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For a given parametric probability model, we consider the risk of the max-
imum likelihood estimator with respect to a-divergence, which includes the
special cases of Kullback-Leibler divergence, the Hellinger distance and es-
sentially y?-divergence. The asymptotic expansion of the risk is given with
respect to sample sizes up to order n=2. Each term in the expansion is ex-
pressed with the geometrical properties of the Riemannian manifold formed
by the parametric probability model.
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1 Introduction

For parametric models of probability distributions, we are naturally concerned with the
following comparisons:

1. Comparison of the risks of estimation among different parameters within a same
model.

2. Overall comparison of the risks between different models.

To carry out these comparisons, particularly the second, we need some way of mea-
suring the risk of estimation that is common to all parametric probability models. The
maximum likelihood method, in which the maximum likelihood estimator (m.le.) is
plugged into the unknown parameters, is the most common approach, and is applicable
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to any parametric model. In this paper, we choose the m.l.e., and use its risk with
respect to a certain loss function.

For comparisons above, particularly the first, the loss function should be independent,
of the choice of the parameter (coordinate). Consider the binomial distribution model
B(n,p), where n is known and we wish to estimate p. Take the quadratic loss function
as an example of a parameter-dependent loss function:

L(p,p) = (p—p)*.

The m.l.e. p is the sample ratio. The risk of the m.l.e. with respect to this quadratic
loss function is given by

Ey[(p—p)*] = V(p) = p(1 —p)/n,

which says that the estimation of this model reaches the highest risk point when p = 1/2.
In contrast, if we use p~! as a parameter for the model, the risk of the m.l.e. is given by

Eya[(pt=p ) =p (A —p)/n+o(nt).

For a large sample size, the highest risk point is p = 0.

Another consideration for the loss function is the invariance with respect to the trans-
formation between the random variables. If Y (X) is a sufficient statistic for the para-
metric model of a random object X, then the risk of estimation should be measured
independently of the choice of Y and X. In particular, when X <> Y is a one-to-one
transformation, the parametric models for the distribution of X and Y are essentially
equivalent. We wish to measure the risk of estimating the model without being concerned
by the form in which the observations were acquired.

Taking these considerations into account, f-divergence is a natural loss function, as it
satisfies both parameter independence and transformation invariance. It also has other
favorable properties (see, e.g., Chapter 9 of Vajda [21] ), and has been widely used
in engineering problems (e.g. [13], [16]). Because f-divergence is quite a general class
of divergence, we need more specific forms for a concrete result. Here, we focus on a-
divergence. This is a subclass of f-divergence, but is still a general class of divergence, and
includes the well-known Kullback—Leibler divergence (v = —1), the Hellinger distance
(a = 0). It is also equivalent, when o = —3, to x?-divergence in a small neighborhood of
the point where the two probabilities coincide. More importantly, from the perspective of
information geometry, a-divergence gives rise to a “dually flat” structure for the manifold
of the given parametric model (see Eguchi [8|, Amari [3|, and Amari and Cichocki [4]).

Consequently, in this paper, we consider the risk of the m.l.e. with respect to a-
divergence in estimating the parameter. However, an exact calculation of the risk of
the m.l.e is often quite difficult, even if we choose a mathematically easy-to-handle
quantity such as Kullback-Leibler divergence. Hence, it would be useful if we had an
asymptotic expansion of the risk with respect to the sample size n. The main concern
of this paper is to give this expansion for a general a up to order n=2. The result is
expressed with the geometrical properties of the Riemannian manifold formed by the



parametric model. The geometric expression of the risk expansion provides an insight
into which geometrical property of the model affects the estimation risk. As examples,
we calculate the asymptotic risk expansion for some specific families of distributions
such as an exponential family and a mixture family.

The most relevant work to this paper is that of Komaki [11] and Corcuera and Gium-
molé [7]. Both of these papers gave asymptotic expansions of the risk of predictive
distributions with respect to Kullback—Leibler divergence (Theorem 1 of [11]) and a-
divergence (Theorem 3.1 of [7]). They considered a curved exponential family as the
presupposed model, and developed a general method for the asymptotic improvement of
an estimative distribution (that is, a distribution within the model gained by parameter
estimation) using a predictive distribution that belongs to a full exponential family but
lies outside of the model. Note that the whole class of predictive distributions includes
the estimative distributions as special cases, and the distribution with the estimated
parameter by the m.l.e. is a typical estimative distribution. Hence, [11] and [7] treat a
more general class of estimation procedure than m.l.e. under the framework of curved
exponential families. This paper differs in two points from these papers. First, we do not
presuppose the exponential families. We gain the main result, Theorem 1 in Section 2,
for a general parametric family. Second, we present all the results through geometrical
terms, which enables us to understand how the geometrical structure of the model is
related to the risk of model estimation.

We now state the formal framework of the problem. First, we consider a parametric
family of probability distributions on a space X (say, P), which is given by a family of
positive-valued densities f(z;60) on X with respect to a measure p:

P={f(z;0)|6=(0",...,6"),0 € O}, (1)

where O is an open set in RP, and f(x;60,) = f(z;0,) almost everywhere if and only
if 6 = 6. We will treat P as a Riemannian manifold, and define several geometrical
properties on it.

a-divergence (—oo < a < 00) between f(x;6;) and f(x;0s) is defined as

- a2{1 — Je SO 00) [ @ )b, if o L
ﬁ[@l 0] = Q [y flz:62) log( f(x:;62)/ f(x;61) )dp, if o =1, (2)
Jo fa;01)log( f(;61)/ f(x;62) )dp, if @ =—1.

As a general divergence property, this satisfies D[ : 5] > 0, where the equality holds
if and only if 8; = 5. Tt is not symmetric between 6; and 6. Actually, the following
relation holds:

e —Q

D[91 : (92] = D[eg : 91]

If we adopt a-divergence as a loss function between the m.l.e. 0 and the true parameter
6, the risk of the m.l.e. is given by

ED(6) £ E,[DI)(X) : 0],



where X = (X,...,X,) are n independent random samples from the distribution given
by f(;0).

The remainder of this paper is organized as follows. In Section 2, we give the main
result (Theorem 1) and its corollaries for some distribution families and specific values
of a. In Section 3, we give examples of the adaptation of the main result to some
specific distribution. The minimum knowledge of the information geometry and some
preliminary results used for the derivation for Theorem 1 are presented in the appendix.
The lengthy calculation of geometrical properties and the proof of some results are
omitted in this paper. For the detailed description of these parts, refer to Sheena [17].

