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2

2.1

Pr(s)

Pr(s) =
Nr(s)

Dr(s)
(2.1)

Pr(s)

{
ẋr(t) = Arxr(t) +Br(ur(t) + fr(t))

yr(t) = Crxr(t) +Dr(ur(t) + fr(t))
(2.2)

(2.1) (2.2)

xr(t) ∈ R
nr×1, ur(t) ∈ R

p×1, fr(t) ∈ R
p×1, yr(t) ∈ R

q×1

fr(t)

Ar, Br, Cr, Dr

Dr

(Ar,Br) (Cr,Ar) (2.1)

7 Pr(s) PFC

p = q = 1

2.2 PFC

2.1 2.1 “D. O.”

2.2 PFC

Pm(s) =
Nm(s)

Dm(s)
(2.3)
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=
bmms

mm + bmm−1s
mm−1 · · ·+ b0

snm + anm−1snm−1 + · · · a0 (2.4)

Pm(s)

{
ẋm(t) = Amxm(t) + bmur(t)

ym(t) = cmxm(t) + dmur(t)
(2.5)

18) (2.4)

(2.5) (2.4) bmm , · · · , b0, anm−1, · · · a0
(2.5) Am ∈ R

nm×nm , bm ∈ R
nm×1, cm ∈ R

1×nm , dm ∈ R

2.2 Pr(s) “D. O.”

Ga(s) = Pr(s) + Pm(s) 2.2

2.3 2.3

PFC

PFC

PFC PFC

Ga(s) = Pr(s) + Pm(s) (2.6)

Ga(s)

{
ẋa(t) = Aaxa(t) + ba(ua(t) + fa(t))

ya(t) = caxa(t) + da(ua(t) + fa(t))
(2.7)

Aa =

[
Ar 0

0 Am

]
, ba =

[
br
bm

]
,xa(t) =

[
xr(t)

xm(t)

]
,

ca =
[
cr cm

]
, da = dr + dm,

fa(t) ∈ R Ga(s)

fr(t) Pr(s) yr(t) fa(t) Ga(s)

ya(t)

Ga(s) fa(t)

f̂a(t) f̂a(t) f̂r(t)

PFC Pm(s)

Pm(jω) ≈ αPr(jω) α(≥ 0) ∈ R

0 Pm(jω) ≈ αPr(jω) 2.4

f̂r(t) ≈ (α + 1)f̂a(t) (2.8)

Pm(jω) ≈ αPr(jω)

f̂a(t) f̂r(t)
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α = 0 Pm(jω) ≈ 0 (2.8)

PFC

Pm(jω) = 0 α = 0

PFC

PFC

1 Pm(jω) ≈ αPr(jω)

2 (2.7) Ga(s) = Pr(s) + Pm(s)

PFC

3 Pm(s)

1 2 3 (2.4) (2.5) PFC Pm(s)
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Fig. 2.1 Block diagram of disturbance estimation system

Fig. 2.2 Block diagram of augmented system

Fig. 2.3 Block diagram of estimator for implementation
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Fig. 2.4: Equivalent transformation with respect to disturbance fa(s) in ω ∈ {ω |
Pm(jω) ≈ αPr(jω)}
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3 KYP

3.1

KYP PFC

1 2 3 PFC

1 Pm(s) αPr(s)

KYP 2 3 LMI

LMI

3.2

1 Pm(s) αPr(s)

E1(s)

E1(s) = W1(s)(αPr(s)− Pm(s)), (3.1)

W1(s) =
Dm(s)

Φ(s)
. (3.2)

W1(s) Dm(s) Pm(s) W1(s) Φ(s)

W1(s) E1(s)

E1(s) Nm(s) Dm(s) ai, bj (i = 0, · · · , nm − 1, j = 0, · · · ,mm)

E1(ω) =
Dm(jω)

Φ(jω)
αPr(jω)− Nm(jω)

Φ(jω)
, (3.3)

= [Φr
0(ω) +Φr

a(ω)a+Φr
b(ω)b]

+ j[Φi
0(ω) +Φi

a(ω)a+Φi
b(ω)b], (3.4)

= Er(ω) + jEi(ω), (3.5)

a = [a0, . . . , anm−1]
T, b = [b0, . . . , bmm ]

T.

Φr
0, Φ

i
0 a, b Φr

a, Φ
i
a a Φr

b, Φ
i
b b

xT = [aT, bT]



3 KYP 12

x[
Er(ω)

Ei(ω)

]
= β(ω) +α(ω)x, (3.6)

β(ω) :=

[
Φr

0(ω)

Φi
0(ω)

]
, α(ω) :=

[
Φr

a(ω) Φr
b(ω)

Φi
a(ω) Φi

b(ω)

]

E1(s) αPr(s) Pm(s)

N ωk (k = 1, · · · , N)

J1(x) =
N∑
k=1

[
Er(ωk) Ei(ωk)

] [Er(ωk)

Ei(ωk)

]

= xTHTHx+ 2gTHx+ gTg. (3.7)

H :=

⎡
⎢⎣
α(ω1)

...

α(ωN)

⎤
⎥⎦ , g :=

⎡
⎢⎣
β(ω1)

...

β(ωN)

⎤
⎥⎦ , (3.8)

J1(x) E1(s)

J1(x) LMI 42)

γ1 > J1(x) γ1 γ1 > J1(x)[
γ1 − 2gTHx− gTg xTHT

Hx I

]
> 0 (3.9)

(3.9) x, γ1 LMI (3.9)

γ1 J1(x)

3.3 KYP

2 LMI 2

Ga(s) =
Nr(s)Dm(s) +Nm(s)Dr(s)

Dr(s)Dm(s)
, (3.10)

Nr(s)Dm(s)+Nm(s)Dr(s) Ga(s)

Nm(s) Dm(s)
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Ḡa(s)

Ḡa(s) =
Nr(s)Dm(s) +Nm(s)Dr(s)

Φa(s)
(3.11)

:=
βl(a, b)s

l + βl−1(a, b)s
l−1 + · · ·+ β0(a, b)

αlsl + αl−1sl−1 + · · ·+ α0

. (3.12)

Ḡa(s) Ga(s)

βi(a, b) (i = 1, · · · , l) Φa(s)

αi (i = 1, · · · , l)
Ḡa(s) βl(a, b), . . . , β0(a, b) ai, bj (i =

0, · · · , nm − 1, j = 0, · · · ,mm)

Ḡa(s) LMI 2

Ḡa(s){
˙̄xa(t) = Āax̄a(t) + b̄aūa(t)

ȳa(t) = c̄ax̄a(t) + d̄aūa(t)
, (3.13)

Āa =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . . . . .

...

