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The standard theory of induced-charge electro-osmosis (ICEO) often overpredicts experimental values of
ICEO velocities. Using a nonsteady direct multiphysics simulation technique based on the coupled PoissonNernst-Planck and Stokes equations for an electrolyte around a conductive cylinder subject to an ac electric
field, we find that a phase delay effect concerning an ion response provides a fundamental mechanism for
electrokinetic suppression. A surprising aspect of our findings is that the phase delay effect occurs even at
much lower frequencies (e.g., 50 Hz) than the generally believed charging frequency of an electric double layer
(typically, 1 kHz) and it can decrease the electrokinetic velocities in one to several orders. In addition, we find that
the phase delay effect may also cause a change in the electrokinetic flow directions (i.e., flow reversal) depending
on the geometrical conditions. We believe that our findings move toward a more complete understanding of
complex experimental nonlinear electrokinetic phenomena.
DOI: 10.1103/PhysRevE.94.022609

Induced-charge electro-osmosis (ICEO) [1], which includes the concept of ac electro-osmosis (ACEO) [2,3], is a
nonlinear electrokinetic phenomenon resulting from the interaction between a tangential electric field and a diffused charge
that forms an electric double layer with an induced charge on
a conductive material; it is expected to be a key phenomenon
that provides various innovative microfluidic devices, such as a
pump [4], mixer [5], valve [6], etc. [1,7], since ICEO provides
large flow velocities (∼mm/s) with low applied voltages (∼V).
In fact, Urbanski et al. [4] experimentally reported a much
faster pump (∼0.4 mm/s at 3 V) using ACEO with a step
electrode structure than ordinary electrokinetic pumps (e.g.,
∼0.1 mm/s at ∼kV). However, the standard theory using a
thin electric double layer approximation [1] often overpredicts
the measured flow velocities by a factor of 10 or more, and
sometimes even the flow direction is opposite that of the
predicted direction [8,9]. Moreover, it is known that ICEO flow
ceases at high ion concentrations (>10 mM) [8]. Thus, several
models have been proposed to explain the above problems from
the beginning. For example, early on, Gomayunov et al. [10]
observed a reverse flow phenomenon for conductive particles,
and they conjectured that it is due to a Faradaic reaction.
Pascall and Squires successfully showed that contamination
of the surface provides a natural mechanism for suppression
of ICEO velocities by systematically measuring ICEO flow
velocities over controllably contaminated planar electrodes
[11]. Storey et al. showed that crowding of ions due to steric
effects and a related decrease in surface capacitance could
cause the experimentally observed flow reversal of planar
ACEO pumps [12], and Bazant et al. pointed out that ion
crowding also can cause the 10 mM limit problem and the
suppression of ICEO velocities at large voltages (>25 mV)
[8]. Nevertheless, even the simplest ICEO flow around a
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conductive cylinder (or particle) has not been explained
completely and challenging problems still remain, e.g., even
now we cannot explain completely the complex transition
between the standard and anomalous vortex flows caused
by changing the applied frequencies and voltages, although
we pointed out that the phase delay of ions can cause a
significant decrease in ICEO flows and ICEO flow reversal
by using the one-dimensional (1D) numerical analysis of
Poisson-Nernst-Planck (PNP) equations [13].
Recently, two-dimensional (2D) direct calculation methods
that calculate ICEO flows directly based on the governing
equations without using a thin double layer approximation
have been developed by several groups [14–16]. For example,
Gregersen et al. [14] developed a 2D steady direct calculation
method and analyzed steady ICEO flows above a planar electrode of the geometry corresponding to Pascall and Squires’s
experiments. Davidson et al. [15] reported a chaotic ICEO
flow around a conductive cylinder by using a 2D nonsteady
direct calculation method. Further, Sugioka [16] performed a
2D stable direct analysis for a dc step response problem of
ICEO flows around a conductive cylinder at large voltages
by developing a stable multiphysics calculation method that
assures the conservation of ion numbers completely, and
showed that a shortage of ions (not crowding of ions) at large
voltages can cause a decrease of ICEO flow velocities in the
presence of dc electric fields.
However, ICEO flows around a conductive cylinder in the
presence of large ac electric fields have yet to be analyzed
by the 2D nonsteady direct calculation method. Therefore,
in this paper, we focus on the 2D direct simulation around
a conductive cylinder under a large ac electric field and
fundamentally clarify the suppression problem of ICEO flows.
In particular, by using the 2D nonsteady direct simulation
that considers the Poisson-Nernst-Planck (PNP) equations
with the Stokes equation, we will show that the phase delay
effect on ions under ac electric fields is a natural fundamental
mechanism to cause significant suppression and reversal of
ICEO flows.
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FIG. 1. Considered 2D model system of our direct simulation
under ac electric fields and suppression mechanism due to a phase
delay of an ion response. Here, V0 is the peak ac applied voltage and
W0 (= 100 μm) is the distance between the electrodes. (a) System.
(b) Time chart. (c) Standard vortex flow. (d) Anomalous vortex flow.
1: electrodes, 2: period of standard vortex flow, 3: period of anomalous
vortex flow, 4: standard vortex flow, 5: anomalous vortex flow.