Before closing this section, we state some technical conditions and notation used
throughout this paper. We assume that f(x;6) is differentiable at least five times with
respect to 6, and that differentiation and integration on X is always exchangeable. Every
expectation that appears in this context is assumed to be finite. (We refer to these
conditions as "C.1".) The following notation is used:

0
a
%= o
fi & fi(z;0) £ 0if(z;0), fij £ fij(x;0) £ 9,0, f(x;0),
l; = li($;9) £ 0;log f(l";e)a lij = lij(l';e) = aiaj log f(37§9)7

Ealh(wi6)) 2 [ h(z36)f(wi6)d

EDN xzé S

i 1<i<p 1,J 1<i,j<p

2 Asymptotic Expansion of the Risk of M.L.E.

In this section we consider the asymptotic expansion of the risk of the maximum
likelihood estimator (m.l.e.) with respect to a-divergence.

Let X = (Xi,...,X,) be n independent random sample from the distribution given
by f(x;6). The m.Le. of € based on X is denoted by 6(X). The expected divergence at
0 between f(x;0(X)) and f(x;6) is given by

ED(0) 2 E,[DIA(X) : 0]].

Using the expansion of divergence (85) in Section 4.3 , then we have

ED(0)
_ Z(eiﬁ[ﬁ L 0)) Bol(6 — 0%)] + % > Z(eiejﬁ[e L O)) Eo[(6 — 07) (67 — 0]

P P P
1

F 2D (aeeDlo ) B0 — 6@ — 69)(0" )]

i=1 j=1 k=1



p

+ LSS e D6 < O) B(E — 0% — 09 — 00 — o)

i=1 j=1 k=1 I=1

+ E[O(]10 — 0]°)]. (3)
As we see in Section 4.3, the terms
eil%[ﬁ 2 0], eiejﬁ[e 2 0], eiejek%[e 2 0], eiejekqﬁ[@ : 0]
could be geometrically interpreted. In this section, we will show that the terms

Eg[(6" —6")(6" — ¢°)],  Eql(6" —0)(67 — &)(6" — 6")],

Eg[(éz _ Qi)(éj _ Qj)(ék _ Qk)(él _ el)] (4)

are also interpretable with the geometrical properties of P.
First we evaluate 6" = 6 — §' following the way of Eguchi and Yanagimoto [10]. Let

n P
e IS~ 0 fxa0), E(X0) 2 gl (X 0)
j=1

a=1

for 1 <i < p. Since m.Le. § maximizes log-likelihood S log f(x4;0)

&(X;0) = 0. (5)

~

Taylor expansion of €;(X; ) around 6 is given by

éi(X;é)
_ei(X76)+Z—80j 0+ o > gman 670
J Js

1 8362(X, 0) i ok pl 7i ok Al am
5 2 omogron 0 T a 2 dworagon

where 0 is on the segment 0. If we add > 9i;(0)0 on the both sides of the above
expansion and use (5), then we have

> gi(0)

J

R 9e;(X; 0) 1= 0%E(X50)
_ei(X,9)+zj:(W+gn(9))9 + 5 3 —aiog 0

1 3ei(X;0) - - 1 ‘e (X 0r
0 61( 79)9]9k0l 4+ = d el( 791>

3! L O\ T pigkglgm
3L 000000 1 2 pgigerogarn’ V0
Bkl jkm

+



Furthermore if we multiply the both sides with ¢ and sum them up over i from 1 to p,
then we have

=2+ A+ Z B3670" + Z B3 070"+ Co 07080+ 5, 076040
J

7.kl jkl

+ ) Daklmewke 0, (6)

7.k, lm

where we used the following notations: For 1 < 5.k, [,m,s < p,

A50x:0) 2 3 g 0) (P55 4 0,0))

i=1
Bi(X;0) £ 5 ;9 (9)< 005008 E(’{ 001 90" D
1 0%e;(X;0)
S Ay 18 7 )
B]k(9> ~ 35 ;9 (0) Eq {303—80’“]

~S A 15 8 el(X 0)
ul0) = 5 Zg JEs [aeaaekael
: D%e;(X;0) e (X;0)
s X é — 1S 'Z } . E ‘l )
m(X:0) =5 Zg (9)(09109@91 0 {aeaaekaelD’
s is( e (X;07)
D (X 4' Z aezaekaelaem

Here we impose the moment conditions as follows. The suitably higher-order joint
moments composed of the following variables are bounded with respect to n;

Vi (X:0), Vne'(X;0), VnANX;0), VnB(X;0),
\/EC;kZ(X;H)v Dgsk:zm(X;@),

where 1 < j, k,l,m,s < p. (We refer to this condition as "C.2".) We obtain the following
results (for the proof, see [17]). For 1 < s <p,

e’ + Z Ase + Z B ele" + Z ASAJ '+ Z AiB Bl é'ét
ik

+ Z B +2) B;‘kAfé"éJ +2) " B Bieed (8)
7,k

i,k 1,,k,l

(7)

+ Y C5eee + Re(4),
7.kl

where Re(4) is the polynomial with respect to the variables 6%, &°, A3, By, Coyy, D3

(1 < j,k,l,m,s < p), and each term is of at least fourth order Wlth respect to 6%,
A3, By, Coy (1< 4,k 1, s <p).
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Combining this evaluation with Lemma 2 in Section 4.2, we can express three ex-
pectations in (4) with geometrical terms (for the detailed calculation, see [17] ). The
results are given as follows. For achieving notational brevity, we use Einstein summation
convention (the summation is carried out as every pair of upper and lower index moves



from 1 to p).

Eg[(6" — (6" — )]
—n7lgl 4 n72x

m

gsjgitglm<A Atm - Atm> + gSigjtglm<Asl ) Atm - Atm>

sl
+ 979" 9" T Lty = D) + 979" 9" Dt (L — Tty

+ Bg% g g™ (Ds — Thst) + Bind” 9" 9™ (It — Thsyt)

+ gjkglugisgmt<<Akl ) Aum >gst + Flgl Fuur]n Gowlst + Fkl,s Fum,t + Fkl,t Fum,s)

€ € €

+ gikglugjsgmt(<Akl ) Aum >gst + Flgl Fuur]n Guw st + Fkl,s Fum,t + Fkl,t Fum,s)
+ Binsgjkgitgmugsv (Fk:l,t Guo + Fkl,u Jtv + Fkl,v gtu)
+ Binsgikgjtgmugsv (Fkl,t Guv + Fkl,u Jtv + Fkl,v gtu)

1 . . e e e e m
+ §gjsgztglugmv{ ((@mffl )gtk -+ FZ ka’t — <Asl s Amt>)guv
+ ((8 Ffl )guk + Ffl ka,u - <Asl>Amu>)gtv
+ ((8771['5[ )gvk + Ffl ka,v - <Asl’Amv>)gut}
1 s ] u . mu ’ c c ¢ A 9
+29"¢" g g™ { (0L 5) g + TE Tt — (At At )) Guw (9)

2

( amffl >gUk + ffl ka,u - <"Zsl ) Xmu))gtv
( 87”]25 )gvk + ngl Zikmﬂ) - <"Zsl ) ‘va >)gut}

_ . ) e e
+ QBljmgmtgwglvgs (Fst,u Gow + Fst,v Guw T Fst,w Guv

-+

(
(

)
+ QBfmgmtgjuglvgsw (f’st,u Gow + Iist,v Guw T+ fst,w guv)

