Inference on the eigenvalues of the covariance
matrix of a multivariate normal
distribution—geometrical view—

Yo Sheena*
September 2012

Abstract

We consider inference on the eigenvalues of the covariance matrix
of a multivariate normal distribution. The family of multivariate nor-
mal distributions with a fixed mean is seen as a Riemannian manifold
with Fisher information metric. Two submanifolds naturally arises;
one is the submanifold given by the fixed eigenvectors of the covari-
ance matrix, the other is the one given by the fixed eigenvalues. We
analyze the geometrical structures of these manifolds such as met-
ric, embedding curvature under e-connection or m-connection. Based
on these results, we study 1) the bias of the sample eigenvalues, 2)
asymptotic variance of estimators, 3) the asymptotic information loss
caused by neglecting the sample eigenvectors, 4) the derivation of a
new estimator that is natural from a geometrical point of view.
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1 Introduction

Consider a normal distribution with zero mean and an unknown covariance
matrix, N (0, X). Let denote the eigenvalues of X by

>\I<)\1,...,)\p>, )\1>...>)\p
and eigenvectors matrix by I', hence we have the spectral decomposition
X =TAI", A = diag(\), (1)

where diag(A) means the diagonal matrix with the ¢th diagonal element
Ai. It is needless to say that the inference on X' is an important task in

*Faculty of Economics, Shinshu University



many practical situations in such a diversity of fields as engineering, biology,
chemistry, finance, psychology etc. Especially we often encounter the cases
where the property of interest depends on X only through its eigenvalues A.
We treat an inference problem on the eigenvalues A from a geometrical point
of view.

Treating the family of normal distributions N(u, X) (p is not necessarily
zero) as a Riemmanian manifold has been done by several authors. For
example, see Fletcher and Joshi, [12], Lenglet et al. [18], Skovgaard [25],
Smith [26], Yoshizawa and Tanabe [29]. When u euqals zero, the family of
normal distributions N (0, X') can be taken as a manifold (say S) with a single
coordinate system Y. Hence, § is identified with the space of symmetric
positive definite matrices. Geometrically analyzing the space of symmetric
positive definite matrices has been an interesting topic in a mathematical or
engineering point of view. Refer to Moakher and Zérai [20], Ohara et al. [23]
and Zhang et al. [30] as well as the above literature.

In this paper, we analyze S from the standpoint of information geometry
while focusing on the inference on the eigenvalues of X'. The paper is aimed
to make a contribution in two regards: 1) The geometrical structure of S is
analyzed in view of the eigenvalues and eigenvectors of X'; 2) Some statistical
problems on the inference for A are explained in the geometrical terms.

We summarize the inference problem for A. Based on independent n
samples &; = (Tj,...,Tp), @ = 1,...,n from N(0,X), we want to make
inference on the unknown A. We confine ourselves to the classical case where
n > p. It is well-known that the product-sum matrix

n

t

S = 5 T;T;
i=1

is sufficient statistic for both unknown A and I'. The spectral decomposition
of S is given by
S=HLH' L =diag(l),

where
l=(L,....l,), Li>...>1,>0ae.

are the eigenvalues of S, and H is the corresponding eigenvectors matrix.
This decomposition gives us two statistics available, i.e. the sample eigenval-
ues [ and the sample eigenvectors H. However it is almost customary that
we only use the sample eigenvalues, discarding the information contained
in H. In the past literature on the inference for the population eigenval-
ues, every notable estimator is based simply on the sample eigenvalues. See
Takemura [27], Dey and Srinivasan [9], Haff [13], Yang and Berger [28] for
orthogonally invariant estimators of X; Dey [8], Hydorn and Muirhead [14],
Jin [15], Sheena and Takemura [24] for direct estimators of A. Since we do
not have enough space to state the concrete form of each estimator, we just
mention Stein’s estimator as a pioneering work for ”shrinkage” estimator of
Y. In general, an orthogonally invariant estimator of X' is given by

Y = H®H', & =diag(¢1(l),...,0,(0)). (2)
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The estimator of A is given by the eigenvalues of 3, that is, (¢1(1), . .., ¢,(1)).
The sample covariance matrix (M.L.E. estimator) S £ n~!S gives the esti-
mator of A as ¢;(1) =n"'l;, i = 1,...,p, while Stein’s "shrinkage” estimator
gives birth to

oil)y=0L/(n+p+1—-2i), i=1,...,p. (3)

Stein’s estimator assigns the lighter (heavier) weight to the larger (smaller)
sample eigenvalues, hence the diversity of [ is shrunk. This estimator is
quite simple and performs much better than M.L.E. (see [9] ). Unlike Stein’s
estimator, many estimators in the above literature are not explicitly given or
too complicated for immediate use. Nonetheless they all have one common
feature. The derived estimators of A only depends on [.