0 0 · · · · · · 1

−α0

αl

−α1

αl

· · · · · · −αl−1

αl

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

b̄a =

[
0, · · · , 0,

1

αl

]T
,

c̄a =

[
β0(a, b)− βl(a, b)

α0

αl

, · · · , βl−1(a, b)− βl(a, b)
αl−1

αl

]
,

d̄a =
βl(a, b)

αl

,

c̄a d̄a βl(a, b), . . . , β0(a, b)

ai, bj (i = 0, · · · , nm − 1, j = 0, · · · ,mm)

Āa b̄a
KYP Ḡa(s)

1 (KYP 43)). Ḡa(s)[
P̄aĀa + ĀT

a P̄a P̄ab̄a − c̄Ta
b̄Ta P̄a − c̄a −d̄a − d̄Ta

]
< 0, P̄a > 0, (3.14)

P̄a ∈ R
l×l l Ḡa(s)



3 KYP 14

44) (3.14) P̄a

Ḡa(s) (3.14) c̄a d̄a P̄a LMI

ai, bj (i = 0, · · · , nm − 1, j = 0, · · · ,mm)

2

(3.14) Nr(s)Dm(s) +Nm(s)Dr(s)

(3.11) Φa(s) Ḡa(s)

2

3.4 KYP PFC

3 Dm(s)

Ḡm(s) =
Dm(s)

Φm(s)
(3.15)

:=
snm + anm−1s

nm−1 + · · ·+ a0

snm + γnm−1snm−1 + · · ·+ γ0
, (3.16)

[
P̄mĀm + ĀT

mP̄m P̄mb̄m − c̄Tm
b̄TmP̄m − c̄m −d̄m − d̄Tm

]
< 0, P̄m > 0, (3.17)

Ḡm(s) Dm(s)

(3.14) (3.17) Dm(s)

3 Φm(s)

Dm(s) γi (i = 0, · · · , nm−1)

Ām b̄m c̄m d̄m Ḡm(s)

P̄m ∈ R
nm×nm Ām b̄m

c̄m ai (i = 0, · · · , nm − 1)

Dm(s) d̄m = 1

3.5 PFC

(3.9) (3.14) (3.17) γ1
PFC

min
γ1,x,P̄a,P̄m

γ1 s.t. Eqs. (3.9), (3.14), (3.17). (3.18)
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x (2.4) PFC

(3.18) 1 2 3 PFC

(3.18) Pm(s) = Nm(s)/Dm(s)

(3.11) Φa(s) = Nr(s)Dm(s) +Nm(s)Dr(s) (3.15)

Φm(s) = Dm(s) (3.18)

2 PFC

Step 0

1) ωk (k = 1, · · · , N) Pm(s) nm, mm

1 α ≥ 0

2) (3.2) Φ(s) (3.8) H , g

3) (3.11) Φa(s) Ḡa(s)

4) (3.15) Φm(s) Ḡm(s)

Step 1

(3.18) x

Step 2

x Pm(s) = Nm(s)/Dm(s) Φa(s) =

Nr(s)Dm(s) +Nm(s)Dr(s) Φm(s) = Dm(s) Step 1

2. Step 1 2 J1(x)

. i

Step 1 χi

Step 1 xi ∈ χi

xi ∈ χi+1

i Step 2 xi Φa(s)

Φm(s) i+ 1 xi (3.11) (3.15)

Ḡa(s) = 1 Ḡm(s) = 1 1

(3.14) (3.17) P̄a > 0 P̄m > 0

xi ∈ χi+1 J1(x
1) ≥ · · · ≥ J1(x

i) ≥ J1(x
i+1) ≥ · · ·
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3.6

Step 0 Φ(s), Φa(s), Φm(s)

Pr(s)

3. Pr(s) Pr(s) δr
P (s) = N(s)/D(s)

1. P (s) δp δp ≤ δr
2. P (s) N(s)

Pr(s) +KP (s) K

. Pr(s) +KP (s)

Pr(s) +KP (s) = (Δ(s) + 1)KP (s), (3.19)

Δ(s) =
Pr(s)

KP (s)
, (3.20)

δp ≤ δr Δ(s) P (s)

Pr(s) Δ(s) Δ(s) ∈ RH∞
‖Δ(s)‖∞ < 1 Δ(s) −1+j0

Δ(s)

Δ(s)+1 Δ(s)+1

Δ(s)+1 P (s)

(3.19) (3.20) |Pr(jω)/P (jω)|
ω K ‖Δ(s)‖∞ < 1

K Pr(s) +KP (s)

K

3

PFC Pm(s) = Nm(s)/Dm(s) Nm(s) mm

Dm(s) nm nm −mm ≤ δr 3

P (s) D(s) nm N(s) mm N(s)

3 D(s) Φm(s)

D(s)

Pr(s) +KP (s) K NK(s) := KN(s)

NK(s), D(s) Φ(s), Φa(s), Φm(s)

Φa(s) Nr(s) Dr(s)
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NK(s) D(s) Φa(s) = Nr(s)D(s) +NK(s)Dr(s)

Φa(s) Pr(s) +KP (s)

NK(s), D(s) Nm(s) Dm(s) Φa(s)

(3.11) Φm(s) Φm(s) = D(s)

D(s) Φm(s)

D(s) Dm(s) Φm(s) (3.15)

Φ(s) (3.2) Dm(s)

Φ(s) = D(s)

Step 0 Φ(s), Φa(s), Φm(s)

3.7

3.7.1

(2.2)

Ar =

⎡
⎢⎣ 0 1 0

0 0 1

−800 −100 −10

⎤
⎥⎦ , br =

⎡
⎢⎣ 0

0

30

⎤
⎥⎦ ,

cr =
[
10 −1 0

]
, dr = 0

3.1 3.1 Pr(s) 10

3.1
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Table 3.1 Zeros and poles of Pr(s)

Zeros Poles

10 −8.882

−0.5590± j9.474

Fig. 3.1 Bode plot of Pr(s) in numerical example
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3.7.2 H∞

17)

3.2

‖W̄ (s)(Pr(s)Ḡ(s)− 1)‖∞ < 1 Ḡ(s) Ḡ(s) H∞
W̄ (s) Ḡ(s)

‖W̄ (s)(Pr(s)Ḡ(s)− 1)‖∞ < 1 Ḡ(s) H∞
Ḡ(s) 3.3 Ḡ(s)

f̂r(t)

P̃r(s) P̃r(s) = Pr(s)

Ḡ(s)

1 Hz

W̄ (s) = K1G1(s)

(
G2(s)

G3(s)

)2

(3.21)

G1(s) =
β1s

2 + 2ζ1ω1s+ ω2
1

s2 + 2α1ζ1ω1s+ ω2
1

(3.22)

Gi(s) =
1

Tis+ 1
, i = 2, 3 (3.23)

K1 = 4 · 104, ω1 = 1 · 2π, ζ1 = 10, α1 = 1× 10−4, β1 = 20 (3.24)

T2 =
1

10−3 · 2π, T3 =
1

10 · 2π (3.25)

1 Hz

H∞ Ḡ(s)

Ḡ(s) W̄ (s) P−1
r (s)

3.4 Ḡ(s) W̄ (s) P−1
r (s) 3.4

W̄ (s) 1 Hz Ḡ(s)

3.3
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Fig. 3.2 Block diagram of filtered inverse system

Fig. 3.3 Block diagram of estimation with Ḡ(s)

Fig. 3.4 Bode plots of Ḡ(s), W̄ (s) and P−1
r (s)
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3.7.3 PFC 1

KYP PFC

1 Hz

ωk = 2πfk (3.26)

fk ∈ {fk | 1× 10−6, 5× 10−6, 1× 10−5, 5× 10−5, 1× 10−4,

5× 10−4, 1× 10−3, 5× 10−3, 1× 10−1, 1} (3.27)

1 Hz

α = 1, nm = 5, mm = 4 (3.28)

P (s) = K2

N(s)

D(s)
= K2G4(s)

(
G5(s)

G6(s)

)2

(3.29)