=+ 2BZJmB;TtLglkglugsvgtw (gkung + GkvJuw + gkwguv)
+ ZB;mngjkglugsvgtw (gkung + GkvJuw + gkwguv)
ik ls mu tv

+ 9% 9™ 9" (GsGuv + GruGsv + TkoGsu)

+ Chn g 9" 9™ 9" (ks Guw + Irulso + GroTsu)

+ gikgjsgltgmu«;ikl ) "Zsm ) Gru + 12131 ]251717}1 GowGtu + Iikl,t fsm,u + Zg’kl,u lism,t)
+ Bgtgikglugsvgtw (fkm Gow + Jikl,v Juw + Zikl,w guv)

+ Bitgjkglugsvgtw (Iiklu Jow + fkl,v Guw + ]gkl,w guv)

+ BlimBgtglkgmugsvgtw (gkung + kv Guw + gkwguv) + O(n_5/2)-



E[(6" — ) (6" — 67)(6" — 60")]

= n 2 g gitgh (]"ist’u _ fst,u)

X fwsstgitgjk 4 fsg'tgskgit I ]evftgsjgit

4 fwsstgjtgik I fs,-tgskgjt i fftgsigjt (10)
+ 6" + T gg™ + i gg"

+ Bl (g% g™ + g7 g + g g

4B (g g™ + g + g*g)

+ BY (g%t + g7 g™ + g7 )} + O(n~5?),

Epl(6" = 07)(6" — 67)(6" — 6")(6' — 0)] = n2(g"g" + 9" ¢" + ¢"9"*) + O(n™*?). (11)

From (86)—(88), (93) in Section 4.3 and (9)—(11), we obtain the following result (for the
detailed calculation, see [17]).

Theorem 1. Under the conditions C.1 and C.2, the following expansion holds.

«

ED
P 1

2n + 24n?®
X [(@)2{BF + 8T* Ty, — 6(AT, (Al — Al)) — 3(A, (A) — AD) + 3p2 + 6p}

m m.

+a/{3F = 5T Ty — 6T TI + 6( AL, (A] — A})) +3(AL, (4] — A7)
—3p* — 6p}
F12(AL, ALY — 2(AL ATY — (A1, AT) 4+ Ty TV 4 OTET 4 R,V — OF
+o(n™?), (12)

where o = (1 — ) /2, and for 1 <1i,j,k, 1 <p,

(7®) 2 (90) (13)

Tyu(0) £ I (6) — Ty () (14)
TH(0) £ 3 Tn(0)g™0) (15)
T (9) £ :Zﬂmlw)gmf‘(e)g”f(e), (16)
Tiik() £ iTtml<9>gti<9>gmf<9>glk<e>, (17)
0 :mZ Ry, 1 (0)9%(6), (18)



e m m

AL LN Ay b, AL A Z Ay g, (19)

=Y O (OTF0). FO)LFO).,  (20)

lvk’s ,j s,t

Mo
—~
BN
N—
(>
™
Q
al
vy
/'\

which are the variations from the following fundamental geometric properties of Rieman-
nian manifold P (for their formal definitions, see Section 4.1);

gi;(8) : Fisher information metric,

e m

ik (0), I'iji(0) 0 Christoffel’s second symbol for e-connection and m-connection,

e
ka (0) : Riemann curvature for e-connection

m

jm (0), Ai; (0): Second fundamental form for e-connection and m-connection.

m

e
Roughly speaking, I';; 1, I, and R]k give us information on the intrinsic curvature

m

of P, while A;;, A;; tell us how the manifold P is located in the ambient space (extrinsic
curvature). Since P is torsion-free, the following equivalence holds;

P is intrinsically e-flat <= P is intrinsically m-flat

€
<= I';; 1 (0) = 0 for some coordinate system

<= I";; 1 (#) = 0 for some coordinate system

<= Ry ' (f) = 0 for any(some) coordinate system.

If ;iij (0)=0 (ZZ] (§) = 0) for any(some) coordinate system, it means P is extrinsically
e-flat (m-flat).

All properties from (13) to (19) are tensors. Fis parameter invariant (see [17] for the
proof ). Consequently every term in the right-hand side of (12) is parameter invariant
as is expected from the parameter independence of a-divergence. This means that we
can choose any coordinate system with which we can easily calculate the terms in (12).
For example, if we have another coordinate system n £ (NasMBs Mys - - .) for P, we can
choose to calculate such a term as TQBWTO“?V instead of Tj;;T"".

We easily notice that T;;,7%* and T;,T/° is nonnegative (see [17] for the proof), but
other terms in the bracket in (12) could be negative. As we will see in Section 3, the
n~2 term could be negative.

Note that the n™! term equals p/2n, hence the risk in estimating a model by m.l.e.
is primarily determined by the number of the parameters, in other words, “model com-
plexity”. The number of the parameters p also appears in A.I.C. as the penalty to the

model complexity. This is natural since A.I.C. (and some other information criteria for
~1
model selection) is considered to be an estimator of ED.

10



A geometrical expression (12) immediately leads us to the simplified form for an
exponential family or a mixture family. The canonical form of an exponential family is
given by

f(@:0) = exp(0'ha(z) + - - + Ohy () — ¥(0)), (21)
where h;(z)(i = 1,...,p) is a measurable function on X, while the one for a mixture
family is given by

p
f(250) = 0'gi(x) + - + OPgp(x) + (1= ) 0)go(), (22)
i=1
where g;(z)(i = 0,...,p) is a probability density function. These families are charac-

terized respectively as being extrinsically e-flat and m-flat. Namely a;;(z;0) = 0 for an
exponential family, and @;;(z;0) = 0 for a mixture family. Furthermore an exponential
family is intrinsically e and m-flat. A mixture family is also e and m-flat. This means
Rijij vanishes for both families.

Consequently we have the following corollaries.
Corollary 1. If the model P is an exponential family,

«

ED
P 1

2n + 24n®
x [(/)*{3F + 3T"*T;;, + 3p* + 6p}

+a'{3F — 5T*Tyy;, — 6TLTI® — 3p> — 6p}
+ T T+ 9TLT = 9F | + o(n™). (23)

Proof. 1f the model P is an exponential family, the terms

m m. e

GiLA. e, k(i R
vanish. O]
Corollary 2. If P is a mixture famaly,

ED
P 1

n * 24n®
" (a,)Q{Bﬁ + 3T, + 6(2;2 , ,figf> + 3(22 : ﬁ§> +3p% + 6p}

+ o/ {3F — 5T*Tyy;, — 6TLT7° — 6(A}, Al) — 3(Al, A7) — 3p* — 6p}

+ 12(A}, ATY + Ty T9F + 9T T — OF | + o(n™?). (24)

11



Proof. If P is a mixture family, the terms

e. m. e m,. e ..