Figure 1 shows a considered geometry of the 2D direct
simulation [16] under ac electric fields and suppression
mechanism due to the phase delay of an ion response. As
shown in Fig. 1(a), we analyze an ICEO flow around a
metal cylinder of radius cd in an electrolyte between parallel
electrodes of distance W0 (typically, 100 μm) under ac applied
voltages of amplitude V0 and frequency f0 = T10 [i.e., Vac =
V0 cos(2πf0 t)]. Here, the electrolyte is typically water of
pH = 7 and thus we can assume that the Debye screening
length λD is ideally 1 μm; the dielectric permittivity ε and
viscosity μ are 80ε0 and 1 mPa s, respectively, where ε0 is
the vacuum permittivity. As illustrated in Fig. 1(b), the second
peak of the extrema value of tangential velocities uextrema
at
t
θ = 45◦ generally appears at t = T20 + tφ and thus we can
t
define the phase delay of ut as φ phase = 2π Tφ0 rad. Note that the
phase delay of ut is due to the phase delay of an ion response to
applied ac voltages, and the phase delay of ions is represented
by an accumulated charge qs in the electric double layer. It
 c +d
is defined as qs = cdd ex ρe dr, where dex is the distance that
provides the extrema value of ut , ρe (= C+ − C− ) is the charge
density, C+ (C− ) is the concentration of positive (negative)
ions, and r is a radial axis. Since the signs of E0 and qs provide
the sign of ut , the value of ut sometimes becomes negative in
the presence of the phase delay of ions. In other words, not only
the standard vortex flow of Fig. 1(c) but also the anomalous
vortex flow [of Fig. 1(d)] can be naturally observed at least
theoretically if there is a phase delay of ions, although the
time averaging value of ut should also be negative to observe
ICEO flow reversal experimentally. Further, the method of
the 2D direct simulation we have done is the same as that of
our previous study [16], except that here we consider an ac
electric field instead of a dc electric field; namely, one can