G4(s) =
1

T4s+ 1
, Gi(s) =

ω2
i

s2 + 2ζiωis+ ω2
i

, i = 5, 6 (3.30)

K2 = 5, T4 =
1

10 · 2π (3.31)

ζ5 = 0.1, ω5 = 1.5 · 2π, ζ6 = 0.7, ω6 = 4 · 2π (3.32)

NK = K2N(s) (3.33)

Φ(s) = Φm(s) = D(s) (3.34)

Φa(s) = Nr(s)D(s) +NK(s)Dr(s) (3.35)

P (s) 3 (3.30)

1

1 PFC 1

Step 1 Step 2 50 3.5

3.5

x = [aT bT]

a =

⎡
⎢⎢⎢⎢⎢⎣

4.148 · 104
1.082 · 104
1.900 · 103
2.219 · 102
1.603 · 10

⎤
⎥⎥⎥⎥⎥⎦ , b =

⎡
⎢⎢⎢⎢⎢⎣

1.556 · 104
2.761 · 103
7.734 · 10
3.397 · 10
8.089 · 10−2

⎤
⎥⎥⎥⎥⎥⎦ (3.36)

(2.4) Pm(s) Pm(s) 3.6

Pm(s) Pr(s) 3.6 1 Hz

Pm(jω) ≈ Pr(jω)
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Fig. 3.5 Transition of J(x)

Fig. 3.6 Bode plots of Pm(s) and Pr(s)
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3.7.4

2

6)

PFC 6)

1 3.7.1

PFC

Ga(s)

T

ẋ1(t) = A11x1(t) +A12x2(t) (3.37)

ẋ2(t) = A21x1(t) + A22x2(t) + b2(ua(t) + fa(t)) (3.38)

ya(t) = x2(t) (3.39)

˙̂x1(t) = A11x̂1(t) +A12x̂2(t)−A12ey(t) (3.40)

˙̂x2(t) = A21x̂1(t) + A22x̂2(t) + b2ua(t)

− (A22 − As
22)ey(t) + v(t) (3.41)

ŷa(t) = x̂2(t) (3.42)

ey(t) = ŷ(t)− y(t) (3.43)

As
22 v(t)

v(t) =

⎧⎪⎨
⎪⎩−ρ‖b2‖

P2ey(t)

‖P2ey(t)‖+ δ
if ey 	= 0

0 otherwise

(3.44)

P2 As
22 ρ

‖fa(t)‖ < ρ (3.45)

(3.44) δ

f̂a(t) ≈ −ρ
‖b2‖
b2

P2ey(t)

‖P2ey(t)‖+ δ
(3.46)

˙̂xa(t) = Aax̂a(t) + baua(t)−Gley(t) +Gnv(t) (3.47)



3 KYP 24

Gl = T−1

[
A12

A22 − As
22

]
, Gn = T−1

[
0

1

]
(3.48)

As
22 = −100, δ = 10−7 (3.49)

P2 Q = 1 As
22

‖fr(t)‖ < 12 (2.8)

α = 1 (3.45) ρ ρ = 6

3.7.5

fr(t) = us(t) + sin(1 · 2π · t) (3.50)

us(t) =

{
0, t < 1

10, t ≥ 0
(3.51)

ur(t) = 0

(3.50) ‖fr(t)‖ ≤ 11 3.7

fr(t) f̂r(t) f̂r(t)

3.8 fr(t)− f̂r(t)

3.7

1 s 1 Hz

1 s

3.8

3.7.4 ρ
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Fig. 3.7 Time responses of fr(t) and f̂r(t) : simulation

Fig. 3.8 Time responses of fr(t)− f̂r(t) : simulation
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3.8

3 PFC KYP

PFC

PFC

KYP

KYP

LMI

LMI

PFC LMI

3 PFC

17)

PFC
6)
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4

4.1

PFC H∞

1 Pm(jω) ≈ αPr(jω)

1 2 1

1’ Pr(jω)+Pm(jω) ≈ (α+1)Pr(jω)

2 45)

2’ | M (s) |= 0

M (s) =

[
Aa − sI ba

ca da

]
(4.1)

1’ Pr(s)+Pm(s) (α+1)Pr(s)

H∞
H∞

H∞ H∞ Pm(s)

Pm(s)

2’

Pm(s)

PFC 3 PFC

4.2

1’ Pr(s) + Pm(s) (α + 1)Pr(s)

H∞
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E2(s)

E2(s) = W2(s)

(
1− (α + 1)Pr(s)

Pr(s) + Pm(s)

)
(4.2)

H∞

J2 = ‖E2(s)‖∞ (4.3)

1 W2(s)

W2(s)

{
ẋw(t) = Awxw(t) + bwuw(t)

yw(t) = cwxw(t) + dwuw(t)
(4.4)

(4.2) E2(jω) ≈ 0

Pr(jω)+Pm(jω) ≈ (α+1)Pr(jω) Pr(jω)+

Pm(jω) ≈ (α + 1)Pr(jω)

W2(s) J2 Pm(s) 1’ PFC

1 (4.3) E2(s) ∈ RH∞ W2(s)
Ga(s) 4.4 5 PFC

E2(s) ∈ RH∞
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4.3 H∞ PFC

(4.3) J2 Pm(s) H∞
(4.2)

E2(s) = W2(s)
− α + P−1

r (s)Pm(s)

1 + P−1
r (s)Pm(s)

(4.5)

(4.5) E2(s) 4.1 w(s)

z(s) Gzw(s)

Gzw(s) = W2(s)
− α + P−1

r (s)Pm(s)

1 + P−1
r (s)Pm(s)

(4.6)

‖Gzw(s)‖∞ Pm(s) H∞
1’ PFC Gzw(s)

Pm(s) Pr(s)+Pm(s) 2’

‖Gzw(s)‖∞ < γ2 γ2 Pm(s)

P−1
r (s)

P−1
r (s)

{
Eiẋi(t) = Aixi(t) + biyr(t)

ur(t) = cixi(t)
(4.7)

Ei =

[
I 0

0 0

]
, Ai =

[
Ar br
cr dr

]
, bi =

[
0

−1

]
,

ci =

[
0

1

]T
, xi(t) =

[
xr(t)

ur(t)

]

H∞
4.1

Eẋ(t) = Ax(t) + b1w(t) + b2u(t) (4.8)

z(t) = c1x(t) (4.9)

y(t) = c2x(t) (4.10)

E =

⎡
⎢⎢⎢⎣
I 0 0 0

0 Ei 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎦ , A =

⎡
⎢⎢⎢⎣
Aw (α + 1)bwci 0 0

0 Ai 0 0

0 0 −1 0

0 0 0 −1

⎤
⎥⎥⎥⎦ ,
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Fig. 4.1 Block diagram for design of Pm(s)
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b1 =

⎡
⎢⎢⎢⎣
−αbw
0

1

0

⎤
⎥⎥⎥⎦ , b2 =

⎡
⎢⎢⎢⎣
0

bi
0

1

⎤
⎥⎥⎥⎦ , x(t) =

⎡
⎢⎢⎢⎣
xw(t)

xi(t)

w(t)

u(t)

⎤
⎥⎥⎥⎦ ,

c1 =
[
cw (α + 1)dwci −αdw 0

]
, c2 =

[
0 −ci 1 0

]
Gzw(s)

Gzw(s)

{
Ecẋc(t) = Acxc(t) + bcw(t)

z(t) = ccxc(t)
(4.11)