In a sense it is natural to implicitly associate the sample eigenvalues to the
population eigenvalues, and the sample eigenvectors to the population coun-
terpart. However the sample eigenvalues are not sufficient for the unknown
population eigenvalues. Therefore it is important to evaluate how much in-
formation is lost by neglecting the sample eigenvectors. Following Amari [1],
we gain an understanding of the asymptotic information loss with geometric
terms such as Fisher information metric and embedding curvatures.

Another statistically interesting topic is the bias of n=!l. It is well known
that n~'l is largely biased and the estimators mentioned above are all modi-
fication of n~!l to correct the bias, that is, ”shrinkage estimators.” We show
that the bias is closely related to the embedding curvatures. Moreover the
geometric structure of S naturally leads us to a new estimator, which is also
a shrinkage estimator.

The organization of this paper is as follows: In the former part (Section
2 and Section 3), we describe the geometrical structure of S in view of the
spectral decomposition (1). In Section 2, we observe S as a Riemannian
manifold endowed with Fisher information metrics. In Section 3, we treat
two submanifolds of S, a submanifold given by the fixed eigenvectors and
the one given by the fixed eigenvalues. The embedding curvatures of these
submanifolds are explicitly given. We will show that the bias of I is closely
related to the curvatures. In the latter part (Section 4 and 5), we con-
sider the estimation problem of A. In Section 4, we describe the asymptotic
variance of estimators when I" is known (Section 4.1) and the asymptotic in-
formation loss caused by discarding the sample eigenvectors H (Section 4.2).
The asymptotic information loss could be measured by the difference in the
asymptotic variance between two certain estimators. In Section 5 for the case
when I' is unknown, we propose a new estimator of A, which is naturally
derived from a geometric point of view. In the last section, some comments
are made for further research. All the proofs are collected in Appendix.

Unfortunately we do not have enough space to explain the geometrical
concepts used in this paper. Please refer to Boothby [6], Amari [2], Amari
and Nagaoka [3].



2 Riemannian Manifold and Metric

The density of the normal distribution N (0, X) is given by
1
Fs(x) = (2m) 2|27/ exp (—éwtz_lw) , = (x1,...,2,) € RP

If we let 0;; and o denote the (i, ) element of respectively X and X1,
then the log likelihood equals

log fx(x Z 7} (=0"/2) + > wi; ( — (p/2)log 21 — (1/2) log | X|
1<j
-Q)W+Z%W 0) (say I(y;©)),
1<j

where © = (6Y),<; and y = (v;j)i<; are given by

0" = (—1/2)0", i=1,...,p,
07 = —o", 1<i<j<p,
o, T (5)
yii_xia 1_17"'7p7
Yij = TiTy, 1<i<y<p,
and
¥(O) = (p/2)log2m + (1/2) log | X(O)]. (6)

The summations 3;, 3,.; in the equation (4) are abbreviations respectively
for 77, and 37, ., and we will use these kinds of notations implicitly
hereafter

The expression (4) gives natural coordinate system © of the manifold S as
a full exponential family. Another coordinate system, so called expectation
parameters, is also useful, which is defined as;

0ij = E(yi;), 1<i<j<p. (7)

For the analysis of the information carried by I and H, we need to pre-
pare another coordinate system. The matrix exponential expression of an
orthogonal matrix O is given by

O=expU=1,+U+ = U2+3'U3 : (8)

where I, is the p-dimensional unit matrix, U is a skew-symmetric matrix
and parametrized by © = (u;;)1<i<j<p as

uij, if1<7<j<p,
U)y = —uy, if1<j<i<p,
0, f1<i=75<np.



The function exp U is diffeomorphic, and w gives "normal coordinate” for
the group of orthogonal matrices (see (6.7) in Boothby[6] or Th. A9.11 of
Muirhead[21]). We can use this coordinate as local system around I, and
construct an atlas for the entire space of p-dimensional orthogonal matrices
(note this space is compact); for each I', there exists an open neighborhood
and some open ball B in RPP~1/2 around the origin such that these spaces
are diffeomorphic by the function I"exp U(u) on B.