<Af aA;'>7 <A;aA;>7 Rz’jw

vanish. O

It is notable that the asymptotic risk for an exponential family depends only on the
intrinsic properties of the family.

For a specific «, the following result holds: If « = —1, then D[f; : 05] is Kullback-
Leibler divergence, and

—1

ED

_ 1
_2n+24n2

X |=8F =TTy 4 8TETI 1 12(A1, ATy — 2(A1, Ay — (Ai, A 4 8R,;Y

+o(n?); (25)

if & =0, then 105[91 : 05 is equivalent to Hellinger-distance, and

ED
_ P 1
o "o
X |—(27/4)F — (3/4) T Ty + 6T/ TP + (21/2) (AL, AT — (3/4)(Ai, A7)
(/)AL ATy — (14 (A ATy 18R (3/4)p% — <3/2>p]
+o(n™?); (26)

if « = —3, then D[0; : 6] is asymptotically equivalent to y*-divergence, and

-3

ED

_ D 1
2 + 24n°

x [OF 4 3T% Ty, — 8TITI* 1 24(A1, ATY 4 6(Ai, A7) — 14(AL, AT) — T(Ai, AT)

+8R,;Y +6p° + 12p

+o(n7?). (27)

12



Generally speaking, the components in the n=2 term are not explicitly gained. For the
feasibility of the calculation, the expression of these components by the expectation of the
derivatives of log-likelihood is useful. Define the following notations; for 1 <1, 5, k,1 < p,

L) £ Epllyy], Ly = Egllily],
Lijx 2 Epllijly],  Lijk = Eallil;l]
Lapyan = Eollijlu)s  Lijen = Eollijili],  Lajm = Eollijleli),  Lijn = Eolliljlil)],
L1l = gijgle(il)jka L12 = gijgle(ij)kla L13 = gijgleijkla
L14 = g7 g" Ly, L15 = g g™ Lisjy ),
L21 = " g" g™ Lrys Lty 122 = 979" 9™ Lijie Liswr  £23 = 979" 6™ Lirs Ljuus
L24 = gijgklgsuLz’jkLzsu, L25 = gijgklgsuL(ik)sL(jl)ua L26 = gijgklgsuL(ij)kL(su)l-
Then we have the following equations (see [17] for the proof ).
gij = Lij = _L(ij)7 (28)
F= 979" (2L is)jk + Lks)ij + Lijus)
— 9" 9" ¢" Liju (2L (suy + Lsut)
- gtigujgks (L(it)s + ((1 - a)/Q)Lits)Ljuk

=2L11+ L12+ L13 — 2121 — L23 — L22 — o/ L.24, (29)
T T% = Lijk Lyug”¢’' g™ = L23, (30)
TZSTjS = LijkLstugijQStQUk = L24, (31)

5 1) ij sk
R;Y = g g™ (Lkiygs) — Liayhs) + Likaris — Liigpks)
+ 9% 9" "7 (— Liy; Lsty + Litys Leujye + LsitLujye — LstuLiyr)

= L14 — L15+ L11 — L12 — L25 + L26 + L22 — L21, (32)
(A1, A%) = g% 9" Larygy — 9°"9" 9" LawysLiie — p

= [14— 125 — p, (33)
(AL, A]) = 9" " Lawygy — 9™ 9" 9" LamysLigoe — p°

= L15 — L26 — p*, (34)

(A{f ) A;) = gjkgliL(ik)jl + gjkgliL(ik)(jl)
— % g" " Lianys Lijie — 9°%9" 9" Lignys Ljue
= L11+ L14 — 125 — L.21, (35)

m .

(A, A)) = 9% 9" Lz + 9" 9" Ly i1y
— %" ¢* LiysLijne — 9" 97 6° Lianys L
— 12+ L15 — L26 — 122. (36)

Using these expressions, we could find the value of the components of the n=2 term by
simulation.

13



3 Examples

In this section, we take three parametric models as the examples and investigate the

(0%
concrete form of ED up to the n=2 term.

—FEzample 1—
First we consider a discrete model, that is, a multinomial distribution. Consider the
family consisting of p + 1 dimensional multinomial distributions given by

P X=x)=m;, i=0,1,...,p,
where Y7 m; = 1. We use m = (my,...,m,) as a free parameter.
The multinomial distribution is an exponential family, then from (23), we notice that
e

we only need to calculate three terms T;;, 7% T@Tfﬂ F. Because of the following
relation (for the proof, see [17]),
m -1

F=FyTiT®  F2F, (37)

we only have to calculate ]:2 instead of Z% . Actually we have the following results (for
the proof, see [17]);

TijT7" = M —3p — 1 (38)
i mJs 2

TT7 =M —(p+1) (39)

F=-M+p+1, (40)

where M £ 57 'm;!. Consequently we have

(a)*(3M — 6p — 3) + &/(—11M + 18p + 11) + 10M — 12p — 10} + o(n"?)

1—
(3M — 6p — 3) + TO‘(—11M+ 18p + 11) + 10M — 12p — 10}

— L {(3a2 + 16+ 21)(M — 1) + (—6a* — 24a — 18)p} +o(n=?)
{

=5 T 5o B4+ a)(T+3a)(M —1) —6(a+ 3)(a+ 1)p} + o(n™?). (41)
Note that this result could be gained in a more straightforward way, since the risk of
m.l.e w.r.t.a-divergence for the multinomial distribution could be expressed in a simple
form (see [17] for the straightforward derivation of (41)).

The n~! term is determined by the dimension of the multinomial distribution, while
the n=2 order term depends only on M once p is fixed. If (3 + a)(7 + 3a) > 0, then
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Table 1: Approximated Ell? (mq) for B(10,m)
mg | 05 | 04 | 03 | 02 | 01 | 0.01 | 0.001

1
ED(m,) ‘ 0.0525 ‘ 0.0526 ‘ 0.0531 ‘ 0.0544 ‘ 0.0584 ‘ 0.1333 ‘ 0.8833

n~2 order term is a monotonically increasing function of M. When M is minimized,
(e

that is when mg = my = --- = my, ED(m) is minimized. The asymptotically lowest
risk among the possible distributions is attained by the equi-probable distribution. The
estimation becomes harder as M increases. The term M could be very large when some
m; is close to zero. This justifies the treatment of merging a category of a possibly very
low probability with another category for a better inference. The « that is statistically
often used such as o = £1,0,3 satisfies the condition (3 + «)(7 + 3a) > 0. However
when —3 < o« < —7/3, these phenomena are vice versa. The equi-probable distribution
is the asymptotically highest risk point.
When a = —1,0, —3, we have the following results;

p

ED(m) — 5 T 53 (2M —2) +o(n?), (42)
ED(m) = L (1AM — (9/2)p — 21/4) + o(n?) (43)
ED(m) = Lt o), (44)

Rather surprisingly, the n=2 term for y2-divergence vanishes, hence the asymptotic risk
up to n~2 order is uniform in m.