Ec =

[
I 0

0 E

]
, Ac =

[
Am bmc2
b2cm A+ b2dmc2

]
,

bc =

[
0

b1

]
, cc =

[
0

c1

]T
, xc(t) =

[
xm(t)

x(t)

]
,

‖Gzw(s)‖∞ < γ2 γ2 Pm(s)
30)

4 4

ER,EL ∈ R
n×r E = ELE

T
R

n E r E U ,V ∈ R
n×(n−r)

Ker ET, Ker E

ER,EL,U ,V 4
30)

4. 30) F ∈ R
n×n, g ∈ R

n×1, h ∈ R
1×n, J ∈ R, P , Q ∈

R
n×n, R, S ∈ R

(n−r)×(n−r) P , Q ET
RQER, ET

LPEL

X = PE +URV T, Y = QET + V SUT (4.12)

(4.11) Gzw(s)

γ2 ‖Gzw(s)‖∞ < γ2 (2.5) PFC

(4.14) (4.15) LMI

Ω = F − gc2Y −XTb2h−XT(A− b2Jc2)Y (4.13)

V TΩU[
ET

RQER I

I ET
LPEL

]
> 0 (4.14)
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⎡
⎢⎢⎢⎣
AY + Y TAT + b2h+ hTbT2

AT + cT2 J
TbT2 + F

bT1
c1Y

A+ b2Jc2 + F T b1 Y TcT1
XTA+ATX + gc2 + cT2 g

T XTb1 cT1
bT1X −1 0

c1 0 −γ2
2

⎤
⎥⎥⎥⎦ < 0 (4.15)

(2.5)

Am = W T
s ET

R{Ω−ΩU (V TΩU )−1V TΩ}ELZs (4.16)

bm = W T
s ET

R{I −ΩU (V TΩU )−1V T}(g −XTb2J) (4.17)

cm = (h− Jc2Y ){I −U (V TΩU )−1V TΩ}ELZs (4.18)

dm = J − (h− Jc2Y )U (V TΩU )−1V T(g −XTb2J) (4.19)

Ws ∈ R
r×r Zs ∈ R

r×r

Zs = {ET
R(E

T −ETPEQET)EL}−1W−T
s (4.20)

P−1
r (s) 4.1 ‖Gzw(s)‖ < γ2

Pm(s) 4 Pm(s) 1’

4.4

2’ Gzw(s) Pm(s)

5. (4.11) Gzw(s) Pm(s) Ga(s) = Pr(s) + Pm(s)

(4.1) M (s) | M (s) |= 0

. | M (s) |= 0 (4.11)

(4.11) | sEc −Ac |= 0 sEc −Ac
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sEc −Ac =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

sI −Am 0 0 bm −bm 0

0 sI −Aw 0 −(α + 1)bw 0 0

0 0 sI −Ar −br 0 0

cm 0 −cr −(dr + dm) dm 0

0 0 0 0 1 0

−cm 0 0 dm −dm 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.21)

(4.21) 2 sI −Aw

0 5 1 0 6 1 0

| sEc −Ac |= 0

| sI −Aw | · |N (s)| = 0 (4.22)

N (s) =

⎡
⎢⎣ sI −Am 0 bm

0 sI −Ar −br
cm −cr −(dr + dm)

⎤
⎥⎦ (4.23)

T1 =

⎡
⎢⎣ 0 −I 0

I 0 0

0 0 1

⎤
⎥⎦ , T2 =

⎡
⎢⎣ 0 −I 0

I 0 0

0 0 −1

⎤
⎥⎦ (4.24)

M (s) T1 T2 N (s) =

T1M (s)T2 |T1M (s)T2| =

|T1| |M (s)| |T2| |N (s)| = 0 |M (s)| = 0

| M (s) |= 0

4 PFC

5 (4.11) Gzw(s) Pm(s) Ga(s)

2’

4.5 PFC

PFC Pm(s)

PFC
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PFC

PFC | sI −Am |

| sI −Am |= n−
m1(s)n

+
m2(s) (4.25)

n−
m1(s) n+

m2(s)

Gap(s) =
n+
m2(s)

n−
m2(s)

(4.26)

n−
m2(s) n+

m2(s)

Gap(s) PFC

P̂m(s) = Gap(s)Pm(s) (4.27)

=
n+
m2(s)

n−
m2(s)

· cmadj(sI −Am)bm

n−
m1(s)n

+
m2(s)

(4.28)

=
cmadj(sI −Am)bm

n−
m1(s)n

−
m2(s)

(4.29)

P̂m(s) Pm(s) n−
m2(s)

4.2 Ga(s) Gap(s)

4.3 Ĝa(s) = Gap(s)Pr(s) + P̂m(s)

1. Ĝa(s) = Gap(s)Pr(s) + P̂m(s) Ĵ2

Ĵ2 =
∥∥∥Ê2(s)

∥∥∥
∞
, (4.30)

Ê2(s) = W2(s)

(
1− Gap(s)Pr(s)

Gap(s)Pr(s) + P̂m(s)

)
, (4.31)

(4.3) J2

. Gap(s) n+
m2(s) (4.29) Pm(s)

Ĝa(s) = Gap(s)Pr(s) + P̂m(s)

(4.31) P̂m(s) = Gap(s)Pm(s)

E2(s) = Ê2(s) J2 = Ĵ2

Gap(s) 2’ 1’

PFC 4.3

Ĝa(s) = Gap(s)Pr(s) + P̂m(s)
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Pm(s) 4.3 Gap(s)

Gap(s) Ĝa(s) Gap(s)

(4.31)
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Fig. 4.2 Augmented system Ga(s) with Gap(s)

Fig. 4.3 Modified augmented system Ĝa(s)
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4.6 PFC

PFC

Step 1 (4.4) W2(s)

1’ α ≥ 0

Step 2 γ2 (4.14) (4.15)

(4.16) (4.19) Pm(s)

Step 3 Step 2 Pm(s)

(4.26) Gap(s) (4.29) P̂m(s)

4.3

4.7

4.7.1

3.7.1 (2.2)

Ar =

⎡
⎢⎣ 0 1 0

0 0 1

−800 −100 −10

⎤
⎥⎦ , br =

⎡
⎢⎣ 0

0

30

⎤
⎥⎦ ,

cr =
[
10 −1 0

]
, dr = 0

4.7.2 PFC 1

3.7.3 1 Hz PFC

W2(s) = W̄ (s) (4.32)

3.7.2 α = 0

α = 0 PFC 1’

ER = EL = [I7×7 07×3]
T U = V = [03×7 I3×3]

T γ2 = 1

(4.14) (4.15) LMI (4.16) (4.19)

Pm(s) Ws = I Zs (4.20)
46)

Pm(s) MATLAB “balreal”

Pm(s) W2(s) Pr(s)
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4.4 Pm(s) W2(s) Pr(s)

4.4 1 Hz PFC

4.1 Ga(s) = Pr(s) + Pm(s) Pm(s)

4.1

PFC
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Fig. 4.4 Bode plots of Pm(s), W2(s) and Pr(s)

Table 4.1 Zeros of Ga(s) and poles of Pm(s)

Zeros of Ga(s) Poles of Pm(s)

−908.2± j1134 −1.103 · 104
−68.50± j15.43 −0.5078± j9.269

−21.13± j3.734 −7.842

−0.4179± j9.145 −3.732± j4.825

−3.916 −0.3379

−0.3550
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4.7.3

2

6) 1

PFC Pm(s)
6)