find detailed explanations on our direct simulation method in
Ref. [16], however, for the convenience of readers, we briefly
explain the method here. That is, the 2D direct simulation using
the Poisson equation (ε∇ 2  + ρe = 0), Nernst-Planck equaze
±
+ ∇ · [−D(∇C± ± kT
C± ∇) + C± u] = 0], and
tion [ ∂C
∂t
2
Stokes equation (−∇p + μ∇ u − ρe ∇ = 0,∇ · u = 0) is
performed by using the finite element method (FEM) with
the finite volume method (FVM). Here,  is the potential, t is
time, u is the flow velocity, p is pressure, μ (∼1 mPa s) is the
viscosity, D (∼10−9 m2 /s) is the ion diffusivity, k is the Boltzmann constant, T is the temperature, and ze is the ion charge.
Figure 2 shows the calculation results of the phase
delay effects under the condition that cd /W0 = 0.1, W0 =
100 μm, λD = 1 μm, V0 = 1 V, and f0 = 200 Hz. As
shown in Fig. 2(a), by applying a voltage [dashed line:
Vac = V0 cos(2πf0 t)], qs approximately behaves as qs ∼
qsmax −qsmin
sin(2πf0 t) and ut approximately behaves as ut ∼
2 min
umax
−ut
umax +umin
t
[ 2
sin(4πf0 t) − t 2 t ], although each wave form is
complex in detail, where qsmax and qsmin (umax
and umin
t
t ) are
the maximum and minimum values of qs (ut ). Thus, the phase
delay of ut is ∼ π4 in this argument, although φ phase = 28.8◦
at f0 = 200 Hz in detail. This rough estimation is simple but
it shows a surprising fact that the phase delay of ut around
a circular cylinder is intrinsically not negligible and it can
dramatically suppress the average ICEO flow velocities. In
our understanding, this fact has not been recognized well in
the field of ICEO so far, although we pointed out the phase
delay effect in our previous papers [9,13]. Please note that the
wave forms of ut during the first and second periods are almost
the same and thus we define the phase delay value from the
second peak value of ut .
Further, another surprising aspect of Fig. 2(a) is that the flow
direction easily becomes opposite to that of the standard theory
under the existence of the phase delay of ions; e.g., you can find
the negative region of ut during 3.8  t  4.6 ms in Fig. 2(a).
More specifically, Figs. 2(b)–2(d) show the dependence of Et ,
ρe , and ut , respectively, on d0 at t = 2.9, 3.4, 3.9, and 4.3 ms.
Namely, even though the sign of the tangential electric fields
Et changes from negative to positive at t = T40 = 3.75 ms, as
shown in Fig. 2(b), the sign of the charge density ρe remains
negative, as shown in Fig. 2(c); thus, the sign of ut becomes
positive at t = 2.9 and 3.4 ms, while it becomes negative at
t = 3.9 and 4.3 ms, as shown in Fig. 2(d). Therefore, we can
find a standard vortex flow at t = 2.9 ms, as shown in Fig. 2(e),
while we can find an anomalous vortex flow at t = 4.3 ms, as
shown in Fig. 2(e). Note that we use a different magnified
factor to draw the flow vectors of Figs. 2(e) and 2(d) to clarify
the reverse flow problem.
Figure 3 shows the dependence on f0 under the condition that cd /W0 = 0.06–0.1, V0 = 1 V, W0 = 100 μm, and
λd = 1 μm (i.e., pH = 7 as an ideal limit). As shown in
Fig. 3(a), the average tangential flow velocity (defined as
T
uave
= T10 0 0 ut dt) decreases as f0 increase, however, the most
t
surprising aspect of Fig. 3(a) is that the typical ICEO flow
velocity around the conductive cylinder is at most 45 μm/s
under ac electric fields, and this theoretical prediction is
consistent with the experimental results measured by many
researchers [8–10,13,17]. Thus, the phase delay effects under
ac electric fields is a natural mechanism of the suppression
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FIG. 2. Phase delay effects (200 Hz,W0 = 100 μm, and V0 = 1 V). Here, d0 (= r − cd ) is a distance from the surface of the conductive
cylinder, cd /W0 = 0.1, W0 = 100 μm, D = 10−9 m2 /s, λD = 1 μm, uc = D/w0 = 10 μm/s, qc = ezC0 V0 , and pH = 7. (a) Dependence of
, v0 , and qs on t (θ = 45◦ ). (b) Et vs d0 (θ = 45◦ ). (c) ρ vs d0 (θ = 45◦ ). (d) ut vs d0 (θ = 45◦ ). (e) Standard vortex flow field (t = 2.9 ms,
uextrema
t
factor = 0.01). (f) Anomalous vortex flow field due to phase delay (t = 4.3 ms, factor = 0.02).

of ICEO flow velocities measured in experiments. Please
note that since the represented ICEO flow velocity is that
uiceo
= εcd E02 /μ = 708 μm/s at cd = 10 μm and V0 = 1 V
0
under
(E0 = V0 /W0 = 10 kV/m), the typical value of ut /uiceo
0
ac electric fields is ∼0.06 at most; this situation is very different
from that of the direct simulation of a dc step response of
ICEO [16] since it shows that the value of ut /uiceo
under
0
dc electric fields is approximately 0.5 at the same condition.
Figure 3(b) shows the dependence of φ phase on f0 . Obviously,
non-negligible values of φ phase ranging from 26◦ to 40◦ in
Fig. 2(b) are the main reason for the suppression of ICEO
flow velocity. However, since φ phase decreases in the range
50  f0  150 Hz, the reason why ut decreases as f0 increases
is different from the phase delay effects. Instead, it is explained
by the monotonous decrease of qs as f0 increases, as shown
in Figs. 3(c) and 3(d). As the result, ut almost monotonously

