovamis(0P2,0'2) + Foramis(p’z, p°2)
+ 0 Fusamis (02, 0°2) + 0" Fotamis(p°z, p2)
T s (22) = Fuvamts(5:2) + 0" Fsamis(02,0°)
+ Fotamis(0°20°2) + 0° Triamis(0’2,0°2)
+ Fnramis(p'2,0°2) + 0* Fuyamis(p°z, pZ)
ﬁﬁa,mw(za 2) = Fntams( 2) + 0 Fosamis(pz, p°72)
+ 02 Fntamis(PP2,0'2) + 0" Fosamis(p’z, p°2)
+ 0 Fnrams(0'2, 0°Z) + FPpramis(p°z, )

5 _ _ _
T is(2:7) = Prtamis(2,2) + 0° Pt amrs(p2, 0°7)

+ p4ﬁn+a,m+6 (IOQZa P45) + p3yn+a,m+ﬁ<p3z7 pgz)
+ :02gzn+oz,m+5 (/04Z7 p22) + pynJra,erB(pSZv ,OZ)

i(n+a V3n+a) 2n+a)
—1 —i z

ﬁn-{-a,m-{-ﬁ('zv Z) = eXp |:_ _{

2| Ry Ry V3R,
(rta Aote) 2nto)))
Ry Ry V3R,

(B.160)

Upon compactification, massless mode (%) () appears on 4D when Zj elements
are (Zy, #,) = (+1,+1). The massive KK modes ™™ (x) do not appear in our
low energy world because they have heavy masses.

If the representation matrices =y and P; are given by

Zo = diag([+ 1]y, [+1pas [Plpss [Plpas [p2]p57 [/02]1767
X [pg]pm [103]?87 [p4]p97 [04]1910, [pS]pH? [pS]p12> )
Pl = diag<[+1]p17 [_1]1727 [+1]p37 [_1]1947 [+1]p5’ [_1]1767

X [+1]p77 [_1]P87 [+1]p97 [_1]1)107 [+1]P117 [_1]1)12) ) (B161)
where [+1],, and [p?],, represent +1 and p®(= €7%/3) for all elements and N =
S 12 pi, the SU(N) gauge group is broken down into its subgroup such as

SU(N) — SU(p1) x SU(pz) x -+ x SU(pr2) x U(1)H™* (B.162)

06(320,91)
M

by orbifold breaking mechanism. In this case, the gauge fields A are divided

as

AL ABHL=1)  AB(etD)  AB(—1)  pB(e% A1) AB(e% 1)
w ) " ) " ) 1 ) @ ) u )
:8( 37+1) ﬁ( 37_1) 5( 4v+1) 6( 47_1) /B( 57"’_1) 5( 57_1)
ALY , ALY ;ALY ;ALY , ALY , ALY :
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ABHLAD) , ABH1L-1) , AB(p+1) 7 Aclp=1) 7 ABP*+1) : AB*+1) :

A’f(”?”“) 7 Af(pgu—l) 7 Af(”4’+1) 7 Af(”4’_1) ’ Ag(psﬁrl) : Af(p5’_1) 7

A@(J"l:"—l) Alj(_"l:_l) A@(pv'i'l) A@(pv_l) A@(ﬁg"‘rl) A@(p27+1)

Ag(p‘“’#l) : Ag(/ﬁﬁl) : Ag(p“ﬂrl) ’ Ag(p“ﬁl) : Ag(psﬂrl) ’ A?(pi*l) : (B.163)

where the index « indicates the gauge generators of unbroken gauge symmetry and
the index [ indicates the gauge generators of broken gauge symmetry.

C Formulas based on equivalence relations

We present several formulas concerning the combination ,,Cj, derived from the
dynamical rearrangement and the feature that fermion numbers are independent of
the Wilson line phases.

