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ABSTRACT. Hardie, Kamps and Marcum have considered the matrix Toda
brackets introduced by Barratt in the category of topological spaces from a
2-categorical point of view. Baues and Dreckmann have shown that a class
in the third Baues-Wirsching cohomology of a small category C governs every
classical Toda bracket if the bracket is defined with a Toda category in C.
Our aim is to generalize such a relationship to that between the class in the
cohomology and matrix Toda brackets in a 2-category. Moreover, the non-
triviality of the third cohomology is discussed via computation of a matrix
Toda bracket in the category of cochain complexes on an additive category.
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1. INTRODUCTION

The secondary operations due to Toda [26], the Toda brackets, play a crucial role
in the computation of the homotopy groups of spheres and more general suspension

spaces. More precisely, for a diagram H h G-1-F ! E in the category of

pointed topological spaces with gh ~ 0 and fg ~ 0, we define the classical Toda
bracket {f,g,h} in the set of homotopy classes [XH, E] with an indeterminacy,
where X H denotes the reduced suspension of H. Therefore, for three elements in
appropriate homotopy sets, the Toda bracket may give a new element of a homotopy
group of a space.

The construction of the Toda bracket is applicable in a triangulated category [11,
17]. Thus one might expect that such a secondary operation gives us new insights
into consideration of an appropriate Abelian category, a triangulated category and
a 2-category; see [3, 5, 8, 13, 15, 16, 25].

Baues and Wirsching have introduced cohomology of a small category, the Baues-
Wirsching cohomology, with interpretation of the first and second cohomology. The
first cohomology group can be described in terms of derivations, the second one
classifies linear extensions of categories; see [9]. Baues and Dreckmann [8] have
shown that the third Baues-Wirsching cohomology of a small category C classifies
linear track extensions over C; see [8, Theorem 4.6]. Moreover, a particular class,
the so-called universal Toda bracket is defined in the third one. If the category C
is a subcategory of the category of topological spaces, then it is shown that the
universal Toda bracket governs every Toda bracket if C contains the Toda category,
which defines the bracket.

Generalizing the classical Toda brackets, matrix Toda brackets have been intro-
duced by Barratt [2]. Roughly speaking, the bracket can be defined for a commu-
tative diagram of the form

w C B
\fi lb
A—2 =X

in the homotopy category of pointed topological spaces by using homotopies which

give the comutativity. In particular, the matrix Toda bracket } is nothing

27 ?‘7 w
but the classical one {b, g, w} if A is a space consisting of a point. Subsequently,
Hardie, Kamps and Marcum [13] have developed a categorical approach to such
brackets in a 2-category. It is important to mention that the matrix Toda bracket
has applications in explicit calculations of homotopy groups and more generaliza-
tions; see [3, 14, 15, 20, 21, 22, 23]. The results together with those mentioned
above motivate us to investigate the generalized brackets with the cohomology of
a small category.

In this manuscript, we show that the same class as the universal Toda bracket in
the third Baues-Wirsching cohomology of a small category also governs matrix Toda
brackets in the sense of Hardie, Kamps and Marcum if the bracket is decomposed
into two Toda brackets; see Theorem 2.6. Moreover, using the description of the
classical Toda bracket in a triangulated category due to Heller, we examine the non-
triviality of a matrix Toda bracket defined in a 2-category of cochain complexes.
Indeed, it is possible to represent a matrix Toda bracket with a classical one in an
algebraic triangulated category; see Theorem 2.14 for more details. The formula
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is reminiscent of the original definition of the matrix Toda bracket due to Barratt;
see also [24].

The the rest this paper is organized as follows. In Section 2, we describe The-
orems 2.6 and 2.14, which are our main theorems. Section 3 gives a brief review
of the matrix Toda bracket introduced by Hardie, Kamps and Marcum. After re-
calling a linear track extension over a small category, the universal Toda bracket is
defined. In Section 4, we recall the definition of the Baues-Wirsching cohomology
of a small category with coeflicients in a natural system. Then we prove Theorems
2.6. Section 5 proves Theorem 2.14 and gives a computational example of a matrix
Toda bracket. In order to describe the main theorems in Section 2, we need defi-
nitions and terminology although most of the explicit explanations are deferred to
the latter sections. For the reader, we here summarize the places in which such key
terms are mentioned. We indeed describe

the matriz Toda bracket in the beginning of Section 3,

a track category in Definition 3.2,

a linear track extension in Definition 3.4,

‘Hypothesis I' in the assertion of Theorem 2.6 before Definition 3.6,

the universal Toda bracket in Definition 3.6,

the Baues-Wirsching cohomolog and its variants in Definition 4.1 and

the algebraic Toda bracket in the sense of Heller, which is needed to state
Theorem 2.14, in the beginning of Section 5.

Acknowledgement. The author would like to express his deep thanks to Katsuhiko
Kuribayashi for many valuable comments on this article and his encouragement
throughout the research for this work. He also thanks the referee for careful reading,
thoughtful suggestions and valuable proposals to revise the original paper for this
thesis.

2. THE MAIN THEOREMS

In this section, our main theorems are described. For a small category C, we
define the category F(C) of factorizations in C as follows. The objects are the
morphisms in C and a morphism from « to /3 is a pair (u,v) of morphisms in C such
that S =wuoaow:

The composite of maps(u,v) : @« — 8 and (uv/,v") : 8 — 7 is defined by (u/,v) o
(u,v) = (v ou,vov"). Observe that, for an object ¢ : y — 2 of F(C), a morphism
idy, = (idy,1id,) is the identity on ¢. By definition, a natural system D on a small
category C is a covariant functor from F(C) to the category of Abelian groups. We
may write D, for D(a), where oo € ob(F(C)).
We recall the definition of a 2-category. A category G is a 2-category if the
following conditions are satisfied:
(i) For objects X,Y €ob(G), the hom-set Homg(X,Y) constitutes a small
category G(X,Y) with obG(X,Y) = Homg(X,Y).
(ii) For X,Y,Z €ob(G), the composite of morphisms in G defines a functor
o: Q(Y, Z) XQ(X, Y) — Q(X, Z) with 11YO—:1g(X7y) and —Olly:].g(xz).
A morphism from f: X — Y tog: X — Y denoted F' : f = g in the category
G(X,Y) is called a 2-morphism.
An object 0 in a 2-category is a 0-object if G(0, X) and G(X,0) are trivial cate-
gories for any objects X €ob(G).
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Two 1-morphisms f,g: A — B of G are homotopic if there exists an invertible
2-morphism F': f = g. We write f ~ ¢ if f and g are homotopic.

As usual, the homotopy category HG of a 2-category G is the category with the
same class of objects as that in G and the hom-set Hompyg(A, B) for objects A and
B in HG is defined to be the quotient Homg (A, B)/~ by the homotopy relation ~.
In what follows, G denotes a 2-category with a 0-object unless otherwise specified.

In order to describe our main theorem (Theorem 2.6 below), we further need
terminology on 2-morphisms.

Definition 2.1. Let S :u = v and T : r = s be 2-morphisms, where u, v, r, and
s are morphisms with same source and target. We say that S and T are conjugate
and write S(conj)T if there exists invertible morphisms H : v = s and K : u = r
such that H + 5 =T + K.

Definition 2.2. Let f,g: A — B be morphisms and F': f = g a 2-morphism in
G. A set N(F) is defined to be the set {G : 04 = 04 | G{conj)F}.

In what follows, we write Axy for N(1p: 0= 0: X — Y). We need more struc-
ture on the set Axy in order to relate matrix Toda brackets with the cohomology
mentioned in the Introduction. The set Axy is automatically a group; see [13,
Proposition 2.4]. Moreover, we assume that the group Axy is Abelian for any X
and Y in HG. For any morphisms b : B — C in G, the maps b, : Aap — Aac and
b* : Aca — Apa which are induced by the horizontal composition in G are well-
defined homomorphisms by the interchange law. Observe that we have a functor
A_ _: HG x HG — Ab to the category of Abelian groups.

Consider a commutative diagram

w

B
lb
X
in HG. Then we can define a matriz Toda bracket

b g
o4}

in the sense of Hardie, Kamps and Marcum; see Section 3 for more details. Let A
and k be 1-morphisms of a 2-category G. For a subset C of G(h, h) and an invertible
2-morphism 7" : k = h, let CT denote the subset {~T + &+ T | £ € C} of G(k, k);

see [13, (6.5) Notation]. Then, we see that the matrix Toda bracket {2, ?, w
is in Awx/(bxAwp + D + a,Awa), where D is the submodule (A(af) o w)*H of
Aw x, where A(af) ={F : af = af|F : invertible}. Moreover, if af ~ 0 ~ bg,

then {27 ?7 w} isin Awx /(b Awp +w* Acx + axAw a4); see [13, Corollary 7.3].
In fact, the result [13, Proposition 6.9 (c)] yields that D = w* Acx.

Definition 2.3. Let Ab be the category of Abelian groups. A functor DA :
F(HG) — Ab is defined by D[“}}::As(f)t(f) = N(1p:0=0:s(f) = t(f)) and
DA(u,v)(G) == 1,0G o1, = v*u,G for G € D[“j‘t] and (u,v) : [f] = [g], where o
denotes the composition in HG.