decreases as f0 increases, while φ phase decreases (increases) at
f0  150 Hz (f0  150 Hz), as shown in Figs. 3(e) and 3(f).
In addition, in Fig. 2(b), we can find that there exists a clear
resonance phenomenon of φ phase at f0  200 Hz. We consider
that the background physics of this phenomenon is the same
as the well-known low-frequency dielectric dispersion (or
alpha dispersion) [18] which is associated with the relaxation
of the double layer surrounding the colloidal particles [18]
since the resonant frequency in Fig. 3(b) is generalized as
f0reso (W02 /D)  2000 on the basis of a nondimensional arguphase
ment, i.e., our calculation results such as uave
t W0 /D and φ
ε
kT 2 W0 2
2
are the function of F0 = kT C0 (W0 /D)μ = 2μD ( ez ) ( λD ) ,
cd /W0 , and ezV0 /kT [16], where C0 is the ion concentration of
the bulk. Namely, if cd /W0 and ezV0 /kT are constant, f0reso ∼
1/(W02 /D), and the behavior of f0reso of φ phase corresponds to
that of the α dispersion (i.e., fα ∼ cd2 /D [18]) to some extent
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FIG. 3. Dependence of uave
and φ phase on f0 . Here, θ = 45◦ , V0 = 1 V, W0 = 100 μm, D = 10−9 m2 /s, λD = 1 μm, uiceo
= 708 μm/s,
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(at least in a specific experimental condition). However, as
shown in Fig. 3(b), the resonance frequency does not directly
depend on cd /W0 ; it is strongly dependent on C0 or λD if
W0 and V0 are constant, since it changes the nondimensional
value F0 . These phenomena are also known as the α dispersion
due to a so-called volume diffusion mechanism related to the
concentration polarization around a particle [18], whereas the
α dispersion due to the surface diffusion mechanism is strongly
characterized by fα ∼ cd2 /D [18].
Figure 4 shows the dependence on V0 at f0 = 50, 100, and
200 Hz under the condition that cd /W0 = 0.1, W0 = 100 μm,
iceo
and λD = 1 μm. As shown in Figs. 4(a) and 4(b), uave
t /u0
phase
and φ
almost do not change at f0 = 200 Hz as V0 increases,
whereas they change significantly at f0 = 50 and 100 Hz.
Here, by considering the resonance curve in Fig. 3(b), we can
explain the invariance of φ delay on V0 at f0 = 200 Hz, i.e.,
around the resonance frequency (f0reso = 200 Hz), the phase
delay change due to the small parameter change must be small
because of the characteristic of the stable point. Further, as
shown in Figs. 4(c) and 4(d), we can observe the shift of
the peak value of ut and qs as V0 increases. As a whole, the
simulated complex behavior of ut on f0 and V0 agrees well
with that in the experimental observation in Ref. [13], and

