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Statistical manifolds with almost complex structures

KAZUHIKO TAKANO

1 Introduction.

Statistical models in the information geometry have a Fisher metric as the Riemannian metric,
and admit a torsion-free affine connection which is constructed from the expectation with respect
to the probability distribution ([1]). This affine connection is called a—connection, denoted by
V(@) where a is a real number, and conjugate relative to the Fisher metric is (—a)—connection.
The 0-connection is the Levi-Civita connection with respect to the Fisher metric. Especially, v®)
(resp. V(~1) is said to be an exponential connection (resp. mixture connection) or e-connection
(resp. m—connection) simply. The e and m—connections include impotant consepts in the infor-
mation geometry. In [4], we studied exponential families admitting almost complex structures,
and proved that there exists almost complex structures which are parallel with respect to the
e and m—connections. Especially, if its space is of constant curvature, then these connections
are only e and m—connections. For example, spaces of the multinomial or negative multinomial
distributions are of constant curvature. Also, we showed the Poincaré upper half-space admits
almost complex structures which are parallel relative to the affine connection and its dual ([3])-

In this paper, we shall express structures of the Kéhler-like statistical manifold in terms of
complex local coordinate systems.

2 Statistical manifolds with almost complex structure.

Let M and V be a Riemannian manifold and an affine connection, respectively. We define
another affine connection V* by

(2.1) Xg9(Y,2)=g(VxY,Z)+ g(Y,V%Z)

for vector fields X, Y and Z on M. The affine connection V* is called conjugate (or dual) of
V with respect to g. The triple (M,g,V) is called a statistical manifold if both V and V*
are torsion-free. Clearly (V*)* = V holds. We denote by R and R* the curvature tensors on
M with respect to the affine connection V and its conjugate V*, respectively. Then we find
g(R(X,Y)Z,W) = —g(Z,R*(X,Y)W) for vector fields X, Y, Z and W, where R(X,Y)Z =
[Vx,Vy]Z — V|x,y)Z. Therefore R vanishes identically if and only if so is R*. If the curvature
tensor R with respect to the affine connection V satisfies R(X,Y)Z = k{g(Y,Z)X —g(X, Z)Y },
then the statistical manifold (M, g, V) is called a space of constant curvature k.

An almost complex structure on a manifold M is a tensor field J of type (1,1) such that
J? = —I, where I stands for the identity transformation. An almost complex manifold is such
a manifold with a fixed almost complex structure. An almost complex manifold is necessarily
orientable and must have an even dimension. We consider the Riemannian manifold on the
almost complex manifold M. If J preserves the metric g, that is, g(JX,JY) = g(X,Y) for
vector fields X and Y on M, then (M, g, J) is an almost Hermitian manifold. Now, we consider
the Riemannian manifold (M, g) with the almost complex structure J which has another tensor
field J* of type (1,1) satisfying

(2.2) g(JX,Y) + g(X,J*Y) = 0.

Then (M, g, J) is called an almost Hermite-like manifold. We see that (J*)* = J, (J*)? = —I and
g(JX,J*Y) = g(X,Y). If J is parallel with respect to the affine connection V, then (M, g,V, J)



is called a K&hler-like statistical manifold. By virtue of (2.2), we get
(2.3) 9((VzJ)X,Y) +g(X,(VZzJ")Y) =0
for vector fields X, Y and Z on M. Hence we have ([2])
LEMMA A. (M, g,J) is an almost Hermite-like manifold if and only if so is (M, g, J*). More-
over, (M, g,V,J) is a Kdhler-like statistical manifold if and only if so is (M, g, V*,J*).
Also, we get ([4])

THEOREM B. Let (M",g,V,J) be a Kdihler-like statistical manifold. If M (n > 4) is of
constant curvature, then M is flat.

3 Kahler-like statistical manifolds in local coordinate systems.

We shall express the Kéhler-like statistical manifold in terms of complex local coordinate
systems. Let M>" be a Riemannian manifold with a local coordinate system (z!,y%,...,z", y")
--on a neighborhood of a point p € M. Throughout this paper, Greek indices a, £,... run from
1 to n and Latin capitals A, B,... run through 1,...,n,1,...,7. We take a complex local
coordinate system (2!,...,2") in M, where 2z* = 2* + /—1y®. We define an endomorphism J

of T,M by
0 0 0 0
J(Bw"‘)_aya’ J(ay“)__&v""
We extend J to the complexification ’IfM of T,M and we have
(3.1) JZy=v—-12,4, JZ5 = —v-125,

where Z, := —5‘27 = -é— ('62_& —\/—1537) and Zz := 3‘;— =7y = % (3—%.—+\/—1—3%,—). We
set v

g(u+V=Tv, v’ +vV=1v") = {g(u,v') — g(v, ")} + V=1 {g(u,v') + g(v,u)}

for any u + v—1v, v +/-1v' € Tzf:M . Then the metric g is a symmetric bilinear on T;FM :
Moreover we denote the components of g by

9ap = g(Zcu Zﬂ)a 90 = g(Zaa ZB), 9ap = g(ZEH Zﬂ)a 953 = g(Zci, ZB)
Then we get

(32)  gap = 9pas 955 = 95a> 9af = 9Ba> JaB = 9aps 903 = 9ap-

We put Z4 = g4BZp. Then we find on the almost Hermite-like manifold
(3.3) J*Zp=~V-1(940Z" - 9aaZ®),

where gA8 are components of the inverse matrix of g. Thus we have

LEMMA 3.1. J = J* if and only if gap = 0 (955 = 0).

