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This paper presents topology optimization for thermal cloaks expressed by level-set functions and

explored using the covariance matrix adaptation evolution strategy (CMA-ES). Designed optimal

configurations provide superior performances in thermal cloaks for the steady-state thermal con-

duction and succeed in realizing thermal invisibility, despite the structures being simply composed

of iron and aluminum and without inhomogeneities caused by employing metamaterials. To design

thermal cloaks, a prescribed objective function is used to evaluate the difference between the tem-

perature field controlled by a thermal cloak and when no thermal insulator is present. The CMA-ES

involves searches for optimal sets of level-set functions as design variables that minimize a regular-

ized fitness involving a perimeter constraint. Through topology optimization subject to structural

symmetries about four axes, we obtain a concept design of a thermal cloak that functions in an iso-

tropic heat flux. Published by AIP Publishing. https://doi.org/10.1063/1.5016090

Optical invisibility has been actively pursued over the past

decade ever since cloaking devices were proposed,1,2 and meta-

materials,3 metasurfaces,4 and scattering cancellation5 were

developed to realize optical invisibility. The concept of optical

invisibility has spread by analogy to not only far-infrared

cloaks6 and external cloaks7 but also acoustic cloaks,8,9 direct

current (DC) electric cloaks,10,11 and fluid flow cloaks.12

Topology optimization13 has recently been applied to

the design of, for example, optical cloaks,14–18 carpet

cloaks,18,19 and DC electric cloaks.20 It admits not only

changes in the shape but also the creation of new holes dur-

ing optimization and has a higher degree of design freedom

than sizing and shape optimizations. Indeed, cloaking struc-

tures designed through topology optimizations provide supe-

rior performances despite their simple composition using

bulk isotropic materials.

By analogy, thermal cloaks21,22 are being developed to

eliminate disturbances caused by obstacles from heat flows.

These cloaks are composed of thermal metamaterials configured

based on transformation thermodynamics.23–25 Microstructures

of thermal metamaterials made of composite materials are also

designed using optimizations.26 However, these approaches

require resolving challenging configuration problems because

the metamaterial microstructures are complicated. To overcome

these drawbacks, a bilayer thermal cloak made of bulk isotropic

materials27,28 and an ultrathin thermal cloak in three dimen-

sions29 are proposed. The devices can be developed without

inhomogeneity; specifically, they can be made using only natu-

rally available materials, which simplifies their fabrication.

In this work, we present sophisticated designs of thermal

cloaks composed of bulk isotropic materials using the

covariance matrix adaptation evolution strategy (CMA-ES)

to explore the optimal topology of structures expressed as a

level-set function. CMA-ES is known as a powerful stochas-

tic method for difficult non-linear optimization problems,

namely, multimodal, non-separable, and non-continuous

optimization problems. A level set method clearly expresses

structural boundaries using the isosurfaces of the level set

functions, which become positive within a structure and neg-

ative outside of the structure. Thermal cloaks are designed to

mimic the thermal distribution that emerges when no insulat-

ing obstacles exist and retains the external conductive heat

flux.

The scheme of this topology optimization for thermal

cloaks is illustrated in Fig. 1(a). The thermal insulating

obstacle is denoted by Xins, and the fixed design domain XD

is set to cover the insulator. The structure of a thermal cloak

XS is designed in XD. Structural symmetries are imposed

about the x and y axes, and the structures are expressed using

level-set functions discretized over the grid points in XD

[Fig. 1(b)]. The exterior of the fixed design domain is

denoted by Xout in which the disturbance of the temperature

distribution is evaluated from the performance of the thermal

cloak. Temperatures on the left-most and right-most bound-

aries of Xout are fixed at T¼ Tlow and T¼ Thigh, respectively.

The upper and lower boundaries of Xout are thermally

insulated.