the complex behavior of ut on f0 and V0 can be explained
naturally by the phase delay effects, although we may need to
compare the simulation results with the experimental results
in detail in the future. For example, we may need to consider
the steric limit in the direct simulation method as discussed in
Ref. [7] (Sec. 5.4), although it is unlikely to exceed a steric
limit for the dilute solution (C0  10 mM). Further, as a first
step, we assume that the thickness of the Stern layer is zero for
simplicity; however, the finite thickness of the Stern layer may
amplify the complexity on V0 and f0 , although it is beyond the
scope of this paper.
Figure 5 shows the dependence on W0 at f0 = 100 and
200 Hz under the condition that cd /W0 = 0.1 (depicted by
squares and circles) and under the condition that cd = 10 μm
(depicted by crosses and triangles). Here, V0 = 1 V and λD =
1 μm. As shown in Figs. 5(a) and 5(b), under the condition that
cd /W0 = 0.1, uave
decreases monotonously at f0 = 100 and
t
200 Hz as W0 increases, although the dependence of φ delay on
W0 has the peak values of φ phase = 38.7◦ and 43.3◦ at W0 = 50
and 75 μm for f0 = 100 and 200 Hz, respectively. Note that
the decreasing of uave
with increased W0 results from the
t
decreasing of electric field E0 = V0 /W0 . Under the condition
that cd = 10 μm, the values of uave
and φ phase are almost the
t
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of qs around t/T0 = 0.6 are shifted to the left as W0 increases,
and the amplitudes of ut and qs become small at f0 = 3.2 kHz.
Note that, in this case, the positive and negative flows of ut
are almost balanced but show a slightly negative value. That
is, we can find that the flow reversal of ICEO due to the phase
delay of ions is observed in typical ICEO geometries and it
also seriously suppresses the ICEO flow velocity. For example,
since uiceo
= 2.83 mm/s at V0 = 1 V and W0 = 25 μm, the
0
correction factor eff to the standard theory [1] is written as
iceo
= −0.000 36 in this case. This is a surprising
eff = ut /u0
prediction but an ordinary observed phenomenon by many
researchers [8–10,13]; e.g., we experimentally reported that
eff = −0.0025 for the ICEO flow velocities around a stacking
structure of elliptic cylinders [9] and eff = −0.0055 for
the ICEO flow velocities in the zigzag structure of circular
cylinders [13]. Therefore, the phase delay of ions is also a
natural mechanism of the flow reversal of ICEO, i.e., both
the suppression and reversal of ICEO velocities first can be
understood integratedly as the phase delay effect.
Our direct simulations clearly show that to consider the
phase delay problem should be the first priority in future
ICEO device design strategies since it is an intrinsic and
fundamental problem for ideally clean and flat surfaces. In
other words, the effects of contamination [11] and surface
roughness [19] can be avoided by using a suitable fabrication
process. Further, the problems of ion crowding [8] and shortage
[16] are probably hidden by the phase delay effects since both
phenomena are probably not growing at the existence of the
phase delay effect. Of course, both phenomena may become
important after the phase delay problem; however, in our
opinion, the problems are not very serious since ion crowding
is intrinsically a problem for dense solutions (C0  10 mM)
[7] and ion shortage suppresses the ICEO velocity just by
the factor of 0.5 or so [16]. Thus, the design strategy on the
phase delay problem becomes the first priority. Furthermore,
in the field of colloid science, the charging time τD and cutoff
frequency fD for a colloidal particle is usually represented by
τD = 1/fD = λ2D /D, although the charging time for a parallel
electrode problem is considered to be τRC = LλD /D, where
2L is a gap distance of the parallel electrode [20]. Namely,
the values of τD and fD are 1 ms and 1 kHz, respectively,
under the condition that D = 10−9 m2 /s and λD = 1 μm/s,
although the value of fD is usually larger than 10 kHz since
λD is usually smaller than 100 nm at C0  10−5 M. In fact,
the peak forward and backward velocities of the ACEO pump
having a step structure [4] are observed approximately at 10
and 100 kHz, respectively. Thus, our results are surprising
since they show that the phase delay effects appear even
at much lower frequencies (e.g., 50 Hz) than the generally
believed charging frequency (i.e., 1 kHz). At the same
time, our findings make us understand various experimental
reports on ICEO flow velocities without considering other
extremely large effects [8–10,13]. For example, the trend of
|uave
t | decreasing with increased frequency is approximately
consistent with experimental observations in Refs. [10,13,17].
Namely, experimental flow velocities of ICEO are explained
well without considering extremely large correction factors
(e.g., an extremely thick contamination or condensed layer,
extremely large surface roughness, etc.) [8]. Please note that
the time averaging value of the maximum flow velocity [e.g.,