Next, we put Vz,Zp =T 4,EZg and V2.2 = ' £Zg. By virtue of (2.1), we find
(VZAJ)Zg=2\/—1PAg’Z5,, (Vz,J)Z5 = —2\/—1FA/‘§ Zy,
(V*ZAJ)Z5=2\/—1P*A§’ 75, (Vz,J)Z5 = —2v-1T% Z,.



Then we get

LEMMA 3.2. An almost complex structure J is parallel with respect to V (resp. V* ) if and
only if T 4§ =0 and r5=0 (resp. T4 =0 and Iy =0 ) hold.

We assume that J = J* on the Kahler-like statistical manifold. From (2.1), Lemmas 3.1 and
3.2, we have

THEOREM 3.1. On the Kéhler-like statistical manifold (M, g,V,J), if J = J*, then V = V*,
that is, (M, g,V,J) is a Kdhlerian manifold. o

4 Curvatures on the Kahler-like statistical manifold.

We denote the curvature tensor with respect to the affine connection V by

Rapd = ZaTp8 — ZpT' a8 + TpET AR — T4ET R

Then we get
LEMMA 4.1. On the Kahler-like statistical manifold, we obtain
Rapl =0, Ryps =0,
Raﬁ'yé = Zarﬂvts - Zﬁra';; + Fﬂirag - rairﬂg’
R&ﬂ‘fé = Zarﬂ‘f 2 Raﬁva =0, Raﬁ’ys =0 Rafﬁs - Zarﬁj ’

Ragd = ZaT58 — ZgTad + T5iT,0 — TofT5¢

ay* ge-

We define the Ricci tensor Ric with respect to V by Ricap = Rpy BD = RpaB EgED . Thus we
have

LEMMA 4.2. We get

Ricas = R.of, Ric,g = R, £ = —Zal' £,
Ricap = R.af = —Zal.£, Ricsg = R f-
LEMMA 4.3. We have
288 = —Rap® 900",
R0 = Z5T0¢ - 9ucd™ — ZaT5f - 9ac9™®,

Ry58 = —Rg59ace™.
LEMMA 4.4. We obtain
Richy = —R.0d 0089 — Zelo8 - 9up9” + Zal'es - 9089°%
Ricl; = —Reas 939" — Zelas - 95597 + Zales - 92597
Ricks = Zales” - 9up9”° — Zelas - 9089°° — Reas 90897
RiC;B = Zsl'es’ 'nggaE - Zsrag) '9@3966 - RE&?Q@BQEE_-

Also, we define the scalar cuvatures r and 7* by r = Ricapg?®? and r* = Ric’ g%, respec-
tively. We find '

LEMMA 4.5. r = r*.



5 A Kahler-like statistical manifold satisfying certain condition.

We assume that the curvature tensor with respect to the affine connection V of the Kéhler-like
statistical manifold (M, g, V,J) is the following equation:

(5.0)  R(Za Z8)Z0 = 5(9(Z8, 20) Za — 9(Za, Z0) Z5 - 9(Z8, T Z0) Za
+9(Za,JZc)IZp +{9(Za, T ZB) — 9(J Z4, ZB)} Zc];

where c is a constant. Then we get

c C

Raﬁ’vw = E(gﬁ’ydaw - ga‘véﬁw)’ RaB‘yw = —2—(95’75: + gaﬁé’Yw)’
= c = 5 o c o @

RGE‘_YW = _5(90‘;’55“) + 9055,—,“1), RGB;‘) = E(Q,B"?éaw - g&'_YaEw)

Therefore we obtain
. C ' . . c § c
Ricgy = —2—(n —1)gpy, Ric,p = Ricg, = E(n +1)g,5 Ricgs = E(n = l)g[;;,.
Thus we find

LEMMA 5.1. The Ricci tensor is symmetric on the Kahler-like statistical manifold satisfying
(5.1).

Moreover, we have r = c{n(n+ 1) — 2g,¢°*}. Similarly, we find r* = c{n(n + 1) — 6gewg®™ +
490e9p.9%9°*}. Hence we have from Lemma 4.5

LEMMA 5.2. If the Kdhlerian statistical manifold satisfies (5.1), then ¢ = 0 or tr (AB) =
tr (AB)?, where A = (gap) and B = (g*P).

REMARK. When M is a Kéhlerian manifold, the space satisfying (5.1) is of constant holo-
morphic sectional curvature c.
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