By controlling the temperature around an obstacle, ther-

mal cloaks are realized by reproducing temperature fields

FIG. 1. (a) Schematic of topology optimization for thermal cloaks. Domain

sizes are Rins ¼RD � 3/5, Lx
out ¼ RD; Ly

out ¼ RD � 1=3, and Lgrid ¼RD � 1/

90. The thermal conductivities of iron and aluminum are set to kiron ¼ 67

(W/mK) and kalum ¼ 204 (W/mK). (b) Discretized level set functions /j.
a)g_fujii@shinshu-u.ac.jp
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corresponding to when no insulating obstacle is present.

Then, to evaluate the performance of the thermal cloak, the

objective function W is set to the least squares error relative

to a referenced temperature field, Tref, when no insulating

obstacles are present, that is,

W ¼ 1

Wn

ð
Xout

jT � Tref j2dX;

where T represents the temperature controlled by a thermal

cloak. As W is minimized, T tends to Tref at which the ther-

mal cloak mimics the temperature field when no insulating

obstacles are present. The above objective function is nor-

malized by Wn defined as

Wn ¼
ð

Xout

jTbare � Tref j2dX;

where Tbare represents the temperature when a bare insulat-

ing obstacle exists in the absence of cloaking. The tempera-

ture fields Tref and Tbare depend on conditions during

steady-state thermal conduction, specifically, the direction

of thermal flux, sizes of the cloaked domain, and thermal

properties of materials.

As a perimeter constraint, we minimize the perimeter of

the structure using the objective function to regularize the

topology optimization problem. Then, during optimization,

we minimize a fitness function defined as the sum of the

objective function W and a scaled value of the perimeter Lp

inf
/

Ftop ¼ Wþ sLp;

where s represents a regularization parameter. The perimeter

Lp normalized by RD is computed as the boundary length

between XS and XDnXS. By minimizing the perimeter with

W, the surface of designed configurations is tightened. A

compactness property preventing non-fabricable fine struc-

tures from remaining is given during the topology optimiza-

tion. The strength of the perimeter constraint can be adjusted

by changing s that determines the ratio between W and Lp.

The temperature T obeys the Laplace equation in the

steady-state thermal conduction as

r � kðxÞrTð Þ ¼ 0;

where kðxÞ represents the position-dependent thermal con-

ductivity given by

kðxÞ ¼
kiron þ vðkalum � kironÞ x 2 XD

kiron x 2 Xout ;

(

where kiron and kalum denote the thermal conductivities of

iron and aluminum, respectively. The characteristic function

v is defined in the fixed design domain as

vð/ðxÞÞ ¼
1 if x 2 XS

0 if x 2 XDnXS ;

(

where /ðxÞ represents the level set functions describing the

structural boundaries via the isosurfaces. The function

becomes positive in designed structure XS, negative outside

structures XDnXS, and zero on structural boundaries CS,

that is,

�1 � /ðxÞ < 0 8x 2 XDnXS;

/ðxÞ ¼ 0 8x 2 CS;

0 < /ðxÞ � 1 8x 2 XSnCS :

8><
>:

The level-set functions are discretized to /ðxÞ ¼
P

j sj/j,

where sj is the basis function for the linear interpolation and

/j represents the discretized level-set functions defined on

the grid points, see Fig. 1(b). The sets of discretized level-set

functions are denoted as / ¼ f/1;/2;…;/j;…;/Ng. The

vector / is optimized using the CMA-ES. To implement the

box constraint �1 � /ðxÞ � 1, an adaptive penalty func-

tion18 is employed.