Let G be a track category; see Definition 3.2 below. We consider a linear track

extension of the form pA —+>g2 —y ] o HG in the sense of Baues and
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Dreckmann; see Definition 3.4. Then, we have the universal Toda bracket (HG)
in the Baues-Wirsching cohomology H3(HG, D*) with the coefficients in the nat-
ural system D4. Here, HG is small; see Definition 3.6. We observe that one of
important data which defines a linear track extension is a set of isomorphisms
of: D[“;‘c] — G(f, f) determined by 1-morphisms f of G. Such a set of isomorphisms

is called the action of DA to G.

Track categories appear naturally in homotopy theory. Indeed, applying the
fundamental groupoid functor to each mapping space in a topologically enriched
category yields a track category; see [18]. The discussion in [10, Introduction]
as well as [12, Section 8.1,8, III.1] gives a simplicial version of the construction
above. Moreover, a cofibration category in the sense of Baues gives rise to a track
category; see [6, Proposition I1.5.6 and Corollary]. From a category equipped with
a suitable cylinder functor, one can form a track category as described in [18,
Theorem IV.1.11].

We here mention that the Baues-Wirsching cohomology H*(C, D) of a small
category C can be normalized with an ideal S of the category C. We denote it by
HE(C, D); see Section 4.

Definition 2.4. Let MT be the category generated by the directed graph in dis-
played diagram, modulo the relation ao f =bo g.

—~ w g ~

W C B.
fi lz
A——=X

This category MT is called the matriz Toda category .

Definition 2.5. Let C be a category with zero morphisms. For a functor F :
MT — C which satisfies F(fw) = 0, F(gw) = 0, the functor F is called a matriz
Toda diagram in C. We also call F(MT) a matriz Toda diagram in C.

For the category MT, we have a functor ¢ : MT — HG with ¢(77) = n for
n € {w,a,b, f,g}; that is, the diagram (2.1) is regarded as a matrix Toda dia-
gram . Then, the functor ¢ induces a homomorphism ¢* : H?)(Hg) (HQ,DA) —

H3(MT,p*DA). Here, S = {fw,gw,i)gw}. Moreover, we have an isomorphism
h: H*(HG, DA) — HY, 16(HG, D*); see Section 4.
We are ready to describe our main theorem.

Theorem 2.6. Let G be a track category with HG small, which satisfies Hypothesis
I ;see Section 3. If af ~ 0 ~ bg, then there exists an isomorphism

: Hgv(MT, <p*DA) = Awx /(b Awp + w* Acx + asAwa)

such that the composite defined by the diagram

*

Hg(Hg)(HgaDA) ‘ HE(MT,p* DA)

;LT: {b g w}* :la
a f

H3(HG, DA) Awx /(b Awp + w* Acx + axAwa)

sends the universal Toda bracket (HG) to the matriz Toda bracket {Z, ‘th, w} de-
fined by the diagram (2.1).
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We recall a linear track extension; see Definition 3.4. Then we have the following
corollary.

Corollary 2.7. Let C be a small subcategory of HG which has a matriz Toda
diagram with a non-zero bracket. Then C admits a non-trivial linear track extension
by the natural system D* mentioned in Theorem 2.6.

Proof. Let F' : MT — C be a functor which satisfies the condition described in
Definition 2.5. For the inclusion functor ¢ : C — HG, we define the functor ¢ :
MT — HG by composing ¢ and F'. Then the commutative diagram

]
HG < C<—F MT
induces a commutative diagram
o

/M&M\

H}, ) (HG, DA) —— H}, o/ (C,0* DA) — L~ HE(MT, p* DA)

la

H3(HG, DA) ——— H3(C,*DA) Aw x | AL,

>
1R
=
%
IR

where A* = b, Awp +w* Acx +a.Awa. In fact, F(S) and t(O(C)) are included in
O(C) and O(HG), respectively. Then we have F"*o.* = ¢*. The functor ¢ : C - HG
induces the commutative diagram

F*(ng)) - F*(OT»
F*(HG,DA) — Y~ F*(C,1* D),

where column maps are inclusions. The diagram gives rise to the commutative
diagram

HY g (HG, DA) —— H}, 0\ (C, 1" DA)

H3(HG, DA) ——— > H3(C,.*DA).
Thus we have ¢* o ¢* = 7" o 1*. In consequence, we see that
0o F* o h(i*(HG)) = aoF* (ko ((HG))

oo F*(* o W({HG))
= aop*o iz(<Hg>)

{09 w} o

{s ‘;]C w} (by theorem 2.6.)
# 0.
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This implies that the element ¢*(HG) is nontrivial in H3(C, 1* D). O

If A in the diagram (2.1) is the 0-object , then we have a diagram

/-ﬂK\
w—Y soc—2% sp— . x

Therefore, the matrix Toda bracket w} is nothing but the classical Toda

b g
{0’ 0
bracket {b, g, w} defined by {—bK +Lw | K : 0 = gw, L : 0 = by, K, L : invertible}.
We observe that {b,g ,w} is in the coset Awx/(b+Awp + w*Acx) ; see [13,
Proposition 8.2].

Corollary 2.8. One has {8, g, w} ((HG)) ={b g w}.

In what follows, we may write {b g w}* for {8, g, w} .

Remark 2.9. We have {2, ?, w} ((HG)) = {Z, ?, w} ={bgw}—{a fw}=
(mro({bgw}* —{a fw}*)((HG)) in Awx/(bsAwp +w* Acx + axAwa), where
T .wa/(b*.AWB + w*.Acx) ) wa/(w*.ACX + a*AWA) — wa/(b*AWB +
w* Acx + axAw 4) is the projection; see Lemma 4.7 below.

We here recall a result in [8] on the classical Toda bracket. Let Top be the
category of based topological spaces with the based homotopy relation ~,. Assume
that the 2-category G in our setting is a subcategory of based coHspaces whose
1-morphism are continuous maps and whose 2-hom-set of Top(X,Y) is defined by
Hompopx,vy(f,9) = {H : X x I = Y}/~, for 1-morphisms f,g : X — Y. Then
we see that

Aap=N(1p: 04 = 08) = {G: 04 = 04 | Glconj)1y} = [ZA, B]

as a set and that Hypothesis I is satisfied for the 2-category G. Observe that the
based homotopy set [XA, B] is an Abelian group whose addition is defined with
the suspension structure of the domain as usual. Therefore, in view of Corollary
2.8, Theorem 2.6 is regarded as a generalization of the result [8, Theorem 3.3]. It
is important to remark that the ideal S” used in [8, Thorem 3.3] does not coincide
with S in Theorem 2.6. In fact, S = {fw, gw,bgw} and S" = {bg, gw, bgw}. Hence,
Corollary 2.8 gives another description of classical Toda brackets, which is stated
in terms of matrix Toda brackets.

Under the same assumption as in Theorem 2.6, we have propositions. These
propositions follow from [13, Theorem 5.4 and 5.5] and Theorem 2.6.

Proposition 2.10. Let x : X — Y be a map. Given a diagram of the form (2.1)
m HG, let z, : wa/(b*AWB +D + G*AWA) — Awy/((l‘b)*AWB + Acy ow +
(za).Aw 4) be the homomorphism induced by the map x, where D = (A(af)ow)*H.
Suppose further that zaf = 0 = xbg in a commutative diagram

w g

w C B

3 o

A X =Y
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in HG. Then, there holds the equality

A A R (o)
in Awx/(xb) Awp + Acy ocw + (za) Aw 4.

xb g - _ Jaxb g
Proof. By Theorem 2.6, we have {xa’ 7 w} (HG)) = {xa’ 7 w}. By the

definition of the matrix Toda bracket, there exists an element 6 in Ay x such
that {2, f”’ w} = [0]. Tt follows that x, {2, ?, w} = [z 0 6]. The result [13,

xb g

Theorem 5.4] implies that x o {b, g’ w} C { T w} Then we see that x o6 €
a f za' f

b g _Jaxb g
xo {a’ P w} and hence [z o 0] = {xa’ P
assertion. This completes the proof. U

} in the quotient mentioned in the

Proposition 2.11. Given a diagram of the form (2.1) in HG, letw : Azx /(b  Azp+
D+ acAza) = Azx/(beAzp + Awx 00 + arAza) be the projection, where
§:Z — W is a map and D = (A(af) o wd)*. Suppose that afw = 0 = bgw
in a commutative diagram

7w -—Ysco—?

B
f ib
X

A—2>

m HG. Then, one has

b b :
7T {aa ?’a wé} - {CL’ ?Z})vé} (<Hg>)
m Azx/(b*.AzB + Awx 00 + G*AZA)-

Proof. Theorem 2.6 enables us to deduce that b, gw’ dr ((HG)) = b, gw st
a fw a fw

By the definition of the matrix Toda bracket, there exists an element 6 in Ay x

such that {2, ?, w&} = [6]. By [13, Theorem 5.5|, we see that {Z, ?, w(S} C

b, gw) 0 ¢. Since 6 is in b, g) wd p, it follows that [0] =
a fw a f
quotient. We have the result.

b gw
a fuw’

5} in the

In describing Theorem 2.6, we use a matrix Toda category MT but not a Toda
diagram in [8]. Therefore, the maps 7 and z, in Propositions 2.10 and 2.11 are
defined naturally. An advantage of the propositions above is that the non-triviality
of the matrix Toda brackets follows from that of the image by the homomorphisms
of the universal Toda bracket (HG).