Glp(s) =
1

Tlps+ 1
, Tlp =

1

50 · 2π (4.33)

Ḡa(s) = Glp(s)Ga(s)

Glp(s)

50 Hz

3.7.4

As
22 = −100, δ = 10−7 (4.34)

P2 Q = 1 As
22

(3.45) ρ ρ = 12

4.7.4

3.7.5

fr(t) = us(t) + sin(1 · 2π · t) (4.35)

us(t) =

{
0, t < 1

10, t ≥ 0
(4.36)

ur(t) = 0

3.7.2

4.5 fr(t)

f̂r(t) f̂r(t) 4.6

fr(t)− f̂r(t)

4.5 1 s

1 Hz

1 s

4.6

4.7.3 ρ
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Fig. 4.5 Time responses of fr(t) and f̂r(t) : simulation

Fig. 4.6 Time responses of fr(t)− f̂r(t) : simulation
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4.8

4 PFC H∞

PFC

H∞
PFC PFC

PFC

PFC H∞
PFC

PFC
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5

5.1

3 4

4 “

H∞ ”

PFC PFC

3 “KYP ”

PFC

3 “KYP

”

PFC PFC

4 PFC

5.2

KYP

Ḡa(s) =
Nr(s)Dm(s) +Nm(s)Dr(s)

Φa(s)
(5.1)

Ḡa(s)

Ḡa(jω) + Ḡa(jω)
∗ ≥ 0 (∀ω ∈ R) (5.2)

42) (5.2) Φa(s) (5.1)

Ḡa(s)

χ χ Φa(s) χ(Φa)

W2(s) 4 “

H∞ ” PFC

P∞
m (s) =

N∞
m (s)

D∞
m (s)

(5.3)
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=
b∞msmm + b∞m−1s

mm−1 · · ·+ b∞0
snm + a∞nm−1s

nm−1 + · · · a∞0
(5.4)

x∞ = [a∞T b∞T], a = [a∞0 , . . . , a∞nm−1]
T, b = [b∞0 , . . . , b∞mm

]

Φ∞
a (s) = Nr(s)D

∞
m (s) +N∞

m (s)Dr(s) (5.5)

x∞ ∈ χ(Φ∞
a ) x = x∞

Φa(s) (5.5) Ḡa(s) = 1

Φa(s) “

H∞ ”

“KYP ” PFC

PFC PFC

5.1 χ∞ “

H∞ ” W2(s)

5.1 “KYP ”

Φa(s) “ H∞ ”

Ḡa(s)

Φa(s)

“ H∞ ” χ∞

“ H∞ ”

5.3

5 3 4

3 KYP PFC

4

H∞
KYP

PFC

H∞
PFC
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Fig. 5.1 Sets of χ(Φa), χ
∞ and χ(Φ∞

a )
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6

6.1

3 4 PFC

47) Luenberger observer
47)

47) PFC
47)

6.2 Luenberger observer
47) Luenberger observer

fr(t){
ẇ(t) = Γw(t)

fr(t) = hw(t)
(6.1)

w(t)

Γ = 0 h = 1

(2.2){
˙̃x(t) = Ãx̃(t) + b̃ur(t)

yr(t) = c̃x̃(t) + d̃ur(t)
(6.2)

Ã =

[
Ar br
0 0

]
, b̃ =

[
br
0

]
, x̃(t) =

[
xr(t)

w(t)

]
, (6.3)

c̃ =
[
cr dr

]
, d̃ = dr (6.4)

(6.2) f̂r(t)

d̃ 	= 0 ỹ(t) = yr(t)− d̃ur(t)
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{
˙̂x(t) = (Ã− lc̃)x̂(t) + lỹ(t) + b̃ur(t)

f̂r(t) = ĉx̂(t)
(6.5)

ĉ =
[
0 1

]
(6.6)

l Q, r

l

6.3
47)

6.2 Pr(s) Ga(s)

(6.5)⎧⎪⎨
⎪⎩

˙̂xa(t) = (Ãa − lac̃a)x̂a(t) + laỹa(t) + b̃aua(t)

f̂a(t) = ĉax̂a(t)

f̂r(t) = (α + 1)f̂a(t)

(6.7)

ĉa =
[
0 1

]
(6.8)

f̂r(t)

Ãa =

[
Aa ba
0 0

]
, b̃a =

[
ba
0

]
, c̃a =

[
ca da

]
, d̃a = da (6.9)

x̃a(t) =

[
xa(t)

w(t)

]
, ỹa(t) = ya(t)− d̃aua(t) (6.10)

la

6.4

6.1

6.2

AC 3

3

(6.11) 6.1 (6.11)

Pr(s) (6.12)
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Pr(s)

θ1(t), θ2(t) θ̇1(t), θ̇2(t) (6.12)

ur(t) 6.3

⎧⎪⎪⎨
⎪⎪⎩
J1θ̈1(t) = −K1(θ1(t)− θ2(t))− C1θ̇1(t) + ur(t)

J2θ̈2(t) = K1(θ1(t)− θ2(t))−K2(θ2(t)− θ3(t))− C2θ̇2(t)

J3θ̈3(t) = K2(θ2(t)− θ3(t))− C3θ̇3(t)

(6.11)

Pr(s) =
(1 + 0.5s)θ1(s) + (2− s)θ2(s)

U(s)

=
(1 + 0.5s)(A2A3 −K2

2) + (2− s)K1A3

A1(A2A3 −K2
2)−K2

1A3

=:
N̄r(s)

sD̄r(s)
(6.12)

N̄r(s) := 67.93(s+ 25.34)(s− 11.81)(s− 8.446)(s2 + 1.201s+ 2284)

D̄r(s) := (s+ 2.07)(s2 + 1.993s+ 987.4)(s2 + 2.126s+ 3198)

⎧⎪⎪⎨
⎪⎪⎩
A1 = J1s

2 + C1s+K1

A2 = J2s
2 + C2s+K1 +K2

A3 = J3s
2 + C3s+K2
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Fig. 6.1 View of the experimental system

Fig. 6.2 Experimental system



6 50

Table 6.1 Parameters of the experimental model

Description Values Units

J1 Inertia 7.36 10−3 [kgm2]

J2 Inertia 8.40 10−3 [kgm2]

J3 Inertia 8.40 10−3 [kgm2]

K1 Constant of twisted spring 6.21 [Nm/rad]

K2 Constant of twisted spring 10.93 [Nm/rad]

C1 Friction of bearing 0.014 [Nms/rad]

C2 Friction of bearing 0.018 [Nms/rad]

C3 Friction of bearing 0.018 [Nms/rad]

Fig. 6.3 Bode plot of Pr(s)



6 51

6.5

(6.12)

Q = Qc :=

[
I6×6 0

0 103

]
, r = rc := 1 (6.13)

l =
[
95.32 95.71 94.73 392.7 378.5 379.2 31.62

]T
(6.14)

fr(t) fr(t)− f̂r(t)

6.4 6.4

6.4 0.3 Hz 4 Hz 5 Hz

0.3 Hz 3 Hz
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Fig. 6.4 Gain characteristic of fr(s) → fr(s)− f̂r(s) of the conventional method
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6.6 KYP PFC

6.6.1 3 Hz PFC Case 1

PFC

Pr(s)

Pm(s) 3)

