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Noise reduction is essential for a single molecular sensor. Thus, we propose a
novel noise reduction mechanism using a hydrodynamic force due to induced-charge
electro-osmosis (ICEO) in a hole-type sensor and numerically examine the perfor-
mance. By the boundary element method that considers both a Brownian motion
and an ICEO flow of a polarizable particle, we find that the Brownian noise in a
current signal is suppressed significantly in a converging channel because of the ICEO
flow around the particle in the presence of an electric field. Further, we propose a
simple model that explains a numerically obtained threshold voltage of the suppres-
sion of the Brownian noise due to ICEO. We believe that our findings contribute
greatly to developments of a single molecular sensor. C 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4943495]

I. INTRODUCTION

The hole-type sensor is often introduced as “nanochannels” or “nanopores” and the concept is
akin to a Coulter counter that detects the number of blood cells. However, it includes the sensors
which hole size is much smaller than that of the Coulter counter and it has a possibility to distin-
guish the difference of individual molecules.1 Namely, as a single molecular sensor, the hole-type
sensor has attracted much attention. Obviously, the key of the realization is a noise reduction in a
current signal during the passage of a particle through a nano-hole and it is related to the surface
phenomena concerning the particle, wall, and electrolyte in confined space. Thus, many researchers
propose various models with various methods to obtain the clue.1–5 For example, Ghosal2 calculated
a translocation speed as a function of the pore geometry by using a simple rod model of a charged
polymer without considering a Brownian motion and showed the validity by the comparison with
the previous experimental data. Jou et al. also calculated a translocation time through a nanopore
in a semiconductor membrane by using a chain model (a coarse-grained polyelectrolyte model) of
DNA with Brownian dynamics and a Poisson-Nernst-Planck (PNP) model and pointed out that the
effect of the surface condition of the nanopore is important. Zwolak and Ventra5 also theoretically
showed that the four bases included in a DNA molecule provide different electric signals by the appli-
cation of the transverse electric field to the channel by using a molecular orbital model considering a
Green’s function method for an electric transportation process across electrodes. However, at least for
hole-type sensor, the model that considers a Brownian motion of a particle with a correct surround-
ing flow considering boundary conditions has not been explored well in spite of their importance,
although Brownian dynamics using a chain model3 usually consider a viscous drag on a particle for
an unbounded problem (i.e., Stokes resistance).

Recently, induced-charge electro-osmosis (ICEO) has been considered to be a key concept for
understanding behaviors of polarizable particles in electrolyte.6–9 That is, it is recognized that the
hydrodynamic interaction due to an ICEO flow around a particle is much more important than the
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raw electric force such as a dielectrophoretic (DEP) force in an electrolyte.10–12 Here, ICEO13,14 is
caused by the interaction between an electric field E and ions in an electric double layer formed by the
polarizing effect of the electric field. Thus, it generates large flow velocity proportional to E2. Further,
in our previous paper,15 we showed that an attitude and positioning of an elliptical conductive particle
is effectively controlled through ICEO effects and thus ICEO plays an important role in a hole-type
sensor. However, simulations that consider a Brownian motion with a surrounding ICEO flow have
not been explored yet.

Therefore, in this study, we focus on a fundamental hole-type ICEO sensor (of a polarizable
particle) that reduces Brownian noise and elucidate its design concept. In particular, by solving the
Stokes equation that considers both a random Brownian force and an ICEO effect along with cor-
rect boundary condition, we evaluate the detectable current signal during the translocation of a par-
ticle through a pore. Further, to understand the noise reduction mechanism well, we will provide
a simple model that predicts a threshold voltage of the suppression of the Brownian noise due to
ICEO.

This paper is presented in five sections. In Sec. II, we describe methods for a geometry model
of a hole-type ICEO sensor, a two-dimensional (2D) flow model, an ICEO slip velocity and DEP
force model, a 2D random Brownian force model, a simple model for the suppression of a Brownian
noise, and a current signal model. Based on these methods, results of flow fields considering a Brow-
nian noise with an ICEO flow, trajectories and current signals with and without ICEO effects, and
other characteristics of the hole-type ICEO sensor are presented in Sec. III. Following a discussion
in Sec. IV, our calculations are summarized in Sec. V.