Another main theorem asserts that a matrix Toda bracket is represented by the
classical one in an appropriate category. In order to describe such a result, we
consider the category of cochain complexes Ch(B) on an additive category B.

For any objects X and Y in Ch(B), the hom-set Ch(B)(X,Y) admits a category
structure. In fact, its objects are cochain maps from X to Y and the hom-set is a
set of linear maps of degree —1 defined by

Homen(s)(xv)(f,9) = {h: X =Y | f—g=dyh+hdx}/ ~.
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Moreover, for linear maps h, k : X — Y of degree —1, by definition i ~ k if and only
if there exists a linear map u : X — Y of degree —2 such that h — k = dyu — udx.
A vertical composite
+ : Homens)(x,v) (9, ) x Homens)(x,v)(f: 9) = Homens)(x,v)(f. h)
is defined by +(hy, ha) = hy + ha. Moreover, the composite
o: Ch(B)(Y,Z) x Ch(B)(X,Y) = Ch(B)(X, Z)

in the category Ch(B) gives rise to a functor whose behavior in the hom-sets

o : Homeps)(v,2)(f's ") x Homeys)(x,v)(f;9) = Homep sy (x,2)(f o f.9' 0 g)

is defined by koh := f'k+hg for k € Homep,s)(v,z)(f', ¢') and h € Homep)x,v)(f, 9)-
The homotopy category H(Ch(B)) admits the triangulated category structure
whose distinguished triangles are constructed by the mapping cone and suspension
functors; see [1, Theorem 2.3.1].
More generally, we recall the definition of an algebraic triangulated category.

Definition 2.12. [19, 3.2] An exact functor T — U between triangulated cate-
gories is a pair (v,7n) consisting of a functor v : T — U and natural isomorphism

n:voXy — Yy owv such that for every exact triangle X 5 Y %7 % $X in T
the triangle

X Y% oY 0wz MY S0 x)
is exact in U.

Definition 2.13. [19, 7.5] A triangulated category T is called algebraic if there
exists a fully faithful exact functor ¥ : T — H(Ch(B)) with a natural isomorphism
7903 — X od for some additive category B.

A matrix Toda diagram (2.1) in a triangulated category T gives rise to a Toda
diagram of the form
W oW ae VY x.

Then we have (—f Vg)w =0 and V(a,b)(—fVg) =0in 7. In fact, the direct sum
of two objects A and B is an object A @ B together with morphisms

i:A—>A®B,j:B—A®B

making (A® B, 1, j) into the coproduct. Moreover, we have the product (A® B, p, q)
with morphisms

p:A®PB— A, q:ADPB— B.
These maps are related by equations [18, page 444]
pi=1ida, qj=1tdp, pj =0, qi=0 ip+jq=idags.
We shall prove (—f V g)w =0 and V(a,b)(—fV g) = 0. Consider the diagram

B
/T l\
q J
w — V(a,b
W c ALY )




ON MATRIX TODA BRACKETS IN THE BAUES-WIRSCHING COHOMOLOGY 11

For (—fVgw: W — A® B, we see that po ((—f Vg)w) = (po(=fVg)ow =
—fow=0=po0and go ((—fVg)w) =gow =0=¢go0. Since (—f V g)w is
unique, it follows that (—f V g)w = 0.

The second equality follows from relations between morphism mentioned above.
In fact, we have

V(a,b)o(=fVyg) = V(a,b)olagpo(~fVyg)
= V(a,b)o(iop+joq)o(—fVyg)
= V(a,b)oiopo(=fVg)+V(ab)ojogo(—fVyg)
= (V(g,b)oi)o(po(=fVg))+(V(ab)oj)o(go(—fVyg))
= ao(—f)+boyg
= —aof+bog
= 0.

Let {¢,v¥,n} denote the classical Toda bracket for X 2 Y LB ZA Wi T
defined by Heller [17, Section 13]. Then we have the following theorem.

Theorem 2.14. For a matriz Toda diagram (2.1) in an algebraic triangulated
category T with a fully faithful exact functor (¥,n), via ¥, one has

i
wp ={V(a,b),~fV g,w},
a, f

that s

9b, g »
da, Of Yw p =9{V(a,b),—fVg,w}ony .

3. BRIEF RECOLLECTION ON MATRIX TODA BRACKETS AND THE UNIVERSAL
TODA BRACKET

We begin by considering a diagram

0

TN

w g

w C B

sy

A——X

in a 2-category G, where S : af = bg is a 2-morphism. Then, we define a set
o(S,w) by

o(S,w) :={-bK+Sw+aH | H:0= fw,K :0= gw,H and K are invertible}.
We define the matrix Toda bracket {2, ?, w} to be the union (Jg., o (S, w), where
Z ={S 1|8 :af = bg is invertible}.

Remark 3.1. For a 2-morphism S : af = bg and l-morphism w : W — C, we see
that o(S,w) C N(Sw).
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Let § = —bK+Sw+aH in N(1,7,) = Awx; see [13, Proposition (2.4)]. Suppose
that af ~ 0 ~ bg and Ay x is an Abelian group. Then, the matrix Toda bracket

{2, ?7 w} coincides with the coset (0 +bo N(1gy) + N(S)ow + ao N(1sy)).

We observe that a ~a/, b ~ ¥, f~ [, g ~¢ and w ~ w' then {2’ i]f, w} =

/ /
{Z,, ?,, w’} as a coset; see [13, Proposition (5.3)].

In general, k ~ 1 then N(1;) = N(1;) ; see [13, Proposition (2.2)]. Then, we see
that {2, ?,, w} = [9] is in -AWX/(b*AWB +w*Acx + a*AWA).

Let C be a small category and D a natural system. For «, u € mor(C) with s(u) =
t(a), we write u, for the homomorphism D(u,ids(q)) : Do — Duyoa. Similarly, the
homomorphism D(idy(),v) : Do —+ Daoy is written as v*, where v € mor(C) with
t(v) = s(a).

We here recall the definition of the nth Baues—Wirsching cohomology of C with
coefficients in D. For n > 1, let N,,(C) be the set of n-simplices of the nerve of C;
that is, Na(C) = {A = (A1, Aave s An) | Xo &8 Xp 22 Xy ¢ --- 2 X, }. Let F™ be
an Abelian group defined by

F"=F"(C,D) :={c: No(C) = Ugemor(c)Dyg | c(A1,-. ., An) € Dxjoron,. }-
The boundary operator 6" : F"~! — F" is defined by
" (@A) = Az, s An)

n—1
+ ) (DA, A 0 At An) + (D) Nse(Ar, -, M),
i=1

for A= (\1,...,An) € N,(C) and ¢ € F"~1. The cohomology H"(F*(C, D)) of the
complex F*(C,D) := {F"(C, D), " }nez is called the nth Baues-Wirsching coho-
mology, denoted H"(C, D).

Definition 3.2. A track category T is a 2-category enriched in groupoids. More
precisely, T is category consisting of following data:

(i) For objects A and B of T, the set T (A, B) of 1-morphisms is a groupoid.
(i1) The composite x : T(A, B)xT (A’, A) — T(A’, B) is a functor for A’, A, B €
ob(T).
We may write 7; and 7z for the underlying 1-category of a track category and the

sets of 2-morphisms, respectively; allowed Line 1lof Page 4. (be used Line 1lof
Page 4.)

Remark 3.3. (i) For f, f' € Homr, (A, B) = obT (A, B),H € Homy 4 p)(f, f’) and
G € Homy(as,4)(g,9'), the function * carries the pair of tracks (H,G) to a track
H+G in Homy(4/,gy(fog, f'og"). For the vertical composite + : Homy(4,g)(f', f")x
Homy(a,p)(f, f') — Homya,p)(f, ["), we write + (H',H) = H' + H. Observe
that the functoriality of * gives rise to equalities H*G = ¢"*H + f,G = f.G+g*H,
where f,G =1+ G and g*H := H * 1,.

(ii) (14):G =G, (14)*H = H.

(iii) The operation * in (i) is associative.

Definition 3.4. [8, Definition (4.3)] Let C be a category and D a natural system
on C, namely a functor D : FC — Ab. A linear track extension € of C by D consists
of a track category 7, a functor p : 71 — C and an action o of D on T, which is
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aset 0 = {oy: Dppy = T(f, f) | o is an isomorphism of groups for f €mor(71)}.
Moreover, the following conditions are required:

(i) p is identity on ob(C) and full, moreover, p satisfies p(f) = p(g) < f ~g.

(ii) For H € T(f,h) and a € Dy(ypy,on(a) + H = H + o¢().

(iii) For a,8 € Dy and f,g € mor(Ty), one has g*os(a) = os4(g*a) and
feog(B) = 0rg(f+P).

Following [8], we may write D 7o == T, -2~ for the linear track exten-
sion £ mentioned above, see also [4, Section 1] for the notation.