Figure 1 and Table 1 show the approximated value of Ell?(ml) up to the n=2 term for
the case p = 1,n = 10, i.e. B(10,m;) as m; varies. We observe that the risk of the
estimation rapidly increases outside of the interval (0.1,0.9). It is really a hard task to
estimate the probability which is less than 1/10 based on just 10 observations.

~FEzample 2—
Second example is the p-dimensional multivariate normal distribution with zero means,
that is,
X ~ N,(0,%), X = (o).

The m.l.e. is the sample variance-covariance matrix. Note that if a equals +1, the
divergence is explicitly given (so called Stein’s loss function), hence we can derive the

expansion of Ej?cll)(Z) in a more straightforward way (e.g., for the case a« = —1, see [17]) .
For this model, we can use the parameter 0;;( 1 <i < j<p)orc?(1<i<j<p),
where
ol ="y, 1<i4,j<p

We use the notation (7,j), 1 <i < j < p to specify the element of the parameters.

15
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Figure 1: Approximated ED (my) for B(10,m;)

Since this model is also an exponential family, from (23) and (37), we only have to

m

calculate Tj;, T*, TLT?*, F. These turn out to be as follows (see [17] for the proof) ;

Ty oy T IV = T T = T i T
3 2
=p” +3p” +4p, (45)
(4,9) (k,0)(s5t) __ o, oLiOst __ oty oklgst
Tahen Ty =T To07 = T Tw
= 2p° + 8p” + 8p, (46)
F=—p>—2p*—p. (47)

Therefore we have

«

ED(Y)

p(p+1)
4n

+ 5577 (@) (69" + 30p" + 39p) — o (14p” + 48> + 53p) + 10p” + 21p° + 13p

+ o(n™?). (48)

16



Especially when a = —1,0, —3,

p(p+1) 1 ~
ED(®) = YTy (2p° +3p® —p) + o(n?), (49)
p(p+1) 1 _
ED(E) o Y3 (6p® + 6p* — 5p) + o(n~?). (50)
+1) 1
ED(S) = p(p4n ) | <2(2" + 150" + 21p) + o(n ™), (51)

Notably ED(X) is not only parameter-invariant but also constant. The risk in estimating
the true parameter X by m.l.e. is independent of . Actually we have the following
lemma.

Lemma 1. Let x|0 denote the probability distribution on X under the parameter (€ ©).
Suppose that there exists one to one transformations,

Gz):X—=%  GO):0-0
satisfying the relation
2|G(0) L G(2)|0 or equivalently G~ (2)|G(0) £ z|6. (52)
Then ED(6) £ Ey[D[O(X) : 6] is equal to ED(G(8)) £ Eg [DIO(X) : G(8)]].

Proof. We use the notation D[z|6; : x|0s] instead of D[0; : 0] for the divergence between

the two distributions z|0; and z|0s.

Ey[D[|0(X) : /0]
2(0

«

= Fy [D[ ( )|GO(X)) - G_1($)|(~}’(9)H (because of (52))

= B [D(6 (0)0(G(X)
— g [DIG (@)0(X) : G (2)|G(6)] (because of (52))

A

= E¢p) [ﬁ[xW(X) : x|é(0)]] (because of the invariance property of a-divergence).

For arbitrary >; and X, if we define
GX)=5"5""x,  G(x) =55 un ),

then we have X|G(X) L G(X)|X, hence

) : G~ (x)|G(0)]] (note that §(G(X)) £ G(6(X)) because of (52))
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Figure 2: Approximated ED for Nyo(0,3)

Table 2: Approximated E_ll? for N1o(0, %)
n | 100 | 200 | 300 | 400 | 500 | 800 | 1000

ED ‘ 0.2845 ‘ 0.1399 ‘ 0.0927 ‘ 0.0693 ‘ 0.0554 ‘ 0.0345 ‘ 0.0276
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We observe “the curse of dimension” in this example. Notice that n=! and n~2 terms
increase with the second and third power of p respectively. If we increases n and p
with the constant ratio p/n, the both terms explode. Figure 2 and Table 2 show the

-1

n~2-order-approximated values of ED as n varies, when p =10. When the dimension
is 10, we need approximately 500 observations for the same risk as B(10,0.5) (that is, a
10-times coin toss problem) in estimating the true parameter by m.l.e.

—FEzxample 35—

As a last example, we take a mixture family. For most cases of the mixture family, it
is difficult to gain the components of (24) explicitly so that we need to calculate them
numerically.

If we use the canonical form (22) with the notation h;(z) = g;(z) — go(x), we have

li = 71 lij = —% = —lilj,
Liji =2 fjg k= 251, i = —6% = —6l;l;1;;.

Using these relations, the components of (24) are expressed as follows;

F= —29" g* Lijrs + 6" 9" 0" Liji Lsur + 99" 9" List Ljku,
T9*Ty, = LijnLog ™ ¢" 9™,
TfsTjjs = LijkLstugingtgku7
<IZ§ ) f‘iﬂ = gjkgli[/ikjl - gjkgliQStLikslet - D,
<IZ§ ) 13§> = gikgleikjl - gikgjl.QStLikslet - p2.
As a more specific example, we consider the mixture of two normal distributions. Let
X ~(1—=6,)%N(0,0%) + 60, N(1,07), (53)

where 02 is a known parameter.

We numerically calculated F', T9%T;;;,, T, T?* and (A}, A7) from the above expression
by Monte Carlo simulation. We actually calculated those components by generating 10°

random variables following the mixture distribution (53) under the values of ¢; from 0.1
—1
to 0.99 by 0.01 increment, from which the n~2-order-approximation of ED was gained.

From (24), we notice that

—1 1 e .. ; ; e, S
ED = o=+ 5o (=8F — T + 3TLTY + 12(A45, A]) + o(n ™).

In Figure 3, we can see four U-curves each of which corresponds to the approximated

-1
ED of the model (53) with ¢ = 1/2,1/5,1/10 from the top where n = 10 is fixed. The
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Figure 3: Approximated ED for the mixture model (53)

4= -

(1-6)N(0,1) +6N(1,1) (1-6)N(0,1/10) + 6N (1,1/10)
Hard to tell which distribution Easy to tell which distribution
an observation comes from. an observation comes from.

Figure 4: The relations of two normal distributions
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U-curve at the lowest position corresponds to the approximated E117 for B(10,6;). Tt
is much harder to specify the model (53) with a large variance compared to the model
B(10,6,), since many observations from the model (53) have no trace on whether it
comes from N(0,0?) or N(1,0?). In contrast, if the variance is small, we can judge from
the value of the observation which normal distribution it came from (see Figure 4) .
This information helps the inference on 6, and the risk in estimating the parameter gets
closer to the one for B(10,6;) where head or tail is completely clear.

4 Appendix

4.1 Basic concepts of Information Geometry

Amari [2|, Amari and Nagoka [5], Murray and Rice[15] and Calin and Udrigte [6] serve
as a a general guidance to the information geometry. We only briefly introduce the
basic concepts of differential geometry and their concrete forms in the case of statistical
manifolds.