Pr(s) P̄r(s) =

sPr(s)
(
= N̄r(s)/D̄r(s)

)
P̄m(s)

Pm(s) = P̄m(s)/s PFC 6.5

P̄r(s) PFC P̄m(s)

(3.7)

ωk = 2πfk, fk ∈ {fk|0.001, 0.01, 2.7, 3, 3.3}.
3 Hz

α = 1, nm = 5, mm = 5, (6.15)

N(s) = 67.93(s+ 25.34)(s+ 11.81)(s+ 8.446)(s2 + 1.201s+ 2284), (6.16)

D(s) = D̄r(s), (6.17)

K = 10, (6.18)

NK(s) = KN(s), (6.19)

Φ(s) = Φm(s) = D(s), (6.20)

Φa(s) = N̄r(s)D(s) +NK(s)D̄r(s). (6.21)

N(s) P̄r(s) N̄r(s)

D(s) P̄r(s) D̄r(s) (3.18) 3.5

10 6.6

6.6

x = [aT, bT]T

a =

⎡
⎢⎢⎢⎢⎢⎣

1.028 · 106
4.892 · 105
5.029 · 103
1.879 · 103
2.793

⎤
⎥⎥⎥⎥⎥⎦ , b =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

6.139 · 107
3.702 · 107
8.527 · 105
2.658 · 105
1.959 · 103
4.692 · 102

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.22)

P̄m1(s) Pm1(s) = P̄m1(s)/s Pr(s)

Pm1(s) 6.7 0.01 Hz 3 Hz
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Ga(s) = Pr(s) + Pm1(s)

Ga(s) =

537.2(s+ 4.421)(s2 + 1.665 · 10−7s+ 154.7)

·(s+ 2.121)(s2 + 7.672 · 10−8s+ 313.6)

·(s2 + 1.74s+ 1063)(s2 + 1.918s+ 3093)

s(s+ 2.07)(s2 + 1.993s+ 987.4)

·(s2 + 2.126s+ 3198)(s+ 2.111)

·(s2 + 0.6795s+ 310.8)(s2 + 0.002081s+ 1567)

(6.23)

(6.23) Ga(s)

Pm1(s)

3 Hz
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Fig. 6.5 Block diagram for design P̄m(s)

Fig. 6.6 Transition of J(x)
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Fig. 6.7 Bode plots of Pr(s) and Pm1(s)
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6.6.2 Case 1

(6.23) Ga(s) (6.7)

Q =

[
I11×11 0

0 103

]
, r = 1 (6.24)

la =
[
−70.75 1.408 −56.78 0.7797 14.36 −1.059 1.970

−3.317 −3.416 11.47 −0.04824 31.62
]T

(6.25)

6.8 fr(t) fr(t)− f̂r(t)

Case 1 Pm1(s)

6.8 Case 1 5 Hz 3 Hz

6.7 0.01 Hz
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Fig. 6.8: Gain characteristic of fr(s) → fr(s) − f̂r(s) of the proposed method

based on KYP lemma : experiment in Case 1
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6.6.3 PFC Case

2

3 Hz PFC

Pm(jω) ≈ αPr(jω)

ωk = 2πfk, fk ∈ {fk|0.001, 0.01, 0.1, 10, 100}.

(6.15) (6.21) (3.18) 10

Pm2(s) Pr(s) Pm2(s)

6.9 0.2 Hz 8 Hz
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Fig. 6.9 Bode plots of Pr(s) and Pm2(s)
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6.6.4 Case 2

Ga(s) (= Pr(s) + Pm2(s)) (6.7)

Q =

[
I11×11 0

0 103

]
, r = 1 (6.26)

la =
[
−141.9 3.378 −42.44 2.297 42.61 −0.29937 3.258

5.151 −2.198 0.2454 −0.2041 31.62
]T

(6.27)

6.10 fr(t) fr(t) − f̂r(t)

Case 2 Pm2(s)

Case 2

6.10

Q, r

0.5 Hz 2 Hz

PFC

Case 1 Pm1(s)
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Fig. 6.10: Gain characteristic of fr(s) → fr(s) − f̂r(s) of the proposed method

based on KYP lemma : experiment in Case 2
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6.6.5

DSP(Digital Signal Processor)

PFC

Ts = 1 ms Ts

PFC

200 Hz

PFC

fr[k]

fr[k] − f̂r[k] 6.11 Case

1 Case 2 6.11

3 Hz

fr[k] 3 Hz ur[k]

fr[k]

ur[k] = 0, (6.28)

fr[k] =
3∑

i=1

sin(fi · 2πkTs), k = 0, 1, 2, · · · , (6.29)

f1 = 0.05, f2 = 0.1, f3 = 3.

6.12 6.12 fr[k]

Case 1 f̂r[k]

6.12 6.13

fr[k]− f̂r[k] Case 1 6.13
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Fig. 6.11: Gain characteristics of fr[z] → fr[z]− f̂r[z] of the proposed method and

the conventional method in discretized system
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Fig. 6.12 Time responses of fr[k] and f̂r[k] : simulation

Fig. 6.13 Time responses of fr[k]− f̂r[k] : simulation
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6.6.6

6.1

Case 1 Pr(s) yr(t) θ̇1(t)

θ̇2(t)

F (s) Ts

F [z]

F (s) =
s

TF s+ 1
, TF =

1

20 · 2π. (6.30)

F [z]

(6.31) (6.32)

ur[k] = 0, (6.31)

fr[k] = sin(3 · 2πkTs), k = 0, 1, 2, · · · . (6.32)

fr[k] 3 Hz 6.14

6.14 fr[k] Case 1

f̂r[k] 6.15 fr[k]− f̂r[k]

Case 1

PFC
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Fig. 6.14 Time responses of fr[k] and f̂r[k] : experiment

Fig. 6.15 Time responses of fr[k]− f̂r[k] : experiment
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6.7 H∞
PFC

6.7.1 3 Hz PFC Case 1

6.4 4 PFC

3 Hz Pr(jω) +

Pm(jω) ≈ (α + 1)Pr(jω)

W2(s) = K3G6(s)G7(s) (6.33)

G6(s) =
1

T6s+ 1
, T6 =

1

10−4 · 2π (6.34)

G7(s) =
ω2
9

s2 + 2ζ9ω9s+ ω2
9

, ζ9 = 0.01, ω9 = 3 · 2π (6.35)

K3 = 1800 (6.36)

α = 0 ER = EL = [I9×9 09×3]
T U = V =

[03×9 I3×3]
T γ2 = 1 (4.14) (4.15) LMI

(4.16) (4.19) Pm1(s) Ws = I Zs

(4.20) Pm1(s) MATLAB

“balreal” Ga(s) = Pr(s)+Pm1(s)

Pm1(s) 6.2 6.2

PFC

(4.26)

Gap(s) =
(s2 − 7.714s+ 624.1)(s2 − 17.47s+ 1473)(s2 − 2.975s+ 3591)

(s2 + 7.714s+ 624.1)(s2 + 17.47s+ 1473)(s2 + 2.975s+ 3591)

(6.37)

(4.29) P̂m1(s) 4.3

P̂m1(s) W2(s) Gap(s)Pr(s) 6.16

P̂m1(s) W2(s) Gap(s)Pr(s) 6.16

3 Hz P̂m1(s)
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Table 6.2 Zeros of Ga(s) and poles of Pm1(s)

Zeros of Ga(s) Poles of Pm1(s)