On S'/Z,, we consider the representation matrices given by

Py = diag([+1]p1> [+1]P27 [_1]:03’ [_1]p4) ) (Cl)
P = diag([+1]p17 [_1]1727 [+1]p37 [_1]174) ’ (02)

where [£1],, represents £1 for all p; elements. Then, the following breakdown of
SU(N) gauge symmetry occurs:

SU(N) = SU(p1) x SU(p2) x SU(ps) x SU(ps) x U(1)*"™ . (C.3)

The Z, parities or BCs specified by integers {p;} are also denoted [p1; p2, ps; p4l.
After the breakdown of SU(N), [N, k] is decomposed as

k k—l1 k—=li—12

[N’ k] :ZZ Z (p1cl1’p20127p3013>p4cl4) ) (C4)

11=0102=0 I[3=0

where py = N —py — pa — p3, ls = k — 1y — Iy — I3, and we use ,C) instead of [p,].
Our notation is that ,C; = 0 for [ > p and [ < 0.

The Zy parities of (,,Cl,, poClys ps Clss paCly) for 4D left-handed fermions are given
by

Py = (—1)Bthn) = (=)= (=1)kn) = (—1)hthre (C.5)
Py = (—1)=Fhp, my = (—1) s (C.6)

where the intrinsic Zy parities (n9,n;) take a value +1 or —1 by definition and are
parameterized as (—1)*n2 = (—=1)* and (—1)kn} = (—1)°.

Zero modes for the left-handed fermions and the right-handed ones are picked
out by operating the projection operators,

pLl —
2 2 2 2 ’

(C.7)

respectively. Note that the intrinsic Z, parities for the right-handed fermions are
opposite to those for the left-handed ones.
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Then, the fermion number is given by
_ 0 0
k k=11 k—l1-1s

o Z Z Z - pts )PlCll p2C15 p3Clg paCly - (C.8)

11=012=0 I3=0

From the dynamical rearrangement, the following equivalence relations hold,

[p1;p2,p3:0a) ~ [p1 — Lipa+ 1,ps+ 1;p4 — 1] (for pi1,ps > 1),
~pr+Lipe—1ps—Lips+1]  (for py,ps >1).  (C.9)

Using (C.9) and the feature that fermion numbers are independent of the Wilson
line phases, the following formula is derived,

k A l1—
11=010=0 13=0
1 k—l1—12

k k—
_ Z Z l1+l2+o< + (_1)l1+l3+5}

11=012=0 13=0

k—l1 k—

l2

l 1 l1+1
1+t —+ (—1) i 3+B] plch polz psCl3 p4Cl4

X pl:Flcll pzﬂ:lClz p3ﬂ:10l3 p4:FlCl4 ) (C.IO)

where py = N —p1 — po — p3, ly = k — 11 — [ — I3, and we use the relation,
1
py _ p(=1,-1) (730 +P) = 3 [(_1)l1+12+a + (_1)ll+ls+f3] ) (C.11)

Here and hereafter, we deal with the case that the inequality p;, — 1 > 0 is fulfilled
in pi,lcli.

In the same way, the following formulas are derived from the feature of the
fermion number on T2 /Z,,

k k—li  k—li——lg
11=0105=0 17=0
X plCll pol2 pscls P4Cl4 PsCl5 p60l6 p7Cl7 psCls
ko k=l k—li——lg
11=0105=0 17=0
X pl?lCll Pz:I:ICl2 PsClz P4Ol4 P5Cls pﬁcla p7:tlcl7 PSZFICZS
k k-l k—l1——lg
— E E oo E (P(171’1) _ P(_13_17_1))
11=0105=0 17=0

X Plch p2:FIOl2 P3:|:10l3 :D4Ol4 p50l5 pe:tlcle p7:FlCl7 pscls
k k-l k—l1——lg

- Z Z . Z (P — p-Lmtmh)

11=012=0 l7=0

X pICll p2:F1012 p30l3 p4ﬂ:10l4 psﬂ:lCls pGCls p7:FlCl7 psCls
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E k=l k—lj——lg