Let &£ be a linear track extension of a small category C by D and let 7 : mor
C = mor Ty and H : NoC = Uy yemor(ry) T (f, 9) be functions with p o 7=1 and
H(f,g) € T(tforg,7(fg)). We define a cochain Cg (1, H) : N5(C) — Ufemor(c) Dy
by

CS(Tﬂ H)(f7 9, h) = U;(lfgh) (A)v

with A = —H(f,gh) — (7f)«H(g,h) + (th)*H(f,g) + H(fg,h). See the diagram
below. Observe that A belongs to T'(7(fgh), 7(fgh)) and 0;(lfqh) is an isomorphism
from T(7(fgh), 7(fgh)) to D(pr(fgh)) = D(fgh).

T(fgh)

/ﬂ;m

(f) r 7(9) ]ﬁh)

T(fgh)

Let F™ denote the Abelian group F"(C, D). For the boundary operator 6% :
F3 — F* we see that §*(C(7,H)) = 0. Observe that the cocycle C(r, H) does
depend on the choice of 7 and H; its cohomology class[C(7, H)] dose not ; see [8,
(A.1) Lemma (c)].

Remark 3.5. Suppose that 7 has a 0-object, then we can choose 7 and H so that
7(0) = 0 and H(f,0) = H(0, f) = 1p. Indeed, po7 = 1 and p is full, then there
exist 7(f) € Homrp (4, B) such that p(r(f)) = f for f € morC. Observe that
p(T(fg)) = fg = p(r(f) o 7(g)), then there exist a 2-morphism H between 7f o Tg
and 7(fg); see Definition 3.4(i).

We here define the universal Toda bracket.
Hypothesis 1. Let G be a track category which satisfies the following conditions:

(i) The group Axy is Abelian for any X and Y in HG.
(ii) For the functor DA : F(HG) — Ab defined in Definition 2.3, there exists a
linear track extension

DA—>Gy == G, —> HG

such that og = id, where the functor p : G; — HG is the natural projection.

We observe that oy denotes the element determined by the zero map 0 in the
action o = {0y : Dﬁc} — G(f, f) | of is an isomorphism of groups for f € mor(G;)}
of DA which defines the linear track extension above; see [7, proof of Theorem 3.1],
[8, Example 4.7] and Example 5.2 below for examples which satisfy Hypothesis I.
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In particular, Example 5.2 gives a linear track extension whose action consists of
identities; that is o = id for each morphism f in G.

Definition 3.6. Let G be a track category which satisfies Hypothesis I and HG
small category. Let £(HG) be the linear track extension in Hypothesis I. Then
the class (HG) := [Ceng)(r, H)] which belongs to H3(HG,D*) is called the
universal Toda bracket.

4. PROOF OF THEOREM 2.6

We begin by recalling a normalized version of the Baues-Wirsching cohomology.
Let S C mor(C) be a subclass of morphism in C. We say that S is an ideal in C if
foge S, gohe Sforany g € S and (f,g,h) € N3(C). A natural system D on
C is S-trivial if f* =0, f. =0 (zero map) for any f € S. For a 0-object *, a set
O(C) is defined by O(C) :== {0 : A — x — B|A, B €ob(C)}. It is readily seen that
O(C) is an ideal.

Definition 4.1. Let S be an ideal of mor(C). Abelian subgroups F™(S) and ™ ()
of F"(C,D) = F™ are denoted by

Fr(S) = {{CEF"|C(/\1,...,/\n)zoif/\i € Sforevery i€ {l,...,n}} (n>1)

{ce F c(A)=0if 14 € S} (n=

and
F(S) = {c€ F"|c(Ay,...,\,) =01if \; € S for some i€ {1,...,n}} (n>1)
Tl {ce FO|e(A)=0if 14 € S} (n =0)

respeictively. We say that ¢ € F™(S) is a cochain relative to S. We say that
c € F(S) is a normalized cochain.
Observe that we have a sequence F"(S) C F"(S) C F"(C, D) of inclusions.

Let K be a subcategory of a small category C and S an ideal of mor(C). We
define H2(C, K; D) by H™(F*(morK) NE*(S), ), which is called the S-normalized
cohomology group of the pair (C, K).

In order to define the map « in Theorem 2.6, important results in [8] concerning
the normalized cohomology are described below.

Theorem 4.2. [8, Theorem (1.9)] Let S be an ideal in C and D an S-trivial
natural system on C. Then the inclusion j : S C SUOb(C) induces an isomorphism

7 HE opey (€ K3 D) — HE(C,K; D) forn > 0.

Theorem 4.3. [8, Theorem (1.10) | Let C be a small category which has a zero
object and O(C) the ideal of zero morphisms. Let K be a subcategory of C which
contains the zero morphism 0 : A —A for every object A in Ob(K). Moreover, let
S be an ideal in C and D a natural system on C which is S U O(C)-trivial. Then

the inclusion i: S C SUO(C) induces an isomorphism i* : Hg oy (C, K; D) =
HZ(C,K; D).

In what follows, we drop the tildes for objects and morphisms of MT and S
denotes the ideal {fw, gw,bgw} in MT. We shall have a commutative diagram

(41): > 73 o 7

wlz|w |

0530 !
Dﬂ u Dbgw X Dafw _— O7

where D := Dy, X Dypg X Dy X Dyg X Dipgyy and Fidenotes F'(SUob(MT)); see
Appendix A for the commutativity of the diagram and the maps. This allows us
to deduce the following lemma.
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Lemma 4.4. The map n induces an isomorphism
7t Dygw X Diygw/I = Dygyy X Dgpu/I = Hg’UOb(MT)(MT, D),
where I =TIm(m o 0% on')
The following lemma is proved in Appendix A.

Lemma 4.5. The map k : Dygy /(b Dgow+w* Dypg+a. D) — Dpguw X Dygy/ Im(mo
53 on’) defined by k([y]) = [(y,0)] is a well-defined isomorphism.

Thus, we have the following result.
Theorem 4.6. Let D be a natural system on MT which is S-trivial. Then n ok
is an isomorphism from Dygy /(bsDgy + w*Dyg + axDyyy) to ngob(MT)(MT7 D).

Let MT be the matrix Toda category, D the natural system of automorphism
on HC and S an ideal of MT and of the form {fw, gw,bgw}. Suppose that there
exists a functor ¢ : MT — HG which satisfies the condition that ¢(fw) = 0 and
¢(gw) = 0. We define (o) : F3(O(HG)) — F3(S) by

(@) () (A1s Az, Az) = e(p(M1), (), 9(A3)).
Moreover,we define ¢* : H, ¢ (HG; DA) — HE(MT; ¢* D) by o*([d]) := [(¢%)3(c)]
for [c] € HY, 16, (HG; DA).

b ' . : . L
We define {a’ ‘jc, w} by the composite which fits into the commutative diagram

Hy 6y (HG: D*) > HY(MT; 0" DA) e HEopr) (M T3 0" D)

J
ET: b g : ﬁok“’:
a f Y

H3(HG; DA) Awx /bx Awp +w* Acx + a.Aw a,

where h is the inverse of the isomorphism described in Theorem 4.3; see also The-
orem 4.6.

In order to prove Theorem 2.6, we recall the definition of & in [8, Appendix BJ.
Under the same assumption as in theorem 4.3, let F'* denote the cochain complex
{F"(morK) NF"™(S),6"}. We write F™ for the module F"(morK) N F"(S).

Forn>1and 0<i<mn,lett : FP*l - F" be a homomorphism defined by

4 ()\ A ) C(>\1>-~ A 0, A, a)\n) if Adjo..o\, =0
c yen s A ) 1= .
! 0 otherwise.

By definition, we see that for n = 0, t° : F'' — FO is the trivial map. For each
non-negative integer k, define a submodule F} of F™ by

F={ce F":c¢(A,..,\n) =0if \; =0 for some i < k}.
Then F}? defines a decreasing sequence of subcomplexes of (F*,d) such that Fj] =
F™ and FJ = F"(morK)NF*(SUO(C)) for k > n. We define a map h* : F} — F}
by hF :=1 — tk§"*t1 — 57tk where

th(c) :=

~ —DEE i E<n—1
)—{( ) B for c € F"

0 otherwise.
A direct calculation shows that h* is a chain map; see [8, page 337] . Thus we see

that h* is homotopic to the identity. The homomorphism h* satisfies the condition
that (i) h¥c = c for ¢ € F,, and (ii) h*(F}) C Fr ;.
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It follows from the condition (ii) that h* is a homomorphism from F}' to F}', .
Thus we have a commutative diagram

n—1 0" n " n+1 6"
Fo Filn iy —
id id A"

n—1 " n o n+1 "
Ey 134 Fim —
id hn—l hn—l

n—1 0" n " n+1 90"
Fn—l anl Fn—l

2 -2 2
ho h° h°

n—1 0" n 0"t n—+1
£y Fo B —

This diagram enables us to define a chain map h : Fg' = F" — F! = F"(morK) N
Fr(SU 0(C)) by h = h""1oh"20-..0h" The homomorphism h in Theorem 2.6
is defined by h([c]) := [hc].

We describe Lemma 4.7 which is necessary for Lemma 4.8.