II. THEORY

A. Geometry model of a hole-type ICEO sensor

Figure 1 shows the schematic view of a hole-type sensor that reduces a Brownian noise by using
a hydrodynamic force due to ICEO. As shown in Fig. 1, we place a circular conductive particle of
radius c = 0.05w in a converging channel of length L = 2.25w, inlet width w = 5 µm, and outlet
width w2 = 0.4w. In this device, by applying an electric voltage V0 (e.g., typically 0.4 V) between the
left- and right-side edges under the existence of the pressure difference ∆P (≡P1 − P2) (e.g., 2 Pa)
in water, we can detect a signal of an ion current I0 during the translocation of the particle through
the converging channel. Because of the hydrodynamic repulsion force from wall due to ICEO, the
particle moves to the center of the channel15 and thus the noise due to a random walk of the Brownian
particle is also reduced.

FIG. 1. Schematic view of a hole-type sensor that reduces a Brownian noise by using a hydrodynamic force due to ICEO.
1—electro double layer. 2—ICEO slip velocity. 3—conductive particle. We place a conductive particle of radius c = 0.05w
in a converging channel of length L = 2.25w, inlet width w = 5 µm, and outlet width w2= 0.4w. Here, the applied voltage
V0 is 0.4 V, the pressure difference ∆P (≡P1−P2) is 2 Pa, the step time period ∆t is 0.05 ms, and the viscosity µ is 1 mPa s.
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B. 2D flow model

In the microfluidic channel, the Reynolds number Re is usually very small and thus we consider
a 2D quasi-static Stokes flow with a Brownian motion and a surrounding ICEO flow of a conduc-
tive particle. That is, based on the boundary element method (BEM) along with a thin-double layer
approximation,12,15,16 we numerically solve the Stokes equation with correct boundary conditions as
follows:

µ∇2v − ∇p = 0, ∇ · v = 0, (1)
On S+p : v = U + Vs, (2)

S+p

f dl + Fext = 0 (on the particle), v = 0 (on the wall), (3)

where p is pressure, µ (∼1 mPa s) is the viscosity, S+p denotes the surface defined as the outer edge
of the double layer, v is the velocity of the fluid, U is the velocity of the particle, and f is the surface
traction that is the force per area exerted on the surface. Further, Vs is a slip velocity on S+p due to
ICEO, Fext (=FR + FDEP) is the total external force on the particle, FR is a random Brownian force,
and FDEP is a total DEP force. Furthermore, the height of the circular cylinder is d and we set d = 1
unit length (1 m) in our 2D problems. Please note that in the BEM, the Stokes equation of Eq. (1) is
transformed into the matrix equation16 that [T]{v} + [G]{ f } = 0, where {v} and { f } are the node
vectors of the velocity and surface traction, respectively, and the boundary conditions of Eqs. (2)
and (3) provide the limitation for {v} and { f }; thus, we can calculate all the values of {v} and { f }.
In particular,


S+p

f dl + Fext = 0 in Eq. (3) is a well-known force balance condition for the particle.
Although it does not include the velocity, it represents the balance between the viscous force con-
cerning the particle velocity U and the external force Fext through the Stokes equation of Eq. (1) with
the boundary condition of Eq. (2), in the case of Vs = 0. Of course, in the case of Vs , 0, Eqs. (1)–(3)
provide a complete formulation for the boundary value problem considering ICEO phenomena.

C. ICEO slip velocity and DEP force model

On the basis of the Helmholtz-Smoluchowski formula, the ICEO slip velocity Vs for a bounded
problem12 at each time step is provided as

Vs = −
ϵwζ

µ
Es, (4)

where Es (=−∇φ0) is the tangential electric field on S+p, ϵw (∼80ϵ0) is the dielectric permittivity of
the solvent (typically water), ϵ0 is the vacuum permittivity, ζ (≡φi − φo) is the zeta-potential, and n
is the surface normal unit vector. Further, φo and φi are the potentials at the outside- and inside-edges
of the double layer, respectively, and φo is calculated by solving the Laplace equation