= Z Z . Z (PULD — pl-t-t-1)

11=012=0 I7=0
X pICll pzclz P3i1C13 p43Flcl4 p5¥1Cls pﬁilClﬁ p7Cl7 chls )
(C.12)
Wherepg = N-pl — P2 — - —P7 and lg = k—ll —ZQ— —l7 P(a,b,c) are the

projection operators that pick out the Zy parities (Py, P1, P2) = (a, b, ¢), defined by

(abc) 1+ CLP() 1+ b771 1+ CPQ

P C.13
2 2 2 ( )

Here, a, b and ¢ take 1 or —1. Py, P; and P, are given by
Py = (_1)l5+l6+l7+l8n2 _ (_1)l1+l2+l3+l4(_1)kn2 — (_1)l1+l2+l3+l4+a ’ (014)
'Pl — (_1)13+l4+l7+lg77]i — (_1)l1+12+15+16(_1)k77]i — (_1)ll+lz+l5+lﬁ+ﬁ ’ (015)
7)2 — (_1)l2+l4+l6+l8nz — (_1)11+13+l5+l7<_1)k7h§ — (_1)11+l3+l5+l7+’7 , (C16)

where a, 8 and v take 0 or 1. Using (C.14), (C.15) and (C.16), PtLD — p(=1=1-1)
is calculated as

pALl) _ p(=1,-1,-1)

—1 1 \aHe+Hi3+l 4o _ \utle+is+e+8
[(=1) +(=1)

4
(= 1)htltlstirty (_qyltlitetirtatfn] (C.17)

The following formulas are derived from the feature of the fermion numbers
relating representations ,, C;, and (,,Cy,, »,Cl,),

k=1 k=l1—1l2 k—l1——lg

Z Z Z (P — p-L-tmh)

l12=0 I3=0 17=0
X pa Ol2 p3Cl3 P4Cl4 p50l5 pGClG p7Ol7 pscls
k—ly k—li—lo  k—li——lg

=Y Y Y (PUrY - piten)

la=0 13=0 l7=0

X pzzFlClz p3ﬂ:10l3 p4Cl4 psCls pﬁilcle p7:F10l7 psCls
k—Il1 k—1l1—1s k—l1—-—lg

:Z Z Z (P(lvlvl)_P(—l,—l,—l))

lo=0 [I3=0 l7=0

X P2:FlCl2 p3Cl3 p4ilcl4 p5i1015 peclfs p7:FlCl7 psCls
k—1l1 k—11—1s k—l1—-—lg

:Z Z Z (PLD — pl-t-1-1)

lo=0 [3=0 l7=0

X chlz psilcls ;D4:FlCl4 p5¥1015 pGilcl(s P7Cl7 psclg
(C.18)
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and

k—li—ly k—l1—lo—l3  k—lj——Ig

DD DRI DI (i i)

I13=0 14,=0 17=0
X pSCls p4Cl4 p5Cl5 P6C16 P7Cl7 psCls

k—li—lo k—li—lo—ls  k—li——lg

_ Z Z Z (P(l’l’l)—P(*l’*l’*l))

13=0 14=0 17=0

X pSilcls P43FlCl4 P53F1015 P6:|310l6 p7Cl7 psCls : (C19)

Furthermoreu by Changing (p37p47p57p67p77p8) into (p77p87p37p47p57p6) in the or-
dering of the summation and relabeling (p7a Ps, P3, P4, Ps, pﬁ) as (p37 P4, P5, D6, P, pg)’
the following formulas are derived from the feature of the fermion numbers relating

representations (pl Ch ) P2 Clz ) P3 Cls ) and (p1 Cll ) P2 Clz ) P3 Cls ) P4 014) )

k—ly—la—lg k—ly—-—lg k—ly——l5 k—l1——lg

Z Z Z Z (Pz(1,1,1) o P/(—1,—1,—1))