Lemma 4.7. Suppose that S : af = bg is an invertible 2-morphism in G. If N(S)
is a non-empty set, then there exist two invertible 2-morphisms U : af = 0 and
V :bg = 0 such that S = -V 4+ U.

Proof. Since N(S) #0, there exists 2-morphism G : 0 =0 such that G(conj ).S; that
is, there exist invertible 2-morphisms F; and Fy such that F} + G = S + F5. Then
we have an equality S = F} + G — F». We define invertible 2-morphisms U : af = 0
and V :bg = 0by V= -G — F} and U = —F3, respectively. Then we see that
S=-V+U:af = bg. O

With two important lemmas below, we prove Theorem 2.6; see Appendix B for

the proofs of the lemmas 4.8, 4.9.

Lemma 4.8. For the map k in Lemma 4.5, one has k([0]) = [(—bK — Vw, —aH —
Uw)], where V and U are the 2-morphisms defined by the 2-morphism S : af = bg
in Lemma 4.7.
Lemma 4.9. For the composite h = h?oh' o h°, one has

(qu)s(hcfj(c’) (Ta H))(bv 9, w) = Cé’(C’) (T7 H)(bv g, ’LU) = —bK — Vuw.
Proof of Theorem 2.6. We define a homomorphism

o He(MT,p* D*) = Awx /(b Aws +w* Acx + axAwa)
by a = (j*ofok)~ L
It follows from Lemma 4.8, 4.4, Theorem 4.2 and Lemma A.1 that
a([0]) J* oo k((0])
= (" on)[(-bK — Vw,—aH — Uw)]
= j'[n(-bK —Vw,—aH — Uw)] = [n(-bK — Vw, —aH — Uw)]

/
(

[C 7bK7Vw,faH7Uw)]
in HY(MT;¢*D?). For [¢)_yxc vy _ap—vw)) € HE(MT;9*DA), we have

cl(—bK—Vw,—aH—Uu;)(b7gﬂ w) = —bK — Vuw.
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The same argument enables us to deduce that Cl(fbevlu,faﬁwa) (a, fyw) = —aH—
Uw. The result above and Lemma 4.9 yield that ¢* o h((C)) = a~1([f]). This
completes the proof. O

5. PROOF OF THEOREM 2.14

In this section, we describe a matrix Toda bracket in a triangulated category in
terms of a classical Toda bracket defined in [17, Chapter II].
Let 7 be a triangulated category with suspension functor 3. We recall here the

Toda bracket in 7 defined by Heller [17]. Given a diagram W Lxsyhz
with hg = 0 and gf = 0 in 7. Then we have a distinguished triangle of the form

w i) X5 Cy Jy YW and a commutative diagram

w—t x0T oew
L)
WX — Y — 7

in 7. The Toda bracket {h, g, f} € T(SW,Z)/(hT(EW,Y)) + T(EX,Z)Sf) is
defined by the class [t] in the quotient.

Let B be an additive category and C'h(B) the category of cochain complexes on
B mentioned in Section 2. The homotopy category H(Ch(B)), which admits the
triangulated category structure whose distinguished triangles are constructed by
the mapping cone and suspension functors. Observe that the suspension functor
¥ : H(Ch(B)) — H(Ch(B)) is defined by (XX)! = X**! and dsx = —dx for a
cochain complex (X, dx).

Let 7 be an algebraic triangulated category with a fully faithful exact functor
¥ : T — H(Ch(B)). In what follows, we identify morphisms in 7 with their images
by ¢ in H(Ch(B)).

Proposition 5.1. Ayx = A0: W — X) =T (EW, X).
Proof. By definition, we see that
A0:W = X) = N(1p: 0¥ = 0%) = Homyw,x) (0% ,0%)
Hom,p () (w, x) (0 , 0% )
{h:W—=X|0-0=dxh+hdw}/ ~
= {h:IW — X | h:a cochain map} /chain homotopy relation
—  H(Ch(B))(SW, X)
= TEW,X).
This completes the proof. O

Here we verify that the matrix Toda bracket and the Toda bracket in Theorem
2.14 are in the same abelian group in H(Ch(B))(Z (W), 9X).
9b, g

a?
Yw* Ayeyx +da.Agwoa) and Aywyx is nothing but the group H(Ch(B))(Z(9W)), ¥X)
by Proposition 5.1. The classical Toda bracket ¥{V(a,b),—f V g,w} in H(Ch(B)
belong to YT (EW, X)/9(V(a,b)T (W, A @ B) + T(2C, X)Sw) and 9T (SW, X)

is equal to H(Ch(B))(Y(EW),9X). Thus we have H(Ch(B))(I(EW),9X) ony,' =
H(Ch(B))(Z(9W),9X).

The matrix Toda bracket { Yw p belongs to Aywox/(Vb.Aywon +
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We denote by M D the diagram (2.1) in 7. Then M D gives rise to a sequence
T(MD): W % ¢ 1Y 468 V%" X with (—fVg)w = 0 and V(a,b)(—fVg) = 0.

Thus T(M D) is regarded as a Toda category by definition.
Proof of Theorem 2.14. We see that the both sides are in the same Abelian group.
In fact, the natural mapsi: A - A@ B and j : B — A® B induce an isomorphism
(iv,4:) : T(SW, A) & T(SW, B) S T(SW, A® B). 1t follows from the universality
of the direct sum that the composite V(a,b), o (i, j.) is nothing but V(a.,b,) :
T(EW,A) & T(EW,B) = T(XW, X). Thus we have
V(a,b).(EW,A® B) = a, T(EW, A) + b.T(EW, B).
Indeed, we have
V(a,b),T(EW, A& B) = V(a,b).(ix, j:)(T(EW, A) & T (Xw, B))
= V(aw, b )(T(EW,A) & T (3w, B))
a, T (EW, A) + b, T(EW, B).

T(SW, B)

(0.3+) i ‘ \
Jx
v
S —

[ a,b).
T(EW, A) & T(EW, B) — ) 15w, Ae B) — 4

m Tl* /

T(SW, A)

T(SW, X)

The result and Proposition 5.1 enable us to conclude that the matrix Toda
bracket and the classical Toda bracket are in the same quotient group.

In order to show the equality of Theorem 2.14, we consider a commutative dia-
gram

Jx

T(W,A® B)<“— T(C,A® B) ~—— T(Cw,A® B) T(EW,A® B)
\LV(@J})* lV(a,b)* lV(mb)* lV(mb)*
T(W, X) < T(C, X) ~———— T(Cp, X) ~—L—— T(EW, X)

in which row sequences are exact. Chasing the diagram, we construct ¢ and s in the
definition of the Toda bracket {V(a,b), — fVg,w}. Since w*(—fVg) = (—fVg)w =0
for —fVgin T(C, A®B), it follows that i*(s) = — f Vg for some morphism s : C,, —
B iCu=cosw » aeB
in T(Cyw,A® B) as s. The equation C,, = C' ® XW is meant in the underlying
category of graded objects in B, not in 7. Moreover, we see that j*(—bK + Sw +

aH) = (0,—bK + Sw+ aH), V(a,b). <‘gf _ﬁ;) = (—af +bg,aH — bK) and

A® B. In fact, we can choose the morphism

J*(=bK + Sw + aH) — V(a,b). (‘gf H ) — (5,0) (dc w ) +dx(S,0).

-K 0 —dw
This implies that we can choose —bK + Sw + aH as t and j.(t) = V(a,b).s; see
Appendix C in detail. This completes the proof. O

We describe a computational example with Theorem 2.14.



ON MATRIX TODA BRACKETS IN THE BAUES-WIRSCHING COHOMOLOGY 19

Example 5.2. Let G be the 2-category Ch(B) mentioned above. One has a linear

track extension of the form pA s Go —= Gy A HG . By definition, we see

that D[“?] = A0 : s(f) = t(f)) = G(0,0) = G(f, f). Then, we define the action o
by oy = id for any f. Indeed, G(f,f) ={h: X =Y | f— f=dyh+hdx}/ ~=
{h: X 5Y|[0=0-0=dyh+hdx}/ ~=G(0,0). In this example, all conditions

in Theorem 2.6 are satisfied.