We consider an ambient space

M 2 {f(z) | f(z) is a measurable function on X.}
and a scale extension model of P
PE(f(x;0) 2" f(:0) | 6= (6°0) = (0)ico1..p, 0€O, —o00<b < oo}

Then P C P C M. We will explain how to construct a Riemmanian manifold structure
in P and P following the way of Amari (|2]).

We start with M. Consider the variation g(z;u), —e < u < € in M and the corre-
sponding tangent vector 0, at g(z;0). The a-representation (—oo < a < 00) of 9, at

g(x;0) is defined as
{g(z:0)} " 92g(; 0),
where

) A O
g(x;0) = %g(fc; u)

u=0
Suppose that another variation h(x;t), —e < t < € such as g(x;0) = h(z;0) is given.
The inner product between 0, and 9; at g(x;0) is defined as
(04,0) = /(a—representation of 0,) X (a-representation of 9;) x ¢g®(x;0)du
x

- / {9(a:0)} " 3(: 0)h(a 0)dp

= /(a—representation of 0,) X (—a-representation of 0;)du
x

— /xg(x; 0)lg(x; 0)lh(x;0)dp,
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where

lo(r:0) 2 loggleu)| . 1h(a;0) £ Tlogh(r:)

u=0 t=0

Let A(6) be a vector field in M along P. Its a-representation at 6 is denoted by a(z; ).
Consider a vector 9; £ 9/00°(i = 0,...,p). The a-covariant- derivative (a-connection)

(—o0 < a < 00) of A in the space of /\/l in the direction of 0;, Vd A, is defined as the
vector field along P so that its a-representation at 6 is given by 0, a(x 0).

Now we introduce the geometrical properties of P. First a base of tangent vectors are
given by 0;(i = 0, ..., p). The variation of f(x;0) in P when 6’ changes gives rise to the
tangent vector 0; at each 0, and its a-representation is given by

{f(a:0)} 2 fi(a:6),

where f;(z;0) = ;f(z;0). Components of a Riemannian metric on P are defined by

5 (0) 2 (0,,0,); / (F(e:0)) " (3 0)F (: B)dp

where l;(x, é) £ 9, log f(a:, 5) Actually g,»j(é) is given by
e g;(0) if1<i,j<p,

G0 =<0 if (i,7) = (0,1),...,(0,p),(1,0),...,(p,0) (54)

e’ ifi =j =0,

where g;;(0) = (9;,0;)e(1 < i,j < p) is the components of the metric (Fisher information
metric) on P defined by

9:5(0) = Eg[li(x30) ;(w; 0)]. (55)
The second case of (54) indicates 0; L 9y (i = 1,...,p), which is derived from

J (@8} s otas)dn
x
= / fl(x, 0~) dp = e’ / filz;0)dp = 0, / f(x;0)dp = 0. (56)
x x x
Another expression of the metric on P

9i(0) = — Ep[lij(w; 0)] (57)

is obtained from the relationship

Eplli(x;0) Lj(x;0) + 1;;(x; 0)] = /xfij(x; 0)dp = 0,0, /xf(x; @)du = 0.
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We use the notation §*/ (0), ¢ () respectively for the components of the inverse matrix
of (9:5(6)), (9:5(0))- )

0; (0 < i < p)is the vector field along P, hence its oc—covarian‘(cl—derivative (-
connection) in the space of M in the direction of 9; (0 < j < p), %ja,-, could be
considered. Its a-representation at 6 is given by

Ojl{f (:0)} 2 fi(w; 0)]

= O )y 2 )3 0) + (0} 2y ),

We are mainly concerned with the case o = £1. In those cases, more familiar names
exist. e-representation and e-covariant-derivative (e-connection) for the case a = 1; m-
representation and m-covariant-derivative (m-connection) for the case « = —1. It turns
out that

e-representation of %j 0; at 0

! 0, otherwise,

and
m

m-representation of Vaj 0; at 6
eeofl](xae)y lfl §27j§p7
- e fi(x:;0), if (i,5) = (1,0),...,(p,0),
¢ fi(w;0), it (i,5) = (0,1),...,(0,p),
flz:6), it (i,) = (0,0).

Consider the two variations in M,

F(;0) exp(uly(x;0)), |ul <e, (58)
f(x; 9~) + teeofij(x; 0), |t| <e, (59)

for 1 <i,j < p. 9, and 9, respectively equals Vy,0; and Vy,0; since the representations
coincide. B o

Let T9~75 denote the tangent space of P at 0 (i.e. f(x;60)). Suppose that A is a tangent
vector of M at f(z;8). The orthogonal projection # of A onto T;P is given by

7A) = > (Ad) 570

0<i,j<p

a-covariant-derivative (a-connection) in the space of P (denoted by ﬁaﬁj, 0<4,j<

p) is defined as the orthogonal projection of Vaﬁj. Actually the following equations
hold;
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= 3 (V00;,0,) 5" 0,

0<s,t<p

Z ]q’ij,s §St at

0<s,t<p
Z Ioiij,s g™ O, + 6_001041']',0 Do
1<s,t<p

where for 0 < i, 5,k <p, —o0 < a < 00,
Jq’ij,k (é) £ <%&0jvak>é
= /(a—representation of %@.aj at 0) x (a-representation of 9 at 0)

x

X f(x;0)du

- 1+“/ﬁ 6)f (w10 o3 0) F2(a: 0)ds

i / I ;) (2 0) F (2 B) s, (60)

where I;;(z;0) £ 9;0;log f(z;0).
The notation I is called Christoffel’s second symbol. We also use Christoffel’s first
symbol I'} (0 < i, j, k < p) defined by

fﬁ(é)é Ty (6) §(8),

e S0 Ty (B)g™(0), if 1 < k <p,
%0”0 ), if k= 0.

Cristoffel’s symbols are not tensors. For example, when the coordinates are changed
from (i,7,k,...) to (a, B,7,...), the following exchange rule holds.

«

I'ijx = L'ap, B*BYB) + By B}, ga, (61)

m

When o = +1, Christoffel’s symbols are denoted by Ziljk, fij (a = 1) and Fljk, rk

( = —1). The concrete forms of sz r and I, are given by

Fun @) = [ 5y 0)ita o ) (62
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i%k@wié@xxé&uﬁy+MxQMa@u@ﬁ»ﬂa@mL (63)

From (62) and (63), we notice that

~ ~ 1—a m - ~

Ty (0) = Tiju(0) + == (T4 (0) — Tiji (6)) (64)

The following relation is an important property for information geometry. It shows
the duality between a-covariant derivative and —a-covariant derivative. Let A, B, C be
vector fields on P, then

A((B, C)) = (VAB, C) + (V.AC, B). (65)

Especially for 0 <1, 7, k < p, it turns out that

=&

< 0.0i, 6> <V3kaj7 61)
= (V, 0, 6> + (V5,95 Oi)

We define a-covariant derivative in the space of P (denoted by %8i8j, 1<i,7<p)as

the tangent vector field whose value at 0 is the orthogonal projection of %aﬁj at (0,0)
on the tangent space of P at 6. Since 0; L 0y (1 < i < p), we easily notice that

p

%Biaj - Z fij,s (8) Zﬁfj at7

1<s,t<p

where Iy (0) £ ;5 ((0,0)) and T'f(0) £ T ((0,0)).