in Fig. 2(d)] predicted from the simulation is assumed to be
corresponding to the experimental maximum flow velocity
around the metal cylinder or particle, as a first approximation.
In addition, the ICEO devices are largely classified into two
types, i.e., an ACEO-type device using two planar electrodes
connected to a power source and a so-called ICEO-type device
(in the narrow sense) that uses a conductive material in an
electric field; our results suggest that the ACEO-type devices
are better than the ICEO-type devices to avoid the phase delay
problem since the ACEO pump using a step structure works
well at high frequencies (e.g., 1 kKHz) in the experiment [4], as
mentioned before, although the ICEO-type devices also might
be improved for a specific frequency by adjusting the phase
conditions. Further, the phase delay effect might be prevented
for the planar electrode in the direction of the electric field
[11]. However, to find the structure that prevents the phase
delay effects is the beyond the scope of this paper, and we
would like to explore the problem in the future.
We consider that the resonance phenomenon in Fig. 3(b)
belongs to the so-called α dispersion phenomenon due to
a volume diffusion mechanism related to the concentration
mechanism. In particular, as a first step, we assume that
the thickness of the effective relaxation region around the
cylinder in the ac electric field d eff is similar to that in the
dc electric field in Ref. [16], i.e., d eff  4λD . Thus, our system
can be modeled by the RC electrical circuit consisting of
λ2 d
the resistance of the relaxation region R relax = DεDeff and the
capacitance of the electric double layer CD = /λD , and the
eff
relaxation time is represented by τ relax = R relax CD = λDDd 
λ2

4 DD , e.g., τ relax = 4 ms for D = 10−9 m2 /s and λD = 1 μm
[20]. Of course, it is considered as a complex impedance
circuit consisting of 1/j ωCD and R relax for the applied
voltage Va  Wcd0 V0 ej ωt , where Wcd0 is the order of the applied
voltage for the particle. Further, the tangential electric field at
the outside edge of the electric double layer is assumed to be
V0 j ωt
Et ∼ W
e = E0 ej ωt and the zeta potential of the electric
0
double layer ζ is obtained as the voltage drop of the capac1

relax
j ωCD
cd V0 j ωt
d V0 j (ωt−φ)
e = √ ωτ relax 2 cW
e
,
1
W0
R relax + j ωC
0
1+(ωτ
)
D
where φ = tan−1 (ωCD R relax ). Namely, from the HelmholtzSmoluchowski formula, we obtain ut  ε Re(ζμ)Re(Et ) ∼ ut0 g(t),
relax
εc E 2
where g(t) = cos(ωt − φ) cos ωt and ut0 = dμ 0 √ ωτ relax 2 .
)
1+(ωτ

itor, i.e., ζ =

Here, Re(ζ ) and Re(Et ) mean the real part of ζ and Et .
By considering the extrema value condition that dg/dt =
0, we obtain the second extrema time that provides the
φ
extrema value of ut is t extrema = (0.5 + 4π
)T0 . Thus, from
φ
our definition of φ phase , we obtain φ phase,theory  2π 4π
=
φ
1
−1
relax
◦
phase
◦
= 2 tan (ωCD R ), e.g., φ  90 and φ
 45 at
2
1/ωCD  R relax , whereas φ  45◦ and φ phase  22.5◦ at
1/ωCD ∼ R relax . This is the mechanism of how phase delay
occurs, and it successfully explains the large phase delay
and our numerical results such as the dependence of φ phase
on frequency. Note that from the above discussion, we can
consider that the phase delay does not change with the
azimuthal angle, as a first step; thus, our numerical analysis at
θ = 45◦ that provides the ICEO represented flow velocity u0
is justified. Further, since g(t) = cos φ cos2 ωt − sin2 φ sin 2ωt,
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T
we obtain the time averaging phase term ḡ = T10 0 0 g(t)dt =
cos φ
, e.g., ḡ = 0.35–0 at φ = 45◦ –90◦ . This is the mechanism
2
of how the phase delay effect suppresses the flow velocity,
and
and it successfully explains the large suppression of uave
t
our numerical results, such as the dependence of uave
on
t
frequency.
To summarize, by 2D direct simulation, we have shown that
a phase delay of an ion response to ac electric fields provides
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Shilov, and Y. Borkovskaya, Colloids Surf., A 140, 139
(1998).
[19] R. J. Messinger and T. M. Squires, Phys. Rev. Lett. 105, 144503
(2010).
[20] M. Z. Bazant, K. Thornton, and A. Ajdari, Phys. Rev. E 70,
021506 (2004).

022609-7