−9.771 · 105 −1.189 · 102
−88.47 −2.041

−53.16 −7.707 · 10−9

−25.33 1.488± j59.91

−3.628± j55.44 8.733± j37.37

−0.6009± j47.78 3.857± j24.68

−3.672± j26.49

−15.89± j16.21

−7.477

−1.998

−7.707 · 10−9

Fig. 6.16 Bode plots of P̂m1(s), W2(s) and Gap(s)Pr(s)
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6.7.2 Case 1

Ĝa(s) = Gap(s)Pr(s) + P̂m1(s) (6.7)

Q =

[
I21×21 0

0 105

]
, r = 1 (6.38)

la =
[
0.5219 2.468 1.725 5.494 −1.736 3.523 2.203

0.1615 −0.2250 420.3 23.08 −22.39 0.06537 −1.982

883.4 10.79 568.7 1049 1107 7.955 27.68 316.2
]T

(6.39)

6.17 fr(t) fr(t) − f̂r(t)

Case 1 P̂m1(s) 6.5

6.17

3 Hz
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Fig. 6.17: Gain characteristic of fr(s) → fr(s) − f̂r(s) of the proposed method

based on descriptor system : experiment in Case 1
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6.7.3 PFC Case

2

Pr(jω) +Pm(jω) ≈ (α+1)Pr(jω)

Pr(jω) + Pm(jω) ≈ (α+ 1)Pr(jω)

W2(s) = K4

(
G8(s)

G9(s)

)2(
G10(s)

G11(s)

)2

(6.40)

Gi(s) =
1

Tis+ 1
, i = 8, 9, 10, 11 (6.41)

T8 =
1

10−2 · 2π, T9 =
1

1 · 2π, T10 =
1

50 · 2π, T11 =
1

10 · 2π (6.42)

K4 = 350 (6.43)

α = 0 ER = EL = [I10×10 010×3]
T U = V =

[03×10 I3×3]
T γ2 = 1 (4.14) (4.15) LMI

(4.16) (4.19) Pm2(s) Ws = I Zs

(4.20) Pm2(s) MATLAB

“balreal” Pm2(s) W2(s)

Pr(s) 6.18 Pm2(s)

W2(s) Pr(s) 6.18

Pm2(s) 6.3

Ga(s) = Pr(s)+Pm2(s) Pm2(s) 6.3

PFC
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Fig. 6.18 Bode plots of Pm2(s), W2(s) and Pr(s)

Table 6.3 Zeros of Ga(s) and poles of Pm2(s)

Zeros of Ga(s) Poles of Pm2(s)

−4.521 · 105 −102.7± j53.54

−72.96± j34.64 −1.298± j56.73

−54.56 −3.249± j34.42

−25.33 −36.50

−1.448± j56.52 −1.080 · 10−6

−0.6013± j47.78 −1.892

−6.995± 29.16 −1.564

−12.22

−6.507

−2.552± j0.5576

−1.079 · 10−6
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6.7.4 Case 2

Ga(s) = Pr(s) + Pm2(s) (6.7)

Q =

[
I16×16 0

0 105

]
, r = 1 (6.44)

la =
[
2.775 0.3106 −0.4183 463.5 40.82 −39.58 0.7823

25.67 0.8935 0.8102 −3.823 21.93 0.5232 −5.154

0.1764 −0.001144 316.2
]T

(6.45)

6.19 fr(t) fr(t) − f̂r(t)

Case 2 Pm2(s)

6.19

6.19

Q, r
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Fig. 6.19: Gain characteristic of fr(s) → fr(s) − f̂r(s) of the proposed method

based on descriptor system : experiment in Case 2
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6.7.5

Case 1 P̂m1(s) Pr(s)

Ts = 1 ms P̂m1(s) Gap(s)

ur[k] fr[k]

ur[k] = 0, (6.46)

fr[k] =
3∑

i=1

sin(fi · 2πkTs), k = 0, 1, 2, · · · , (6.47)

f1 = 0.05, f2 = 0.1, f3 = 3.

6.20 fr[k] Case

1 f̂r[k] 6.20

6.21 fr[k] − f̂r[k]

Case 1 6.21
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Fig. 6.20 Time responses of fr[k] and f̂r[k] : simulation

Fig. 6.21 Time responses of fr[k]− f̂r[k] : simulation
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6.7.6

6.1

Case 1 6.6.6 (6.30)

(6.31)

(6.32)

ur[k] = 0, (6.48)

fr[k] = sin(3 · 2πkTs), k = 0, 1, 2, · · · . (6.49)

6.22 6.22 fr[k]

Case 1 f̂r[k] 6.23

fr[k] − f̂r[k] Case 1

H∞ PFC
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Fig. 6.22 Time responses of fr[k] and f̂r[k] : experiment

Fig. 6.23 Time responses of fr[k]− f̂r[k] : experiment
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6.8

3 PFC

47)

47) PFC

PFC
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7 BMI 2

LMI

7.1

PFC

PFC
32–35)

PFC

PFC PFC

PFC

BMI 2

36,37)

BMI 2

BMI 2
38–41) LMI

38–41) H2/H∞
2

LMI BMI 2

2

LMI
38–41)

LMI
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7.2

min
x,X

J3(x) s.t. CBMI(x,X), (7.1)

x ∈ R
nx×1 J3(x) CBMI(x,X) x

X BMI X ∈ R
nX×nX BMI

(7.1)

1

J3(x) x

J3(x) = xTAx+ bTx+ c, A > 0, (7.2)

A ∈ R
nx×nx , b ∈ R

nx×1, c ∈ R.

2

CBMI(x,X)

y = Y (X)x, Y (X) > 0, (7.3)

y Y (X) LMI CLMI(y,Y )

y ∈ R
nx×1 Y (X) ∈ R

nx×nx

X . Y (X)

Y (X) =

[
X 0

0 I

]
. (7.4)

(7.1) CBMI(x,X)

LMI

7.3 LMI

7.3.1

J3(x)

J3(x) 2

BMI CBMI(x,X) LMI CLMI(y,Y )

2

LMI
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7.3.2

J3(x) bTx J3(x)

(4.3) J3(x) xopt (4.3)

x

dJ3(x)

dx
= 2Ax+ b (7.5)

A A (7.5) xopt (7.6)

xopt = −1

2
A−1b (7.6)

x xopt Δx Δx = x− xopt (4.3)

J3(x)

J3(Δx) = ΔxTAΔx− 1

4
bTA−1b+ c (7.7)

Δx 2

CBMI(x,X) Δx X

CBMI(Δx,X) CBMI(Δx,X) LMI

(7.8)

y = Y (X)Δx (7.8)

CLMI(y,Y ) LMI Y (X) X

2 CBMI(Δx,X) LMI

(7.7) y, Y (7.9)

J3(y,Y ) = yTY −1AY −1y − 1

4
bTA−1b+ c (7.9)

γ3 > J3(y,Y ) γ3
γ3 > J3(y,Y )⎡

⎣Y A−1Y y

yT γ3 +
1

4
bTA−1b− c

⎤
⎦ > 0 (7.10)

(7.10) γ3 J3(y,Y )

(7.1) (7.11)

min
γ3,y,Y

γ3 s.t. Eq. (7.10) and CLMI(y,Y ) (7.11)