∇2φ0 = 0 (5)

under the condition that n · ∇φ0 = 0 on S+p, while φi is calculated by solving the Laplace equation
under the iso-potential condition on the surface of the particle with no charge condition. Please note
that as explained the slip velocity for an unbounded problem is provided as7 Vs = 2U0 sin 2( π2 − θ)θ̂,
where U0 = ϵE2

0c/µ, θ is the angle between the x direction and the radial direction, and θ̂ is an unit
vector in the angular direction. The expression is approximately correct even for the ICEO problem in
a channel if the distance between the wall and the particle is enough large. However, it is not suitable
when we consider the precise interaction between the wall and the particle.12 Thus, we need to return
to the Helmholtz-Smoluchowski formula of Eq. (4) to calculate the slip velocity that considers the
boundary effect precisely. Further, we obtain the DEP traction due to the Maxwell stress as

FDEP =


S+p

(−1
2
ϵE2

s) ndl . (6)

Please note that in our calculations we consider both the ICEO and DEP effects, since generally they
are considered to be important in electrokinetic systems.10
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D. 2D random Brownian force

The variance of the random walk of the Brownian particle during a time period ∆t (typically,
0.05 ms) is described as17

σ2(∆t) = ⟨x2(∆t)⟩ − ⟨x(∆t)⟩2 = 2D∆t, (7)

where D is the diffusivity of the particle, k is the Boltzmann constant, T is the absolute temperature,
and x(∆t) represents one dimensional motion, and thus the root mean squares (RMS) of the position,
velocity, and force of the Brownian motion are described as x̄(∆t) = √2D∆t, v̄x(∆t) = √2D∆t/∆t,
and F̄x(∆t) = ξ

√
2D∆t/∆t. Here, ξ is the friction coefficient. Thus, the RMS of the 3D Brownian

force is described as F̄x
R,3D(∆t) = ξ


2D
∆t

. Here, exactly speaking, as pointed out by Schumacher and

van de Ven18 in the context of fixed charge particles, the Stokes-Einstein expression for the diffusivity
(D = kT/6πµc) might not be valid in an electrolyte solution, due to deformation of the induced Debye
cloud, and thus, Stokes’s law of resistance (ξ = 6πµc) also might not be reliable for the particle that
has an electric double layer. Nevertheless, at the best of my knowledge, the researchers1–3,5 usually
neglect the above effect and use the well-known relations (D = kT/6πµc and ξ = 6πµc) for a 3D
particle as a rational approximation. Thus, as a first step, we also neglect the above effect and consider
that

F̄x
R,3D(∆t) = 6πµc


2D
∆t

. (8)

However, since there is no relation corresponding to Stokes’s law of resistance for a 2D problem, ξ
cannot be determined theoretically for a 2D particle in spite of its practical importance. Please note
that this is the problem related to the well-known 2D Stokes’s paradox at the far distance flow field.
Thus, as the first approach, we assume that the 2D circular cylinder and 3D sphere of the density
ρ and velocity V have the same drag coefficient cD. Namely, under this assumption, we obtain the
following relation:

dF̄x
R,2D

F̄x
R,3D =

1
2 ρV 2S2DcD
1
2 ρV 2S3DcD

=
2d
πc

, (9)

where S2D = 2dc and S3D = πc2 are the cross-sectional areas of 2D and 3D particles, respectively.
Please note that the above assumption is justified and useful in our bounded system if we can observe
a similar Brownian motion which variance is approximately 2D∆t, as checked in Fig. 4(a) later. From
Eqs. (8) and (9),

F̄x
R,2D
= 12µ


2D
∆t

(10)

and thus we obtain the 2D random Brownian force at each time step as

FR,2D
i = 12µ


24D
∆t

Ni, (i = x, y), (11)

where Ni is a random number that is uniformly distributed on the interval [−0.5,0.5] and have a
variance ⟨N2

i ⟩ = 1
12 .