Example 5.3. Let 7 be the triangulated category H(C’h(l’)’))7 where B is the

category of Z-modules. Here T is clearly algebraic. Let X Ly 4 Cy ENS ¢
be the mapping cone construction of a map f in 7. Suppose that there exists
an integer k such that (i) H*(X) # 0 while Hom(H*(Y), H*(X)) = 0 and (ii)
H(j) : H*"1(Cy) — H*}(XX) is not surjective. Then we see that 1yxgx) is a
non-trivial element in the quotient @ defined by

T(E(XeX), X(XeX))/(,)T(EXeX),CreCH)+T (YY), S(XeX))S(f, f).
In fact, If 1yxqx) is trivial in @, then we have
1E(X@X) = (]aj)(a) + B © Z(f?f)

for some o € HY(Hom(Z(X®X),CrCy)) and € H'(Hom(E(Y8Y), B(X B X)).
Observe that in our setting, the Hom-set 7 (U, V') is nothing but the 0th coho-
mology H®(Hom((U, dy ), (V,dyv))) of the cochain complex Hom(U, V) with the dif-
ferential § defined by §(¢) = dyp — (—1)3%8%wdy; for a homomorphism ¢ : U — V.
Let h : H*(Hom((U,dy), (V,dv))) — [1_, 4= Hom(H?(U), H?(V)) be the ho-
momorphism defined by assigning a cochain map the map induced in the cohomol-
ogy. Then the equality above enables us to deduce that

h(lsxex)) = (H(), H(j))h(a) + h(B) o X(H(f), H(f)) = (H(j), H(j))h()
in the degree k — 1. The second equality follows from the condition (i). The left
hand side is the identity map 1z (s(xx)) while the right hand side is not surjective

because of (ii), which is a contradiction.
We consider a diagram

(f:f) (3,0)

MDy;: XoX—> Y@Y4>Cf
—(O,i)l ljvo
c; 2(X ® X)

in 7. It is readily seen that this is a matrix Toda diagram. Thus the diagram gives
rise to a Toda diagram of the form

(f:f)

T(MDy): Xox - yey Y crec, 9L

S(X @ X),
which is a distinguished triangle in 7. Theorem 2.14 implies that in Q,

{j Vo, (i,0)

0\/j, _(071.) (fvf)}:{(jaj)’(zvz)v(fvf)}:[1E(XEBX)]7AO

The last equality follows from the definition of the classical Toda bracket.

We describe a toy example; see diagram below. As the example which satisfies
the conditions (i) and (ii) above, we give complexes X, Y and a cochain map
f:X =Y, where X0 = Z Xi=0ifi#£0, Y '=Y"=27Z Y* =0 for k # —1,0,
the differential dy : Y1 — Y? is defined by dy(y) =2y and f' ' =1: X' =Z —
Y! = Z. Observe that H*(Y) = Z/2Z, H°(X) = Z and H(j) : H ' (Cy) = 2Z —
H~Y(XX) = Z is the inclusion; see Appendix D.



20 K. SHINKAI

The result [8, Theorem (4.6)] asserts that linear track extensions of C by a
natural system D are classified with the Baues-Wirsching cohomology H?(C, D).
Then, Theorem 2.6 enables one to deduce the following result.

Example 5.4. Let G be a small sub 2-category of Ch(B) which contains the matrix
Toda diagram M Dy described in Example 5.3. There exists a linear track extension
of HG by DA with oy = 1 which is non-trivial up to equivalence. This follows from
Corollary 2.7.

APPENDIX A. PROOF OF LEMMA 4.5

By the same argument as in the proof of [8, Lemma (1.12)], we have Lemma 4.5.
We first define isomorphism m,n, m’ and n’ in diagram (4.1).

Lemma A.1. The Abelian subgroup F* of F* is isomorphic to Dygw X Da -

Proof. We define homomorphisms m : F'3 — Dygyy X Dy g and n 2 Dygyy X Dy oy —
F3 by m(c) := (c¢(b, g, w), c(a, f,w)) and n((z1,z2)) := C/(ml +,) Tespectively, where
Che, .z, 15 defined by

T1 (a1, 2, 3) = (b, g, w)
zl,xg)(a17a27a3) = T2 (OZl,OlQ,Oég) = (CL, f,UJ)

0 if there exists ¢ such that «; is in S U ob(MT).

/
&

The conditions (ii) and (iii) in the definition of MT yield that the map n is well
defined. It is readily seen that nom =idps and mon =idp,,, «xp g

afw”®

Lemma A.2. The Abelian subgroup F? of F2is isomorphic to Df = Dy X Dyg %
wa X Daf X Dbgw-

Proof. We define homomorphisms m’ : F2 — D! and n/ : D¥ — EF? by m/(c) :=

(C(gv U}), C(bv g)v C(fv ’LU), C(av f)7 (bgv ’LU)) and n/((xlv T2, T3, T4, .’E5)) = C/(xl,xQ,:cs,m4,m5)’
respectively. Here,

€1 (041,02) = (g,w)
Z2 (041,012) = (ba 9)
’ L z3  (on,02) = (f,w)
0(33179027953@4@5)(@1,042) ) xa (an,02) = (a, f)
5 (a1, a2) = (bg,w)

0 if there exists ¢ such that «; is in S U ob(MT).

The well-definedness of n’ follows from the condition (i) in the definition of M'T
and the argument of Lemma A.1. A direct calculation shows that m' on’ = idps
and n' om' = idp-. O

We show the following Lemmas to describe cochains £* and the map m o 6% on/
explicitly.

Lemma A.3. The Abelian subgroup F" of F™ is trivial for n > 4.

Proof. For (A1,...,A,) € N, (MT), there exists i such that \; is the identity.
Therefore, ¢(Ay, ..., \,) =0 for any ¢ € F™. O

Lemma A.4. For (x1,x,x3,24,75) € D¥, one has

<3 / * *
moo” on'(xy,x9, 23, T4, x5) = (bety — W Ty — T5, a3 — W Ty — T5).
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Proof. By definition, it follows that
m o §3(n/(x1, 9, 23, 24, T5))
= mod’(c,
= m(63(
8 (e
3(c

4 ( /(1)1,.’E2,(L‘37IE47fE5))(b7gvw)? 0

2132,263,:64,15))

/
6(95171327303@4,15))

(0% (o o wass)) (0.9 W)y 0% (o g s g)) (@ )
( 2 (s vaaaan)) (@ Fr ).
For the first component , we have
. [ AT
= buClay anwamaws) (9 0) F (1) oy 00 00,0005 (095 1)
H(=1)2Cay ag,00,00,05) (0 90) + (F1)° 0" (a0 05 0.05) (0:9))
= byx1 — a5 +0—w'ry = box1 — W T2 — 5.

For the second one, we see that

3
g (CI($17$2,$3,x4,x5))(a7 .f7 ’LU)
1
- a*cthx?v%v“vws)(f’ w) + (_1) CE$17$27$37$47$5)(0«]£7 w)
2 3 %
+(_1) CEII’”’IS’M’JJS)(Q’ fw) + (_1) w (Cl(wl,wz,wg,mm:s)(av f))
= a3 —25+0—w'ry = a,x3 —wry — 5.

This completes the proof. O

Proof of Lemma 4.5. We define maps
I+ Dygy X Dpgu/Im(m o6 on') = Dygu/(bsDgw + w* Doy + ax Do),

k : Dygw/(b«Dygw + w* Dyg + aw Do) — Dpgu X Dpgu/Im(m 063 on’)
by

l([(l‘l,.’bz)]) = [.’131 — .’132] for [(.’L‘l,aﬁg)] (S Dbgw X Dawam(mo 53 o n’),

k([y]) == [(y, 0)] for [y] € Digw/ (b« Dgw + w* Dpg + axDyw).

We show that I and k are well-defined homomorphisms. For any element (z1, z2)
in Im(mod3on'), there exists an element (1, xo, 73, 74, 75) € D* such that mod3o
n'(x1, 9, 3, x4, x5) = (21, 22). By Lemma A .4, we see that z; = byx1 — w*ze — x5,
29 = ayx3 — w*xry — x5 and

21— 20 = buxy —w'ry — x5 — (aer3 — W'y — 5)
= b1 —awxs —w (2 — 24) € buDgy + as D gy + w* Dyy.
Next, for any element w in b, Dgy + a4 Dfy + w* Dyg, we write u = bz + w*y +

a,z. Then mo 83 o n'(x, —y,—2,0,—a.z) = (u,0). Observe that a,z € a,Dy, C
Dafuw = Dpgw. 1t is easily seen that ok = 1p, . /b, Dyw+w* Dyyta.Dy,) a0d kol =

1D, 0% Dygw/ Tm(mosionr)- Indeed Lo k([y]) = I([(y,0)]) = [y — 0] = [y] and
kol([(z1,22)]) = k([z1 — 22]) = [(z1 — 22,0)] = [(z1,22)].

In fact, [(z1,22)] — [(21 — 22,0)] = [(z1,22) — (21 — 22,0)] = [(z2,22)]. Moreover,
since mod3on’(0,0,0,0, —x3) = (bs0—w*0— (—22), 0,0 —w*0— (—x2)) = (w2, 22),
it follows that (zq,22) is in Im(m o 6 o n’). We see that [(zg,22)] = 0 and hence
(1, 22)] = [(21 — 22,0)]. O
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APPENDIX B. PROOFS OF LEMMAS 4.8 AND 4.9

Explicit calculation gives the proof of the Lemma 4.8 and we describe a proof of
Lemma 4.9 in detail.

Proof of Lemma 4.8. Recall that D4, := A(0 : s(bgw) — t(bgw)) = A0 : W —
X). We see that Uw : afw = 0w = 0 and then —Uw : 0 = afw : W — X and
—aH :afw = 0: W — X. This implies that —aH —Uw : 0= 0: W — X and
that ((0,0,0,0, —(Uw + aH))) is in D* = Dyi, x Dy x D4\, x Dz x DAy, Then
we have [(—bK + (—=Vw) + Uw + aH,0)] = [(=bK — Vw, —aH — Uw)]. In fact, it
follows that

(=bK + (=Vw) 4+ Uw+ aH,0) — (—bK — Vw,—aH — Uw)
= (=bK+ (-Vw)+Vw+bK +Uw+aH,0— (—aH — Uw))
= (Uw+aH,Uw+aH)
= modon'((0,0,0,0,—(Uw+ aH))) € Im(m o 83 o n').