The algorithm adopted for the CMA-ES (Fig. 2) is based

on a multiple-point search that adapts the shape, size, and

center of the mutation distribution by generating random

numbers that follow a normal distribution. With the first gen-

eration g¼ 0, the parameters of the distributions and the evo-

lution paths are initialized as

mð0Þ ¼ bu þ bl

2
1N; rð0Þ ¼ 0:3ðbu � blÞ;

Cð0Þ ¼ IN ; pð0Þr ¼ 0; pð0Þc ¼ 0;

where mðgÞ represents the mean vector, which determines the

center of the mutation distribution, 1N is the n-dimensional

vector with all elements set to 1, r(g) the step size represent-

ing the spread of the mutation distribution, and IN the iden-

tity matrix of dimension N. The lower and upper bounds of

the design variables are set to bl ¼ –1 and bu ¼ 1, respec-

tively. CðgÞ represents the covariance matrix that adapts the

shape of the mutation distribution to the fitness landscape of

an optimization problem. The evolution paths pðgÞr and p
ðgÞ
c

are used for step-size adaptation and covariance matrix adap-

tation, respectively.

Given the distribution parameters, a candidate solution

/
ðgþ1Þ
i is generated [Fig. 2(b)]

/
ðgþ1Þ
i ¼ mðgÞ þ rðgÞBDz

ðgþ1Þ
i ;

where i indexes the candidate solution number, D is a diago-

nal matrix, the elements of which are the square roots of the

eigenvalues of CðgÞ; and B is an orthogonal matrix, the col-

umns of which are the eigenvectors of CðgÞ, which are matri-

ces given reiteratively by CðgÞ ¼ BD2Bt.

Candidate solutions are evaluated by the finite-element

analyses and are ranked based on the evaluations [Fig. 2(c)].

The difference between the mean vector and candidate solu-

tions is obtained [Fig. 2(d)] specifically

y
ðgþ1Þ
i:k ¼ /

ðgþ1Þ
i:k �mðgÞ

� �
=rðgÞ;

where k represents the numbers of candidate solutions and

/
ðgþ1Þ
i:k is the ith-ranked candidate solution among /

ðgÞ
1 ;…;

/
ðgþ1Þ
k .

The parameters of the distribution are updated using the

three schemes [Figs. 2(e)–2(g)]
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Cðgþ1Þ ¼ CðgÞ þ c1 pðgþ1Þ
c pðgþ1Þ

c

� �T

� CðgÞ
� �

þ cl

Xk

i¼1

wi y
ðgþ1Þ
i:k y

ðgþ1Þ
i:k

� �T

� CðgÞ
� �

;

rðgþ1Þ ¼ rðgÞ exp
cr

dr

jjpðgþ1Þ
r jj

E jjN ð0; IÞjj
� �� 1

 ! !
;

mðgþ1Þ ¼
Xl

i¼1

wi/
ðgþ1Þ
i:k ;

where c1 and cl are the learning rates of rank-one and rank-l
updates for C, respectively, cr represents the learning rate

for the accumulation of the step size, dr represents the damp-

ing parameter for step-size adaptation, E[*] gives the expec-

tation value of its argument, l represents the numbers of

higher-ranked solutions, and wi represents the weight

assigned to /
ðgþ1Þ
i:k . The evolution paths are updated using

recursions

pðgþ1Þ
r ¼ ð1� crÞpðgÞr þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
crð2� crÞleff

p
B
Xl

i¼1

wiz
ðgþ1Þ
i:k ;

pðgþ1Þ
c ¼ ð1� ccÞpðgÞc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ccð2� ccÞleff

p Xl

i¼1

wiy
ðgþ1Þ
i:k ;

where leff represents the variance of the effective selection

mass and is equal to the reciprocal of the sum of squares of

wi; cc represents the learning rate for the accumulation for

the rank-one update of CðgÞ; and z
ðgþ1Þ
i:k is the random number

used to produce the ith-ranked solution /
ðgþ1Þ
i:k .

One of the attractive properties of the CMA-ES for prac-

titioners is that all the parameters of the strategy such as k, l,

wi, and the learning rate parameters, have well-studied

default values, both theoretical and experimental, that

depend solely on the dimension N of the search space. We

refer to Ref. 30 for default values.