E. Simple model for the suppression of a Brownian noise

The 2D hydrodynamic repulsion force acting on the circular cylinder from the wall at the distance
h (in Fig. 1) is described as19

Fh = 4πBϵwcE2
0 ≃ 40πϵwcE2

0 (at h/a = 2), (12)

where B is generally a decreasing function of h/a, and B ≃ 10 at h/a = 2. Thus, if we can neglect
the effect of another wall, we can predict the threshold voltage V th

0 by considering the relation that
F̄R,2D
x = Fh. That is, to suppress the Brownian force under the condition that h/a ≤ 2, we need to

apply a voltage more than the threshold voltage that
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V th
0 ≃ L


12µ

40πϵwc


2D
∆t

. (13)

However, at the center of the channel, we cannot neglect the repulsion force due to another wall. Thus,
the repulsion force becomes zero at the center, while it increases rapidly near the wall.

F. Current signal model

Here, we explain a calculation method to obtain a current signal from the numerical results using
the BEM. That is, under the assumption of the thin double layer approximation, we can assume that
there is no space charge in the bulk region. Thus, we can neglect a current due to the flow of the space
charge, although it becomes important when λD is comparable to w, i.e., for the calculation of the
current signal, we can use the ordinary bulk electrical conductivity σ0 due to ion electro-migration.20

Thus, we can simply calculate a current signal I0 of the hole type sensor just by integrating the current
density i = σ0E over the x and z directions at the plane of the inlet (at y = 0), i.e., by using the
numerical results of (∇φ)y=0, we obtain the current signal as

I0 = dσ0

 x=w

x=0
(∇φ)y=0dx, (14)

where σ0 = 2(ze)2C0D0/kT = ϵwD0/λ
2
D,20 ze is an ion charge, C0 is a bulk concentration of ions,

D0 is the diffusibility of ions, k is the Boltzmann constant, T is the absolute temperature, and λD =
ϵwkT/2(ze)2C0 is the Debye screening length.

III. RESULTS

A. Flow fields considering a Brownian noise with an ICEO flow

Figure 2 shows flow fields considering a Brownian motion with an ICEO flow [(a) to (c)] and
without the ICEO flow (d). On the one hand, as shown in Figs. 2(a) and 2(b), the Brownian motion
induces macroscopic strong random flow fields because of the viscous flow in the narrow channel
even if we consider an ICEO flow at V0 = 0.4 V; however, as shown in Fig. 2(c), the position of the
Brownian motion is restricted in the narrow region near the center of the pore because of the ICEO
hydrodynamic repulsion force from the upper and lower walls. On the other hand, in the case of

FIG. 2. Flow fields considering a Brownian noise with an ICEO flow [(a) to (c)] and without the ICEO flow (d). Here,
w = 5 µm, c/w = 0.05, L/w = 2.25, w2/w = 0.4, µ = 1 mPa s, ∆t = 0.05 ms, ∆P = 2 Pa, and x initial

p /w = 0.7; V0= 0.4 V
in (a) to (c), while V0= 0 V in (d); t = 0, 50, 90, and 110 in (a), (b), (c), and (d), respectively. (a) Flow field at
t = 0 ms (V0= 0.4 V). (b) Flow field at t = 50 ms (V0= 0.4 V). (c) Flow field at t = 90 ms (V0= 0.4 V). (d) Flow field
at t = 110 ms (V0= 0 V).
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FIG. 3. Trajectories and current signals with and without ICEO effects. Here, w = 5 µm, c/w = 0.05, L/w = 2.25,
w2/w = 0.4, x initial

p /w = 0.7, µ = 1 mPa s, ∆t = 0.05 ms, and ∆P = 2 Pa; in (a) and (c) V0= 0.4 V, while V0= 0 V in (b)
and (d). (a) Trajectory with ICEO (V0= 0.4 V). (b) Trajectory without ICEO (V0= 0 V). (c) Current signal with ICEO
(V0= 0.4 V). (d) Current signal without ICEO (V0= 0 V).

no ICEO effect at V0 = 0 V, the position of the particle is not controlled in the pore because of the
Brownian random walk, as shown in Fig. 2(d).