~ Now we define the second fundamental forms A (0)(0 < i,j <p,—o0 < a < o) of
P as . . N
Ay (0) £ Vo,0; — Vo,0;. (67)

Its a-representation, &;;(z;6), is given by
&l](ﬂf, 9)

= (a-representation of V,0;) — (a-representation of %a)

= w0 s ) 0) + (s 6)) 2y 6)

07

— e " Ty (0) g (0){ f(;0)} T2 fy (5 0)

1<s,t<p

= e iy (B){F (; 6)} 02 fo ;).
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For the case a = %1, we use the notations A (), a ag;(x; 0) (a =1) and Zl] (0), dy;(x; 0)

j
(a = —1). The concrete forms of G;;(x;0) and @;(x; ) are given as follows;
fug(:0) = Ty (a2 ) — e 37 15 (0) L) + iy 6),
1<t<p
Gy (; ) fZJ Z I';(0 ft Z; 9 Of(xvé) ﬁj(xQ é)dﬂ-
1<t<p X

Especially when 1 <14,5 <p

&U(ZL', é) = llj(l', 9) — 6_90 Z ]2;; (é) lt(l', 9) + gw(@), (68)
1<t<p

az‘j($; é) = fij(x§0~) —e Z ]Igztg (é) ft(% é)a (69)
1<t<p

since
/ fisw; B)dp = / Fij(w:0)dp = €' 0,0, / f(x;0)dp = 0.
x x x

o
From the definition of the covariant derivative, the a-representation of Vy, A;; is given

by Oy (x;0). The following equation holds:
[ i) o) Fash)} 2 = (o, 000,
_ —<}L-j Vo)
~(Ai; Vo, 05 — 7#(V, ) g
<Aw, A, kg (70)

where the second and third equations hold since <Az’j ,Ok)g = 0.
We often use another type of second fundamental form

AT(0) 2 Ay (0)gM(8) = Ay, (6)9"(9). (71)

The simplified notations JZZ‘]‘ (9), Ez (0) are also used instead of JZZ‘]‘ ((0,60)) and ﬁz ((0,0)).
Lastly, we refer to Riemannian curvature tensor of P. For vector fields A, B,C on P,
Riemannian curvature tensor with respect to V is defined as

JgL(A, B)C £ V4(VsC) = VB(VaC) = Vap_paC.

«
The components of Riemannian curvature tensor, Rl-jkl (0) , are defined as the unique

function on P which satisfies

R(9,,0;) ZRW d).
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More specifically it is given by

Ryl (0) = 0,14 (0) — 0,74 (0) + TL(O)T5i (6) — T L (0)T°5, (6). (72)
4.2 Geometric Interpretation of Derivatives of Log-likelihood

The expectation of the derivatives of the log-likelihood I(x;#) can be expressed in the
geometric terms introduced in the previous subsection.

Lemma 2. For 1 <1, j, h, k <p, The following relations hold.

Eg[li(z:6)] =0, (73)
Eolli (2 0)1; (3 0)] = — Ealli; (25 0)] = 9:5(6), (74)
Eolls; (2 0)l (w3 0)] = T (6), (75)
Eolls (3 0)1; (1 0) (5 0)] = s (6) — g (6), (76)
Eylliji(x;0)] = — (Dijuc (0) + Tins (0) + Dy (6)), (77)
Bylln(: 0)lu(w:0)] = Y (0h1°5 (6)) 9u(8) + 3 15 (0) T (6)
— Ay (6), Ay, (0)), (78)
Epllis (; 0)lin (5 0)] = (Ayy (6), Ay (8)) + S T () gy (6)
+ gij (O)Qkh(e)a (79)
gl (2 0)li(; 0) (3 0)]) = (Ay; (8), (Ayy (6) = Apy (0))) — 9:5(0) g (6)
3" T (0)(I6.6) = T4,(6)), (80)
Eollijin(2:0)] = — (06 ijn (0) + kL iy (0) + 0L (6))
— S (O (0) gu(0) = ST (0) D (0)
+ (Ai; (6), A (8)). (81)

- Proof -

Equation (74) is the result already mentioned in (55) and (57). (75) and (76) are special
cases of (62) and (63) when 6 = (0,6) and 1 < 4,5, k, < p. In the following proof, we
will abbreviate f(x;0), ;(x;0), l;;(z;0),-- - respectively to f, l;, l;j,--- .

- Proof of (73)-

Ey[li] = /%fi(x; 0)dp = 8i/3€f(x§ 0)du = 0.
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- Proof of (77)-
By differentiating the both sides of I;; = —l;l; + f;;/f, we get the following equation.

lijk = —lirly — Ll + fifj’f _ %
= —linly — Ll + f?k
(B L LY ()
TR EIAN

Take expectation of both sides of the above equation, and use (75), (76) and the relation

Eolfiji/ f] = /xfijkdﬂ = 5i3j8k/3€fdu =0,

then we obtain the results.
- Proof of (78)- .
From (68) for the case 6 = (0,6),

p

lij(:0) = by (2:0) + S T (0)(50) — g,5(0). (82)

t=1

By differentiating both sides of this equation, we have

Lijn(z;0) = Opay;(x; 0) + Z(ahf’itj (0)li(z;0) + Z fztg (O)lin(;0) — Ongi;(0).

t=1

Consequently

Ep[lijnlk]

t=1 t=1

m

— (A Ao + Y OT 0))gin(0) + 3 T ()T (6),

t=1 t=1

where the second equation comes from (70) (for the case § = (0,0) and a = 1), (73),
(74) and (75).
- Proof of (79)-

From the definition of the second fundamental form, it turns out that (A4;;,0;) =0 (0 <
i,7,t <p), hence, for 1 <i,j,t <p,

E@ [&Z]lt} - E@[CELU] == O
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Using (82) for l;;, I, and the relation (73), (74), we notice the following equation holds.