CLMI(y,Y ) LMI (7.10) (1, 1) Y

(7.10) LMI
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7.3.3 LMI

(7.10)

6. (7.12) (7.13) Y ∈ R
nx×nx y ∈ R

nx×1 γ3 ∈ R

(7.10)

Y > αA (7.12)⎡
⎣αY y

yT γ3 +
1

4
bTA−1b− c

⎤
⎦ > 0 (7.13)

α > 0

. (7.12) A−1 > αY −1

Y A−1Y > Y αY −1Y (7.14)

= αY (7.15)

Y A−1Y − αY =: Z(> 0) (7.10)⎡
⎣Y A−1Y y

yT γ3 +
1

4
bTA−1b− c

⎤
⎦ =

⎡
⎣αY y

yT γ3 +
1

4
bTA−1b− c

⎤
⎦

+

[
Z 0

0 0

]
(7.16)

(7.13) (7.16) Z > 0

(7.16) (7.10)

(7.11) (7.17)

min
γ3,y,Y (X)

γ3 s.t. Eqs. (7.12) - (7.13) and CLMI(y,Y ) (7.17)

Y (X) X (7.17)

(7.17) γ̂3 ŷ Ŷ (X̂)

Δx̂ := Ŷ (X̂)−1ŷ (7.18)

CBMI(x,X) x̂opt

x̂opt = xopt +Δx̂ (7.19)
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7.4

7.4.1

(7.20) N

xg[k + 1] = Agixg[k] + bgiug[k] (7.20)

ug[k] = −fT
gixg[k], i = 1, · · · , N (7.21)

Agi ∈ Rng×ng , bgi ∈ Rng×1, fgi ∈ Rng×1

(7.21) fgi

7.4.2

(7.21)

P ∈ Rng×ng 48)

(Agi − bgif
T
gi)

TP (Agi − bgif
T
gi)− P < 0, P > 0, i = 1, · · · , N (7.22)

(7.22) fgi (7.20) (7.21)

f �
gi, i = 1, · · · , N

J3(fg) =(fg − f �
g )

TM (fg − f �
g ) (7.23)

=fT
g Mfg − 2fT

g Mf �
g + f �T

g Mf �
g , (7.24)

fg :=
[
fT
g1 · · · fT

gN

]T
, f �

g :=
[
f �T
g1 · · · f �T

gN

]T
M > 0

(7.20) (7.21) fgi

min
fg ,P

J3(fg) s.t. Eq. (7.22) (7.25)

(7.25) fg, P

(7.25) LMI
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7.4.3 LMI

(7.5) (7.6) Δfg

Δfg = fg − f ∗
g =:

⎡
⎢⎣
Δfg1

...

ΔfgN

⎤
⎥⎦ (7.26)

(7.24)

J3(Δfg) = ΔfT
g MΔfg (7.27)

Δfg (7.22)

(A�
gi − bgiΔfT

gi)
TP (A�

gi − bgiΔfT
gi)− P < 0, P > 0, i = 1, · · · , N (7.28)

A�
gi := Agi − bgif

�T
gi

(7.28) LMI (7.29)

yi = XΔfgi, X := P−1 (7.29)

(7.28) LMI

[
X A�

giX − bgiy
T
i

XA�T
gi − yib

T
gi X

]
> 0, i = 1, · · · , N (7.30)

(7.27)

J3(y,Y ) = yTY −1MY −1y, (7.31)

Y (X) :=

⎡
⎢⎢⎢⎣
X

X 0
. . .

0 X

⎤
⎥⎥⎥⎦ , y :=

⎡
⎢⎣
y1

...

yN

⎤
⎥⎦ (7.32)

γ3 > J3(y,Y ) γ3 γ3 >

J3(y,Y )[
Y M−1Y y

yT γ3

]
> 0 (7.33)
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(7.33) γ3 J3(y,Y )

(7.33) Y LMI 6

Y > αM (7.34)[
αY y

yT γ3

]
> 0 (7.35)

α > 0 (7.36)

min
γ3,y,X,Y (X)

γ3 s.t. Eq. (7.34), Eq. (7.35) and Eq. (7.30) (7.36)

Y y (7.32) (7.36)

Ŷ (X̂) ŷ

Δf̂g := Ŷ (X̂)−1ŷ (7.37)

f̂g = f �
g +Δf̂g (7.38)

f̂g =: [f̂T
g1 · · · f̂T

gN ]
T

7.5

7.5.1

(7.20) N = 3

Ag1 =

[
0 1

−1 −1

]
, Ag2 =

[
0 1

1 −1.5

]
, Ag3 =

[
0 1

−1 5

]
, (7.39)

bg1 =

[
1

0

]
, bg2 =

[
0

0.5

]
, bg1 =

[
0

−20

]
(7.40)

Q1 = diag[10, 10], r1 = 1 (7.41)

Q2 = diag[10, 1], r2 = 1 (7.42)
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Q3 = diag[1, 10], r3 = 1 (7.43)

f �
g1 =

[
−0.6180

0.3820

]
, f �

g2 =

[
1.9993

−3.0000

]
, f �

g3 =

[
0.0500

−0.2500

]
(7.44)

f �
gi (7.22) P

M =

⎡
⎢⎣Q−1

1 0 0

0 Q−1
2 0

0 0 Q−1
3

⎤
⎥⎦ , (7.45)

α = 1 (7.46)

(7.36)

f̂g1 =

[
−0.6555

0.3445

]
, f̂g2 =

[
1.9993

−2.9257

]
, f̂g3 =

[
0.0500

−0.2519

]
(7.47)

γ̂3 γ̂3 = 0.0124 (7.47) (7.24)

J3(f̂g) = 0.0058

7.5.2

49–51)

51)

⎡
⎢⎢⎢⎣
Gi +GT

i − Si GiA
T
gi − vibgi GT

i vT
i

AgiGi − bgiv
T
i Sj 0 0

Gi 0 Q−1
i 0

vT
i 0 0 r−1

i

⎤
⎥⎥⎥⎦ > 0, (7.48)

∀(i, j) ∈ {1, · · · , N} × {1, · · · , N}

Si ∈ R
ng×ng vi ∈ R

1×ng Gi ∈ R
ng×ng

fgi = G−T
i vT

i

∞∑
k=0

{xg[k]
TQixg[k] + ug[k]riug[k]} < xg[0]

TS−1
r0

xg[0] (7.49)
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r0
r0 xg[0]

(7.49)

min
τ,Si,vi,Gi

τ s.t.

[
−τ xg[0]

T

xg[0] −Sr0

]
< 0 and Eq. (7.48) (7.50)

(7.48) Qi, ri (7.41) (7.42) (7.43) r0 = 2 xg[0] =

[1 0.5]T (7.50) f cost
gi

f cost
g1 =

[
−0.7175

0.2825

]
, f cost

g2 =

[
2.065

−1.737

]
, f cost

g3 =

[
0.0500

−0.2809

]
(7.51)

(7.51) f cost
gi

7.5.3

Ts Ts = 0.01 s xg[k] xg[0] = [1 0.5]T

7.1

ug[k] 7.2 xg1[k], xg2[k] 7.3 7.4

7.3 7.4
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Fig. 7.1 Switching signal

Fig. 7.2 Time histories of input ug[k]
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Fig. 7.3 Time responses of xg1[k]

Fig. 7.4 Time responses of xg2[k]
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7.6

5 BMI 2 LMI

LMI

LMI

38–41)
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