14=0 15=0 lg=0 17=0
X p4Cl4 p5015 p6Cl6 p7Cl7 psCls
k—ly—ly—l3 k—ly— g k—ly——l5 k—l1 ——lg

_ Z Z Z Z (P/(1,1,1)_P/(—1,—1,—1))

14=0 15=0 le=0 l7=0

X p4Cl4 psiFlcls p6:|:10l6 p7ﬂ:10l7 ps:FlCls (C'QO)

and

k—ly——ly k—ly——l5 k—l1——lg

Z Z Z (P/(l,l,l) . P/(—L—l,—l)) p50l5 p60l6 p7Cl7 psCls

15=0 16=0 17=0
k—ly—-—ly k—ly—-—l5 k=l ——lg

_ Z Z Z (P/(1,1,1)_P/(—1,—1,—1))

15=0 le=0 17=0
X p5:FlCl5 pﬁilClﬁ p7ilol7 psZFlCls ) (0'21)

where P/(LLD — p(=1.=1=1) i5 given by

paL1) _ pr=1,-1,-1)

_ 1[(_1)l1+l2+l5+16+a + (_1)11+l2+l7+ls+ﬁ

4
4 (_1)l1+13+l5+l7+’y + (_1)l1+l3+le+lg+a+ﬁ+’y] ] (022)

In the same way, the following formulas are derived from the feature of the
fermion number on 772 /Zs,

k k-l k—l1——l7

Y Y (PO - plee))

11=012=0 lg=0

X p1 Oll polz p30l3 p4Cl4 psCls pecla p7Cl7 psCls pgclg
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11=012=0 lg=0

X P1ilcll PzClz pstlcls p4¥1Cl4 p5i1015 peclﬁ P7Cl7 stFlclg p9i1019

k k-l k—l1——l7
S Y S (PO pes)
11=01>=0 1s=0
X m:l:lCll P2$1Cl2 pSCl:s p4Cl4 p5:tlcl5 pﬁjFlClvs P73FICZ7 PsCls p9:|:1019
k k-l k—l1—-—l7
3) S WL
11=015=0 1s=0
X p1 Cll P2:|:10l2 P3:Flols p4:F1014 P5Ol5 Pe:tlclﬁ P?:I:ICZ7 :DSZFlOls pgclg )
(C.23)
where pg = N —py —ps — - —pgand lg = k — 13 — Iy — -+ — Is. P& are the

projection operators that pick out the Zj elements (0, ©1) = (£, 1), defined by

pén)

- -2

14£06 021+ 70, +7°03
3 3
Here, ¢ and 7 take 1, w(= €*™/3) or w(= €*/?), and ¢ and 7 are the complex
conjugates of £ and 7, respectively. ©y and ©; are given by

la+ls5+1s wl7+l8+l9

Oy =w 7712
_ wll+12+l3+2(l4+l5+16)wkn2 — wl1+12+13+2(l4+l5+16)+a : (C25)

@1 — wlz+l5+lswl3+16+l9n’i
wll+l4+l7+2(l2+l5+l8)wkni — JhHlatlr+2(l2 45 +Hs)+5 7 (026)

where o and 5 take 0, 1 or 2.
In the same way, we can derive similar formulas from the feature of the fermion
numbers relating representations ,, C,, (1, Cly, p,Cly) and (,,Cty poCiy s ps Ciy) o0 T2 ) Z3.

D Formulas based on independence from Wilson
line phases

We derive other formulas concerning the combination ,Cj, counting the num-
bers of fermions irrelevant to the Wilson line phases and using the independence of
fermion numbers from the Wilson line phases.