The last equality follows from Lemma A.4. Therefore, we see that

k([0]) :==[(0,0)] = [(-bK + Sw + aH,0)] = [(=bK + (=V +U)w + aH,0)]
[(=bK 4+ (—Vw) + Uw + aH, 0)]
= [(-bK —Vw,—aH — Uw)].

This completes the proof. 1
Proof of Lemma 4.9. We see that

Ce(c) (T, H)(b, g, w) := U_(%,gw)(A> = UT_(}))(A) = Uo_l(A) =A,
since og = id. We have

A

—H (b, gw) — (7b) H(g, w) + (Tw)* H (b, g) + H (bg, w)

= —1p, — (7b).H(g,w) + (rw)*H(b,g) + 19, (9w, bg € S;see Theorem 4.6)
_(Tb) o H(g’w) + H(b’ g) o (Tw)

= —-bK —-Vw. (tb=0b,H(g9,w) = K,7w=w,H(b,g) =-V)

This yields the second equality in Lemma 4.9.

Next, we shall show the first equality in Lemma 4.9. We denote Cg(c)(7, H) by
c. By the definitions of (p%)? and the inclusion ¢, we have (!)3(he)(b, g,w) =
he(p(b), p(g), p(w)) = he(b, g, w); see the definition of (¢#)%. Since h = h2oh! o h?,
it follows that he(b, g, w) = (h2oh'oh®)c(b, g, w), where h° = (1—1°6* —631°), ' =
(1— 7164 — %) and h? = (1 — 5% — 63P%),

We determine hc(b, g, w), h'(h%c(b, g,w)) and h%(h*(hOc(b, g,w))). As for the
element h%c(b, g, w), we have

hoc(bang) = (1 - 5064 - 53f0)c(b,g,w)

(c = °6%(c) = 8°1°()) (b, g, w)
c ba 9, ’U)) - 54(0)50(&9; w) - 63{0(0)(1)7 9, U))
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Here, —6*(c)t°(b, g,w) and —83°(c)(b, g, w) are determined as follows. By the
definitions of ¢* and ¢*, we have

—61()°(b,g,w) = —((6%(c))(b, g, w))
= —(8*(o)(b, g, w))
()OO ()b, g, w))
= 0%(e)(0,b,9,w)
= 0.c(b,g,w) — ¢(0b, g, w) + ¢(0,bg,w) — ¢(0,b, gw) + w*c(0,b, g)
= —¢(0,g9,w) + ¢(0,bg, w) — ¢(0,b, gw) + w*c(0,b, g).

Moreover, we see that

_63£0(C)(b’ 9, ’LU)

—((=1)"°()bu(g, w) = (=1)°(c) (bg, w)
H(=1)'2(e)(b, gw) — w* (=1)"°() (b, 9))
b.c(0, g,w) — ¢(0,bg, w) + ¢(0, b, gw) — w*c(0, b, g).

The definition of h*¥ enables us to calculate h%c(b, g, w) as follows:

Roc(b,g,w) = ¢(b,g,w) —6*(c)i°(b, g, w) — 83t°(c)(b, g, w)
= ¢(b,g,w) —¢(0,g,w) + ¢(0,bg, w) — ¢(0,b, gw) + w*c(0,b, g)
+b.¢(0, g, w) — ¢(0,bg, w) + ¢(0,b, gw) — w*c(0,b, g)
= ¢(b,g,w) — ¢(0,g,w) + b.c(0, g, w).

Then, we have

R (h(b,g,w)) = h'(c(b,g,w) — c(0,g,w) + b.c(0, g, w))
Le(b, g, w) — h'e(0, g, w) + hlb.c(0, g, w).

Here, we calculate only the first term h'c(b, g, w). The direct calculation shows
that

hte(b, g,w)
= (11—t - 5‘31)0(6 g,w)
= (b, g,w) — 1184 (c) (b, g, w) — 6°F (¢)(b, g, w)
= (b, g,w) = (=1)*1 (8% (c)(b, g, w)) = 8*((—1)*t" (¢) (b, g, w))
= ¢(b,g,w) — (bec(0, g, w) — ¢(b0, g, w) + ¢(b, 0g, w) — ¢(b, 0, gw) + w* (b, 0, g))

) —
(b)) — 1) (bg, w) + ()b, gw) — w1 () (b )
= c¢(b,g,w) — (bsc(0, g,w) — ¢(0, g, w) + ¢(b,0,w) — (b, 0, gw) + w*(b, 0, g))
—(byc(g,0,w) — c(bg, 0,w) + ¢(b, 0, gw) — w*ec(b,0, g)
= ¢(b,g,w) — bic(0, g, w) + ¢(0, g,w) — ¢(b, 0, w) — buc(g,0,w) + ¢(bg, 0, w).

Then, we see that

hle(b, g, w) — h'e(0, g, w) + h'b.c(0, g, w)
= ¢(b,g,w) — bic(0,g,w) + ¢(0,g,w) — ¢(b,0,w) — byc(g,0,w) + ¢(bg, 0, w)
—(e(0, g,w) — 0.¢(0, g, w) + ¢(0, g,w) — ¢(0,0,w) — 0.c(g,0,w) + ¢(0,0,w))
+b.(c(0, g, w) — 0.¢(0, g, w) + ¢(0, g, w) — ¢(0,0,w) — 0.c(g,0,w) + ¢(0,0,w))
= ¢(b,g,w) — c(b,0,w) — bic(g,0,w) + ¢(bg, 0,w) — (0, g, w) + bsuc(0, g, w).
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As for the term h?(h!(h%c(b, g, w))), we have

h2(h* (h0c(b, g, w)))

h2(c(b, g, w) — (b, 0,w) — b.c(g,0,w) + c(bg, 0,w) — ¢(0, g, w) + b.c(0, g, w))
h2c(b, g, w) — h%c(b,0,w) — h?b * ¢(g, 0, w)

+h2c(bg, 0, w) — h2c(0, g, w) + h?b.c(0, g, w).

As for the first term h2c(b, g, w), it follows that

h*e(b, g, w)

(1 —26% — 53t c(b, g, w)

c(b, g, w) = (=1)*6*(c) (b, g, w) — 8°(=1)*t*(¢) (b, g, w)

e(b, g, w) + (bec(g,0,w) — c(bg,0,w) + ¢(b,0,w) — c(b, g,0) + h*c(b, g,0))
+(b.t?(c) (g, w) — f2( )(bg, w) + t(c) (b, gw) — h*t*(c)(b, 9))

c(b, g, w) + (bec(g,0,w) — c(bg, 0, w) + ¢(b,0,w) — ¢(b, g,0) + h*c(b, g,0))
+(bwc(g, w,0) — c(bg, w,0) + c(b, gw,0) — h*c(b, g,0))

e(b, g, w) + byc(g,0,w) — ¢(bg, 0, w) + ¢(b,0,w) — ¢(b, g,0)

+b.c(g,w,0) — c(bg,w,0) + ¢(b, gw, 0).

Thus, combining the terms with other calculation, we have the following equations:

h2(h* (h0c(b, g, w)))

h2c(b, g, w) — h%c(b, 0,w) — h?b.c(g,0,w) + h*c(bg, 0, w)

—h?¢(0, g, w) + h?b.c(0, g, w)

c(b, g, w) + bic(g, 0,w) — c(bg, 0, w) + ¢(b,0,w) — ¢(b, g,0) + buc(g, w,0)
—c(bg, w,0) 4 ¢(b, gw,0) — (¢(b,0,w) + b,c(0,0,w) — ¢(0,0,w) + ¢(b, 0, w)
—¢(b,0,0) + b.c(0,w,0) — ¢(0,w,0) + ¢(b,0,0)) — by (c(g,0,w) + g«c(0,0,w)
—c(0,0,w) + ¢(g,0,w) — ¢(g,0,0) + g.c(0,w,0) — ¢(0,w,0) + ¢(g,0,0))
+(e(bg, 0,w) + (bg)«c(0,0,w) — ¢(0,0,w) + c(bg, 0, w) — c(bg, 0,0)
+(bg)«c(0,w,0) — ¢(0,w,0) + ¢(bg,0,0)) — (¢(0, g, w) + 0.c(g,0, w)
—c(0,0,w) + ¢(0,0,w) — ¢(0, g,0) + 0,¢(g, w,0) — ¢(0,w,0) + ¢(0, gw, 0))
+b.(c(0, g, w) 4 04¢(g,0,w) — ¢(0,0,w) + (0,0, w)

—¢(0,¢,0) + 0.c(g, w,0) — ¢(0,w,0) 4+ ¢(0, gw, 0))

c(b,g,w) — ¢(b, g,0) — c(bg,w,0) + ¢(b, gw,0) — ¢(b,0,w) + ¢(bg, 0, w)
—c(0, g,w) + ¢(0,g,0) + ¢(0,w,0) — ¢(0, gw, 0) + by (c(g,w,0) — ¢(g,0,w)
+¢(0,g,w) — ¢(0,4g,0) — ¢(0,w,0) + ¢(0, gw, 0))

e(b, g, w) — ¢(b, g,0) — ¢(0,w,0) + ¢(b,0,0) — ¢(b,0,w) + ¢(0,0,w)

—c(0, g,w) + ¢(0,9,0) 4+ ¢(0,w,0) — ¢(0,0,0) + bs(c(g,w,0) — c(g,0,w)
+¢(0,g,w) — ¢(0,g,0) — ¢(0,w,0) + ¢(0,0,0)).