B. Trajectories and current signals with and without ICEO effects

Figures 3(a) and 3(b) show the trajectories of the particle with different initial positions with and
without ICEO effects, respectively, while Figs. 3(c) and 3(d) show the corresponding signals of the
measurable current predicted by Eq. (14) with and without ICEO effects, respectively. As shown in
Fig. 3(a), the trajectories using ICEO (V0 = 0.4 V) are limited in the very narrow region near the center
due to ICEO effects in spite of their different initial positions, and thus the curves of the corresponding
signals become similar, as shown in Fig. 3(c), although the approaching time of the particle to the
pore is different each other. Further, as shown in Fig. 3(b), the trajectories not using ICEO (V0 = 0 V)
spread in the channel because of the fluctuation of the Brownian motion, and the magnitude of the
corresponding Brownian noise due to the particle passing near the wall becomes much larger than that
using ICEO and it increases a total noise level; however, the magnitude of the Brownian noise due to
the particle passing near the center is similar to that using ICEO, as shown in Fig. 3(d). It should be
noted that we use the same series of random numbers for their comparison.

C. Other characteristics of the hole-type ICEO sensor

Figure 4 shows other characteristics of the hole-type ICEO sensor. In Fig. 4(a), we show that
the fluctuation of the random walk of radius c/w = 0.05 at V0 = 0 V under the condition that w = 5
to 50 µm. As shown in Fig. 4(a), the fluctuation of the Brownian walk decreases as the value of w
increases and it almost vanishes at w = 50 µm, i.e., at 2c = 5 µm. These results are very reasonable
and thus we believe that our 2D Brownian model is useful as the first attempt. Further, Fig. 4(b) shows
an average flow velocity at the inlet. As shown in Fig. 4(b), the average flow velocity fluctuates largely
due to the macroscopic random flow fields induced by the Brownian motion [in Figs. 2(a) and 2(b)].
Generally, the flow fluctuation is important when we consider the Brownian motion in the viscous
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FIG. 4. Other characteristics of the hole-type ICEO sensor. Here, w = 5 µm, c/w = 0.05, L/w = 2.25, w2/w = 0.4,
x initial
p /w = 0.7, µ = 1 mPa s, ∆t = 0.05 ms, tc = 1 ms, and ∆P = 2 Pa. (a) Fluctuation of the Brownian walk at w = 5–50 µm

(v0= 0.0 V). (b) Fluctuation of the average flow velocity at the inlet (v0= 0.4 V). (c) Electric field at t = 90 ms (v0= 0.4 V).
(d) Trajectories of the particle at V0= 0–0.4 V.

fluid, although it does not affect on the current noise in the framework of thin double layer approxi-
mation as far as w is not so small (as mentioned in Sec. II D). Besides, please note that the fluctuation
becomes large when the particle moves in the pore approximately at t > 30 ms. The increasing of the
flow fluctuation means the increasing of the drag force of the particle due to the viscosity in the pore,
and it suggests that the Brownian motion is also suppressed by the viscosity to some extent within
the small bounded space. In addition, Fig. 4(c) shows the electric field corresponding to the flow field
at t = 90 ms in Fig. 2(c). From Fig. 4(c), we understand that the fluctuation of the particle near the
center of the pore does not affect largely on the electric field at y = 0 since the electric resistance does
not so change by the fluctuation, and thus the Brownian noise in the current signal is suppressed as
mentioned before. Furthermore, Fig. 4(d) shows the trajectories of the particle at different voltages.
As shown in Fig. 4(d), the trajectories of the particle at V0 = 0.2–0.4 V are restricted near the center
region due to ICEO effect at y/w > 1.5, while the trajectories at V0 = 0 and 0.1 V are not restricted
near the center region; thus, we can find that the threshold voltage is 0.1 V. Please note that from our
simple model in Sec. II E, we can calculate that D = 0.879 × 10−12 m2/s, F̄x

R,2D
= 2.25 µN/m, and

V th
0 = 0.11 V under the condition that w = 5 µm, c/w = 0.05, µ = 1 mPa s, and ∆t = 0.05 ms; thus,

our calculation is reasonable.