On S'/Z,, we consider the representation matrices given by

Py = diag([+1)p, = 1w ), Py = diag((+1]p U p) . (D)
Then, the following breakdown of SU(N) gauge symmetry occurs:
SU(N) — SU(p) x SU(N —p) x U(1)"™ | (D.2)
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and [N, k] is decomposed as

k

[N = (.l nv—Chi) - (D.3)

=0

The Z, parities of (,C, sCj—;) for 4D left-handed fermions are given and param-
eterized by

Po= (=1 = (=), Pr=(-1)""np = (1), (D.4)

where o and ( take 0 or 1. Then, the fermion number is given by
"1
n=mn, —Nr = Z 5 [(_1)l+a + (—1)l+ﬁ] pCl N—ka:—l . (D5)

The number of the Wilson line phases is m = Min(p, N — p) and, after a suitable
SU(p) x SU(N — p) gauge transformation, (A,) is parameterized as

h=—2( o o) 0.

where O is the p x (N — p) matrix such that

a 0

a2
o=| O | wrpznop. (0.7
0O 0 --- 0
0 O 0
aq 0 0
as O 0 --- 0
0= . Lo (for p< N —p). (D.8)
0 Ay 0 -+ 0

Here, 2may (k=1,--- ,m;m = Min(p, N — p)) are the Wilson line phases.
For the fermion with [V, 1], the number of components irrelevant to a; is p —m
forp >N —pand N —p—m for p < N — p, and it is expressed as

1

E p—mCl’ N—p—mcl—l’

I'=0

(D.9)

For the fermion with [V, 2], the number of components irrelevant to ay, is ,—,Co +m

forp > N —pand ny_p_nCo +m for p < N —p, and it is expressed as

2

prmcl’ N7p7m027l’ + mCI

I'=0

, (D.10)
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where ,,,Cy comes from the components constructed from the tensor products be-
tween components in [N, 1] with opposite values for the Wilson line phases, and the
components corresponding ,,C have odd Z, parities. In the iterative fashion, we
find that the number of components irrelevant to a; is given by

[k/2] k—2n

Z Z Cn p—mCl’ N—p—ka:—2n—l’ (D]-]-)

I —
== m=Min(p,N—p)

for the fermion with [V, k].

Using the independence of fermion numbers from the Wilson line phases, the
number of fermions is also calculated by counting the fermions irrelevant to a;, and
the following formula is derived,

k (k/2] k—2n
Z Cl N— ka = Z Z n+lm n p— mCl’ N—p— ka 2n—1l" » (D]-Q)
=0 n=0 l'=

where we use the assignment of Z, parmes,

Py = (—1)rk-ntyg — (_qywtso

P, = ( )n+l~c 2n— l’n’i _ (_1)n+l’+5 (Dlg)
for the component corresponding ,,Cy, p—mCr N—p—mCr—2n—r, and we take o = p.
The above formula (D.12) holds for the integer m satisfying 0 < m < Min(p, N —p),
because the above argument is valid for m as the number of non-vanishing a; even

if some of a; vanish.
Particularly, in case with m = p and m = N — p, (D.12) reduces to

k [k/2] k—2n
Z Cl N— ka = Z Z n+l n N— Zka 2n—1l’" > (D'14)
=0 n=0 l'=
and
k [k/2] k—2n
Z( ) Cr N—pClr = Z Z n+lN —pCn 2p-NCi—on—r (D.15)
1=0 n=0 l'=
respectively.

Based on the representation matrices (C.1) and (C.2), the following formula is
derived,

k k=l1 k=l1—12

Z Z Z ll+12+a + (—1)11“3”1 P1 Cl1 polz pscla P4Cl4

11=012=0 1I3=0
[k/2] n k—2nk—2n—1] k—2n—1,-1),

=30 3D IID DD DI G e e s

n=0n1=0 =0 1,=0 15=0
X mlcnl m2Cn*n1 Pl*mlclll Pz*m2Cl’2 PS*mzclg P4*m10lﬁl ) (D16)
where py = N —py —ps —psg and I = k —2n — I} — I} —I5. The above formula
(D.16) holds for the integers m; and msy satisfying 0 < m; < Min(py,ps4) and

0 < my < Min(py, p3).
In the same way, we can derive similar formulas using models on T?/Z ;.
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