Eyllijlen] = Eolajar,) + Z Fitj Iy Eollils] + gijgkn

1<s,t<p

e e p e e
= (A, A+ D T Ty + isgin.

t=1
- Proof of (80)-
Since lyln = fin/f — lin,
Ey[lilily) = / Lij(fen/ [ — ln) fdp = / Lij fondp — Egllijlen). (83)
x x
From (69) for the case § = (0,6), we have
P m
fen(@;0) = apn(;0) +Z Iy, (0) fi(;0). (84)
t=1

If we substitute /;; and fi; in the integrand of (83) with the right-hand sides of (82) and
(84) respectively, we have

/ lij frndp
x

:/%(ewalkh+azjzpkhft+a’khzrljlt
+szgltzpkhfs gzjakh ngZFkhft>

m m m

<AZJ7Akh +Zpkh Awaat +ZFU (O, Awn )

t=1 t=1
€ m p m
+ Z T Fitj st = 9ij{Arn  Oo) — 9ij kath (Or, o)
1<s,t<p t=1

m m

<A1J7Akh +Zpkh 1,8 -

s=1

since (fi” ,Op) = <;17U ,Op) = 0for 0 <4, 5,k <p,and (9, p) = 0 for 1 <t < p. Combine
this equation with (79) and (83), then we obtain the results.

- Proof of (81)-

If we differentiate both sides of the equation

€ € m

/xl”h@:’ Q)f(x, Q)du = _<Fij,h (9) + Fih,j (6) + thﬂ' (9)) (see (77)),
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then we have

Ok / lijn (5 0) f(2;0)dp = —(OkLijn (0) + Ol in; (0) + Okl i (0))
x
The left hand side equals Ep[l;jkn] + Eo[lijnlk]. From (78), we have

m

Eollijen) = — Ok Lijn + Okl ing + Ol 'jni) — Eollijnli]
= —(Oklijn + Okl in; + Okl jni)

p e p e e & m
= O gk — > T Tk + (Aij, A
t=1

t=1
4.3 Expansion of Divergence

Substitute #; and 6 in (2) respectively with 6 and 6y. Fix 6, in l%[@ : Oy] and treat it as
the function of . Then Taylor expansion of D(0) = DIf : 6] around 6y is given by

b(o)

- Z(ej)[&o 0o]) (0" — 6p) + %Z Z(Eiﬁjﬁ[go 1 00]) (0" — 65) (67 — 67)
E3S S el ) 0 )@~ )~ )
1 p p p p o

#2300 ener Dl < ) (0 — )@ — B — )0 o

i=1 j=1 k=1 I=1

+0(]10 = 6o*), (85)

where ¢; is the partial differentiation of D[f; : 65] with respect to 6;.
According to Eguchi’s relationship (see [8]),

[0

GiD[QO . 00] = 0, (86)
€i€;D[0y : O] = gij(0o), (87)
EiﬁjEkD[eo : 90] - Fij,k (90) + Fz’k,j (90) + } kj,i (90)7 (88)

(03
where g;; and I';;) are respectively the components of Fisher information metric and
a-connection of Riemannian manifold P (see Section 4.1).
In this section we reveal the geometrical meaning of the forth derivative term

eiejekelﬁ[eo 2 0o)
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(see Eguchi [9] as a related work ). Let 6;(i = 1,...,p) denote the partial derivative
w.r.t. 05 of D[f : 0]. From (88) and (64), we have

GiEijD[g : ‘9] Fiij (9) + Fz‘k,j (8) + }' kji (0)
Lij (0) + iy (0) + Lizi (6)

(P (0) ~ Dua (0)) (see (64)) (39)

+

Differentiate both sides of this equation in €', then we have

GiEjEkEZD[Q : 9] = _5l€i€j€kD[6 : 9] + 81Fij,k (9) + 8;F,~k7j (0) + 8[ij7i (9)
3 —

5 0Tk — o). (90)

+

From (2), we have

5l€i€j€kﬁ[01 . 02]

PRY)
1-o) [ 100 00300 0 =300 402 )
X

11—«
2
1—«
2
11—«
2

- / Lign (a3 00) 1 (: 02) f =2 (5 01) fUH 2 (a6 ) dp.
X

/ Liw (25 00) 15 (25 00) i (203 09) fO7 2 (5. 0,) f A2 (25 0,)d
X

/li(ﬂfs 01) L (; 91)11(55;ez)f(lfaw(l’;el)f(1+a)/2($;92)dﬂ
x

/ Lij (3 00) 1 (3 00) 1 (5 02) f 72 (205 00) f O 2 (25 05) d
x

Consequently we have

a _ 2
6leiejekD[0 . 9} = —uEg[lzljlkll]

11—«

{Eg Lidl] + EolLlili] + Ep [zijzkzl]}
— Ep[lijxli]. (91)

The relation
X

k4 k4 k4 k4
= Ey[lylile] + Eg[liljile] + Epllilili] + Ellil; 11,
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and (76) lead to
Ey[l;lilel] = 31( ik — Fl-j’k) — (Eg[lilljlk] + Ep[liljili] + Eg[liljlkl]). (92)
Substitute (92), (78) and (80) into (91), and let o/ denote (1 — «)/2, Then we have
5161»63-%%[0 : 0]
= —(0/)281172@@ + ()20

e m e e p e m p e e
+ (O/)2 <<A7,l ) A]k?> - <Azl ) A > gzlgjk + le s jsk - Fil,s Fjsk
s=1 s=1
e m e p e m s p e e s
+ (Aj, Ay ) — <A]l7A ) — 9igix + Z s i — ) Ljis Lig
s=1 s=1
m e e m p e e
<AklaA ) — (A, Aij) — Iugi; +kals ij — Zpkz,sffj)
s=1 s=1
_O/<<Aik7Ajl>_<Azk7 _gzkgjl+zpzks JZ_ZFZkSF]l

+<Ajk7Ail>_<Ajk7A > g]kgzl+zpjks ijks
s=1

m

<A237Akl>_<Aij7Akl> gugkl+ZFUSFkl ZFZJSFkl>

s=1
P
- Z(a gtl

t=1 t=1

6

z Iy + AzyaAkl>

Mﬁ

where the definition and the geometrical meaning of each notation are described in
Section 4.1. From this equation and (90), we have

eiejekqﬁ[ﬁ . 0]

= (&/)28111‘3'7;{ — (o/)zalfij,k

€ m € € p € m p € €
- (0/)2<<Au=f4jk> — (A, Aji) — gugse + ZlesF]Sk = > TusTji
s=1 s=1
€ m (& € p € m p
+<AjlvAik> <AJl7A >_g]lgzk+zpjls Z le z
s=1 s=1
<Akl:A ) = (A, Aij) — guugij + kals ij Z I'; )
s=1 =1

e m e e p e m p e e
+ O/<<Aik ,Aj) = (A Ajr) — gingi + Z Pigs it — Z Ligs I'ji

s=1 s=1

32



e m e e p e
+ (Aji, Au) = (Aji, Au) — gjnga + Z Ljg.s

s=1

m

P e e
s 2 s
il ij:,s il
s=1
m

e e e p e m p e e
+ (A, Aw) = (A Aw) = gijg + > Tijs Tl — mesfzfz)
s=1 s=1

+ (Oé/ + 1)8Z(F,L-j,k — ka) + 81Fij7k + 811“%,]- + 81ij,,»

m

p e p e e e
+ Z(akpitj )gtl + Z I oy — (Aig s A ) (93)
t=1 t=1
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