Here, considering the first terms and second one, we have

c(b, g, w)
= Cete(m )b g,w) = 0=, (A) = 07 (A) = A
= —H(b,gw) — (7). H(g,w) + (Tw)"H(b,g) + H(bg, w)
—idg, — (70)H(g,w) + (tw)*H (b, g) + idy,
— (7).« H(g, w) + (Tw) " H(b, g)
= —(rb)o H(g,w)+ H(b,g) o (Tw),



ON MATRIX TODA BRACKETS IN THE BAUES-WIRSCHING COHOMOLOGY 25

c(b, 9,0)
= H(b,0) — (rb), H(g,0) + (r0)* H(b, g) + H(bg,0)
= —id— (b).H(g,0) + (0)*H(b, g) +id
—  —(rb).idy + 0" H(b,g)
=  —id(rp)oa + 0" H(b, g)
= H(b,g)o0,.

In consequence, we see that

h2(h* (h0c(b, g, w)))

= c¢(b,g,w) — H(b,g) o 0.+ H(b,0) 00,
—(—=(b) o H(0,w) + H(b,0) o (Tw)) + (=00 H(0,w) + H(0,0) o (Tw))
—(=00 H(g,w)+ H(0,g) o (tTw)) + H(0,g) 00, — H(0,0) 0 0,
+b.[H(g,w) 00, — {(—7g) o H(0,w) + H(g,0) o (tw)} — 00 H(g,w)
+H(0,g) o (tw) — H(0,g) 00, — H(0,w) 00, + H(0,0) o 0,].

In the equation above, observe that

H(b,0) o (Tw) = id o Tw = idy 0 idry = idg(rw) = ido,

Tgo H(0,w) — H(g,0) o (tw) + H(0, g) o (Tw)

= (1g)oid —ido (Tw) +ido (Tw) = id;g 0 id = id(rg)on = ido,
“H(0,9) 00, + H(0,0) 00, = —id o0, + ido0,,

b (ido) = idyo = ido,

—b. o (H(0,w) 00,) = —bs o (ido0,) = —bs 0idy = —(7b) o H(0, w).

Then, we have

RA(hY(hc(b, g,w))) = (b, g,w) — H(b,0) o (tw) + H(0,0) o (Tw)
—H(0,g) o (Tw) + bs 0idy

= ¢(b,g,w) —idg +idoTw —id o Tw + idy
= c(b,g,w)
= CS(C)(T7H)(bvng>
= —bK —Vuw.
In the same argument as above enables us to conclude that Ce(cy (7, H)(a, f,w) =
—aH — Uw. This completes the proof. O
APPENDIX C. ON THE EQUALITIES i*(s) = —f V g AND j*(t) = V(a,b).(s) IN

THE PROOF OF THEOREM 2.14

We recall the morphisms s and t constructed in the proof of Theorem 2.14.

We show that diagram (I) is commutative; that is, i*(s) = —f V g and j*(t) =
V(a,b).(s).
n: wW—"=X—">C,——=3SW
Pl
w w X —fVg Ae B V(a,b) X
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First equality i*(s) = —f V g is showed as follows. Let s be the morphism
_gf _}f;{) :Cp=CodEW — A® B in T(Cy, A® B). Then we see that i*(s) =

() ()= () vo= () mawirvo=crvou=o

Next we will verify the equality j*(¢) = V(a,b).(s).
Let t be —bK + Sw + aH and s be -/ _If;{ . We write j*(t), V(a,b).(s) and
J*(t) — V(a,b).(s) with homotopy as follows.
3 ()
= Jj*(-bK + Sw+ aH)
(=bK +Sw+aH)oj
(=bK + Sw + aH)(0,1)
(0, —bK + Sw + aH).

V(a,b)«(s)
= V(a,b) (gf 5{)

—-f H
- (a’b)(g —K>
= (—af+bg,aH — bK).
J () = V(a,b)(s) = (0 —bK+Sw+aH)— (—af+bg aH—DbIK)
= (af —bg Sw).

Moreover, we see that

so () +ixs o

= (Sd¢ Sw)+ (dxS 0)
= (Sdc+dxS Sw).

Since S is a homotopy between af and bg, it follows that af — bg = Sd¢c + dx S.
This enables us to deduce that

77 (t) = V(a;b)«(s)

— J*(-bK + Sw+ aH) — V(a,b). (‘gf i)

dc w

= (50) < 0 —dW> +dx (S 0).
We have j*(t) = V(a,b).(s) since [j*(t)] = [V(a,b).(s)].

APPENDIX D. ON THE NON-TRIVIALITY OF ly(xgx)

By definition, we have Hom(X,Y)¥ = {f: X — Y | f: R-homomorphism, deg f =
k,ie, f: X* — Yk} and in the complex --- — Hom(X,Y)™! LN Hom(X,Y)° 2,
Hom(X,Y)! —, the differential § is defined by 0(f) = dy f = —(—)%*97 fdx.

Since H(Hom(E(Y @ Y), (X @ X))) = Hom,5)(E(Y @ Y), 5(X @ X))/~
=T Y a®Y), %X ® X)), consider a commutative diagram
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HO(HomS(Y @ V), S(X @ X)) —> [1_ s gm0 Hom(HP(S(Y @ Y)), HI(S(X @ X)))
lw,n imH(f),H(f)*
HO(Hom(S(X @ X),5(X @ X)) —= [1_ 4o Hom(H? (£(X & X)), HI(Z(X © X)))
T(m)* T(Huwum
HO(Hom((X @ X),Cy @ Cf)) —> 1,1 goo Hom(HP (S(X & X), HY(Cy & Cy))).

Here h denotes the map defined by taking the homology. For 1y (xex) € H°(Hom(3Z(X @
X), (X @ X)), f € H(Hom(X(Y &Y),S(X®X)),a € H(Hom(S(X & X), Cy &
CY)), we see that

h(lsxex)) = h((j,7)o (o) +BoX(f, f))
HEX

a)) +h(BoX(f, f))

I
>

(H(5), H(j))« © h(a) +X(H(f), H(f))" o h(B).

By the condition (i) there exists an integer k such that Hom(H*~}(X(Y&Y)), H*1(2(X &
X)) = 0 (h(8) = 0), h(ln(xex)) = A(G, 1).(a)). We have h(1s xax) = (H(j), H()h(a).
Since h(1x(xgx)) € Hom(H?(X(Y®Y)), H(X(X®X)))andp =q, 15 : H? — HP

and ]-H(E(XEBX)) S HOI’H(HP(E(Y ©® Y))7Hq(E(X ©® X))) Then H(]-E(X@X)) =
las(xex)) is surjective. On the other hand, (H(j), H(j)) : HI(Cy © Cy)) —
H(3(X @ X)) is not surjective by the condition (ii) and then (H(j), H(j))h(c)

is not surjective, which is contradiction. Then we see that 1xxgx) is a nontrivial
element in the quotient Q.

The toy example in Example 5.3 is pictured as follow.

X202 0% 7 % 0% -+« : cochain complex
P el
y.... 0%~ 2 725050 -+ 1 cochain complex
with /
won [ Z, mn=0 won [ Z)22, n=0
H(X)—{07 n£0 and H(Y)—{07 n £ 0.

We check there exists an integer k such that (i) H*(X) # 0 while Hom(H*(Y), H*(X)) =
0 and (ii) H(j) : H*1(Cy) — H*"1(£X) is not surjective.

(i) Hom(Z/2,Z) = 0.

In fact, for a homomorphism g : Z/2 — Z; ¢([0]) = 0. g([0]) = g([1] + [1]) =

0, g([1]) + g([1]) = 0, 2g¢([1]) = 0. Then g([1]) = 0. In consequence, we have g is
zero map.

(ii) H(j) : H~Y(Cy) — H™Y(XX) is not surjective.

In fact, for mapping cone X Ty 4, Cy 3 $X and C’} =Y ® XX, we have

the cochain complex

O —v2asx Sy tloasxy ! Ly'gex? 4 ylanxl .

7237, YOpyX'=ZaoX'=Z®0=7.

Here, Y20 ¥X¥X 2 =00 X! =000=0, Y'oXX ! =7Za X’ =
By the definition d%, ,, = dy  f" dy (y) = 2y, f = id, we have dy f° r
y C(f) 0 _dT)L( s Y Y Y, ) 0 —dg( y
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0 0
_ <d§f ; 9{yy> _ (25 :Oy> _ (29: (;ry) . and hence 2, (z,) = (22 + y,0).
Then, we see that Ker dOCf =H(x,y) e Z®Z | 20 +y = 0} = {(z,—22)}. By
(LX)t = X1 H (LX) = H°(X) = Z. Since j is the projection to the second
factor, it follows that H(j) is not surjective.
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