The effect of a bare insulator on the temperature distribu-

tion is shown in Fig. 3. A thermal insulator Xins makes a dif-

ference to the temperature distribution with its contour lines

[Figs. 3(b) and 3(e)]. To accentuate the difference between the

above two distributions, we plotted the difference in tempera-

tures using the fine range �0:01 � Tn � Tn
ref � 0:01 in Figs.

3(c) and 3(f).

The results of topology optimizations based on CMA-

ES for thermal cloaks are presented in Fig. 4. We first men-

tion the performances of topology optimized thermal cloaks

represented by the value of W and illustrated by the right-

most images in Fig. 4. The optimal configuration succeeds in

reproducing the reference temperature distribution by mini-

mizing the difference T – Tref to approximately 1% of the

difference in the absence of cloaking despite the relatively

tight perimeter constraint, specifically, s¼ 1� 10�2 [Fig.

4(a)]. The aluminum structures are placed above and below

the obstacle; these structures are considered to be indispens-

able when they are designed subject to the relatively tight

perimeter constraint. The structures above and below work

to maintain the thermal conductivity in the x direction

reduced by the presence of the thermal insulator. Similar

configurations, so-called “Eyelid” structures, are obtained

through topology optimizations in previous work.14,15,18,20

Designed optimal configurations for wave propagations gov-

erned by Helmholtz equations14,15,18 have more complex

structures with winding boundaries than those for which con-

duction is governed by Laplace’s equations20 because cloaks

for wave propagations must control scatterings and interfer-

ences. Such eyelid structures were obtained from topology

optimization with s¼ 1� 10�3 and were extended left and

right of the obstacle as the value of s diminishes. Under

FIG. 2. Illustration of the algorithm of

CMA-ES.

FIG. 3. (a) No insulating obstacle in XD, (b) Referenced temperature, (c)

Tn
ref � Tn

refð¼ 0Þ, (d) A bare obstacle, (e) Temperature around the bare obsta-

cle, and (f) Tn
bare � Tn

ref .
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relatively lax perimeter constraints, the resultant configura-

tions exhibit a much greater degree of design freedom and

optimization puts a high priority on cloaking performance.

The W-value then reaches W¼ 1.16� 10�8 which is consid-

ered as nearly perfect cloaking because the difference does

not show up in the rightmost image, Fig. 4(c), despite the

fine range �0:01 � Tn � Tn
ref � 0:01. All the configurations

in Fig. 4 have much simpler structures composed of iron and

aluminum when compared to devices designed through

transformation thermodynamics such as the seven sub-

layered structure made from five different ingredient

sheets,25 and the bulk copper plate with numerous holes,24

and that of active thermal cloak31 composed of absorbers

and emitters of heat. Besides the simplicities of structures

and compositions, topology-optimized cloaks, particularly

designed with s¼ 1� 10�5, demonstrate sufficiently compa-

rable performances as reflected in the almost-straight contour

lines in Xout.

Optimal configurations and their performances obtained

by topology optimization certainly depend on the properties

of the object to be cloaked and the angle of heat flow because

it provides optimal configurations under a given scheme.

When a cloaked object is changed to a good thermal conduc-

tor instead of an insulator, the cloak is considered to consist

of bad thermal conductive elements that reduce the total

thermal conductivity that was increased by the cloaked

object. When the angle of heat flow changes, the performan-

ces of the optimal configurations in Fig. 4 become signifi-

cantly inferior. Under the heat flow along the y axis, the

performances of optimal configurations in Figs. 4(a)–4(c)

become W¼ 7.95� 10�1, 4.24� 10�1, and 1.67� 10�1,

respectively.

To increase the angle of thermal invisibility, we numeri-

cally demonstrate a topology optimization implementing

structural symmetries not only about the x and y axes but

also the y¼6x axes. The results are shown in Fig. 5.