IV. DISCUSSION

A. Meaning of the hole-type ICEO sensor

By solving the Stokes equation that consider a 2D Brownian force of a polarizable particle with a
surrounding ICEO flow in the bounded converging channel, we find that the Brownian motion of the
particle is restricted in the center region due to the ICEO flow and thus the corresponding Brownian
noise in the detectable current is also reduced. Here, since the suppression of the Brownian noise
results from the hydrodynamic repulsion force due to the ICEO flow between the wall and particle,
the ICEO flow reduces an effective hole radius corresponding to the magnitude of the flow. Thus,
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the magnitude of the ICEO flow changes the magnitude of the variance of the Brownian noise of
the current during the translocation process of a particle in a nanopore channel. In other words, we
find that the variance due to the Brownian noise also includes information on the particle through the
magnitude of the ICEO flow velocity. Please note that although we showed that attitude and position-
ing of elliptical conductive particles are controlled by the ICEO effects in our previous paper,15 the
current signal and the Brownian noise are not considered as a hole-type sensor in the previous paper.
Thus, in this paper, we have first clarified the noise reduction mechanism using ICEO in a hole-type
sensor.

B. About a 2D Brownian system

Further, from the viewpoint of numerical calculation technique, we first describe the new im-
plicit method to solve the 2D Brownian system that consider the ICEO flow with proper boundary
conditions for the hole-type sensor. Please note that usually in the chain model2 viscosity of the fluid
is just introduced through the friction coefficient (ξ), while the Brownian motion is neglected in the
simple rod model,3 as mentioned before. In addition, our simple analytical model provides a useful
threshold voltage that suppresses a Brownian noise by the help of the analytical formulation of the
ICEO repulsion force provided by Zhao and Bau.19 Thus, we believe that our 2D Brownian models
clarify the design concept of the hole-type ICEO sensor better than the 3D model as the first approach,
since in the 3D model we probably need to care the precision of the numerical results more.

C. About the role of rotational Brownian motion

In general, rotational Brownian motion plays an important role to understand the characteristics
of anisotropic particles,21 e.g., dielectric and Kerr-effect relaxation of polar fluids, dielectric relaxation
of nematic liquid crystals, and magnetization relaxation of ferrofluids. Even for the hole-type sensor,
the knowledge of the rotational Brownian motion of an isotropic particle (e.g., an elliptical conductive
particle in 2D problems) is useful for improving the signal-to-noise ratio since the rotational Brow-
nian motion may produce a significant current noise, and thus the suppression of the current noise
due to the rotational Brownian noise also becomes important. Fortunately, since the attitude of the
elliptical particle is also controlled in the flow direction by the torque due to the ICEO flows, as shown
in our previous paper,15 we can expect the suppression of the noise due to the rotational Brownian
motion through ICEO. Thus, one important approach in the future might be to simulate the rotational
Brownian motion for the rigid elliptical conductive particle and to examine the suppression effect due
to ICEO.

D. Hydrodynamic pseudo-potentials due to Brownian motion

The motivation for our work is a noise reduction in a hole-type sensor. However, we can view
this manuscript as more fundamentally considering nanopore motion of polarizable (especially metal)
nanoparticles, and even in this general context, our model is attractive. In particular, it seems as though
the description of Brownian motion as simply a random force is missing the effect of viscous flows
associated with such motion under strong confinement. This can lead to “hydrodynamic pseudo-
potentials” as described by Squires.22 That is, although the hydrodynamic interaction term between
beads is usually not considered in a chain model using the so-called Brownian dynamics,3,23 our results
suggest that the hydrodynamic interaction term due to Brownian motion between beads is important
in the chain model, and it should be considered as a hydrodynamic pseudo-potential under strong
confinement in the future if we do not calculate hydrodynamic interactions directly.

V. CONCLUSION

In conclusion, we have proposed a new mechanism to reduce a Brownian noise in a hole-type
sensor owing to the hydrodynamic force due to induced charge electro-osmosis and numerically
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examined the performance. By the multi-physics simulation technique that considers both an ICEO
flow and a Brownian motion, we find that (1) the Brownian motion is restricted in the narrow region
owing to a hydrodynamic repulsion force from the wall in the confined channel and thus the Brownian
noise in the current is suppressed. (2) The surrounding ICEO flow is much more important than the
size itself, i.e., the surrounding ICEO flow changes the translocation time, magnitude, and shape of the
current; thus, we have a possibility to differentiate individual particles from the translocation current,
through the knowledge concerning ICEO phenomena. (3) It also changes the effective radius of the
particle in the pore and affects directly on the variance of the noise; thus, the variance of the signal
also includes information that differentiates particles. We believe that our findings contribute greatly
to developments in studies on a single molecular sensor.
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