Despite the reduction in structural design freedom with the

y¼6x symmetries, the W-value is better, W¼ 3.31� 10�9

[Fig. 5(c)], than that obtained by optimization without those

symmetries, specifically, W¼ 1.16� 10�8 [Fig. 4(c); right-

most image]. By imposing the y¼6x symmetries, the num-

ber of design variables drops from N¼ 4113 to N¼ 2069.

This reduction is considered to promote the search for opti-

mal solutions (configuration) using the CMA-ES. For the

confirmation, the performance of the multidirectional ther-

mal cloak in Fig. 5(a) under heat flow along the y axis is

evaluated as W¼ 2.10� 10�8. The slight difference between

the performances under the two directional heat flows is

caused by the evaluation in rectangular Xout. Here, we high-

light the optimal configuration shown in Fig. 5(a) obtained

with four axial symmetries (x, y, and y¼6x); the configura-

tion seems however to be almost rotationally symmetric. The

optimal configuration in Fig. 5(a) is similar to the structure

of the bilayer cloak.28 By setting a smaller additional alumi-

num cylinder in Xins as an alternative cloaked object, the

insulator Xins and designed aluminum XS in Fig. 5(a) are

then understood to be the inner (polystyrene) and outer

layers (alloy) of the bilayer cloak, respectively. Although the

ratios of thermal conductivity in the outer layers to that in

the host background is different, i.e., kalum/kiron ¼ 204/

67¼ 3.04 and 9.8/2.3¼ 4.26 in Ref. 28, the optimization

result presented well-follows those of the bilayer cloak

because the widths of the bilayer cloak are also optimally

chosen for determining thermal invisibility.

We confirm the performance of a completely rotational

symmetric configuration obtained by Wrot ¼W4axes as a ther-

mal cloak operating in an isotropic heat flux. The results are

shown in Fig. 6. We note that the structural isotropy in Fig. 5

is derived from the optimization and in Fig. 6 is imposed a
priori. The performance of the rotational symmetric configu-

ration reaches W¼ 7.82� 10�6 under the heat flow along the

x axis, which is sufficiently low to operate as a thermal

cloak; see Fig. 6(c), and W¼ 9.64� 10�6 under the heat flow

along the y axis. We estimate the permissible range of fabri-

cation for the width Wrot based on a criterion W� 1.02

� 10�2 obtained under s¼ 1� 10�2 in Fig. 4(a). The above

criterion is satisfied in the range 0.214�Wrot/RD� 0.274,

FIG. 4. Topology-optimized thermal cloaking structures (left), cloaked temper-

atures (center), and difference between the cloaked temperature field and the

reference field (right). The numbers of candidate solutions are set to k¼ 140.

FIG. 5. Results of topology optimization obtained with structural symme-

tries not only about the x and y axes but also about the y¼6x axes under

s¼ 1� 10�5. The width of the configuration along the x axis is W4axes

¼ 0.243�RD. The numbers of candidate solutions are set to k¼ 140.
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and the permissible range of Wrot is estimated as DWrot

¼ (0.274 – 0.214)RD ¼ 0.1Rins. In the strictest experimental

case,28 Rins is set to 6 mm and the above DWrot is estimated

at 0.6 mm.

For this study, we formulated a topology optimization for

thermal cloaks based on the CMA-ES and a level-set method

with an explicit boundary expression. Topology-optimized

structures with various structural constraints were presented

that yielded superior performances, which in some cases

reached almost 0.00000116% in the absence of cloaking. By

imposing additional structural symmetries, specifically about

y¼6x, the number of design variables was reduced and the

reduction provided further improvements in the performance

of the optimal configuration. Through topology optimization

subject to four-axial symmetries, we obtained concept designs

of thermal cloaking for isotropic heat flux. A thermally insu-

lated object can be cloaked using a rotationally symmetric

structure from isotropic inflow of heat.

This work was supported by JSPS KAKENHI (Grant

No. 17K17778).
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