We will use (A, u) as the third coordinate system of S and call it "spectral
coordinate (system)”. Notice that this coordinate system is associated with
the following submanifolds in S. If we fix I" in (1), then we get a submanifold
M(I") embedded in § with a coordinate system A. This is a subfamily in
N(0, %) and called curved exponential family. Its log-likelihood is expressed,
as we emphasize it as a function of A, to be

Uy OO)) = Dyl (A) + 3 g7 (X) = v(O()). (9)

1<j

On the contrary, if we fix A in (1), we get another submanifold A(X) in S,
whose coordinate system is given by u in a neighborhood of each point of
A(X). Tts log-likelihood expression is given by

l(y; ©(u)) = Z yiil" () + Yy (w) — ¥ (O(u)). (10)

i<j

First we consider a metric, that is, a field of symmetric, positive definite,
bilinear form on §. The statistically most natural metric is Fisher informa-
tion metric. Suppose {f(x; @)} is a parametric family of probability density
functions, whose coordinate as a manifold is given by 8 = (4, ...,6,). Then
the (7,j) component of Fisher information metric with respect to 6 is given
by

" logf(m;f))a%logf(m;@) .
For the multivariate normal distribution family, N (@, X') (@, the mean pa-
rameter is also included), Skovgaard [25] gives a clear form of Fisher infor-
mation metric. The tangent vector space at a fixed point X' w.r.t. (oy;)i<;
coordinate can be identified with the space of symmetric matrices. For any
symmetric matrix A, B, the metric with respect to the X' = (0;;) coordinate
system is given by

Ee

%tr(Z‘_lAE_lB>. (11)

We are interested in Fisher information metric with respect to the spec-
tral coordinate (A,w). Let 9,, Oy, --- denote the tangent vectors w.r.t.
the A coordinate, O4), Oww), -+ denote the tangent vectors w.r.t. the u
coordinate. Namely
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These tangent vectors (exactly speaking, vector fields) are invariant with
respect to any orthogonal transformation of X'; For some orthogonal matrix
O, an orthogonal transformation Fof § is defined as

F(X)=0x0" (12)

For any O,
F,(8,) = 0., 1<a<p, (13)
Fo(B) = s, 1<s<t<p, (14)

where F, is the derivative of F'.

Proposition 1 Let ( , ) denote Fisher information metric based on x ~
N(0, ), then the components of the metric with respect to (X, u) is given
as follows;

G & (0n0) = (1DN20(a=b)  1<ab<p
Ja(st) = (0 Os) = 0 1<a<p 1<s<t<p,

A
9(s,t)(uw) = <a(s,t)> a(u,'u)>
= (As = A)PAN T O((s,8) = (wv)) 1<s<t<p 1<u<v<p.

d(+) equals one if the logic inside the parenthesis is correct, otherwise zero.

There are two remarkable properties of the metric for the spectral co-
ordinate. First note that since the metric components matrix is diagonal,
(A, u) is an orthogonal coordinate system, especially that the submanifolds
M(I') and A(X) are orthogonal to each other for any A and I'. Second
it is independent of I', hence the metric stays constant with respect to the
orthogonal transformation F' in (12) for any orthogonal matrix O. (Second
property is instantly derived from the expression (11).)

Theoretically, other metrics could be naturally implemented. Calvo and
Oller [7] introduced Sigel metric. Lovri¢ et al. [19] considered the natural
invariant metric from the standpoint of Riemannian symmetric space. The
concrete forms of the both metrics are given by (3.4) and (3.2) in [19]. (The
information metric (11) corresponds to (3.3) in [19]. See also Theorem 1 of
Zhang [30]. )

Once a metric is given on the manifold S, a connection is needed for
further geometrical analysis. Connection is an important "rule” which defines
how a tangent space is shifted with an infinitesimal move in a differential
manifold. Although connection has an infinite variation, the most commonly
used one is Levi-Civita connection. It is characterized as a unique torsion-
free, metric-preserving connection. This connection is essential to consider
a distance function on the manifold. Skovgaard [25] , Calvo and Oller [7],
Fletcher and Joshi [12], Lenglet et al. [18], Lovri¢ et al. [19], Moakhaer and
Zérai [20] analyze the manifold of the normal distributions under Levi-Civita
connection.



On the other hand, Amari [1] showed that ”a-connection” is suitable for
statistical manifolds in general. He also found that e-connection (o = 1) and
m-connection (a« = —1) are especially important for the asymptotic analysis
of information loss for a curved exponential family. Amari and Kumon [4],
Kumon, Amari [16] and Eguchi [11] gave further development along this line.
Specifically in the relation with the multivariate normal distribution or &,
Ohara et al. [23], Yoshizawa and Tanabe [29] and Zhang et al. [30] considered
the dual geometry (o and —a connections) of the manifolds. Notice that
Levi-Civita connection is O-connection and the "mean” between e-connection
and m-connection. Therefore, using the results on geometric properties of
S under e-connection and m-connection, we could also derive those under
Levi-Civita connection.

Since this paper is aimed for the statistical inference on X, we adopt
a-connections, especially e- and m-connections, hereafter. We conclude this
section by mentioning the important fact that S is e-flat and m-flat, and
corresponding affine coordinates are given respectively by (¢*) and (oy;).

3 Embedding Curvatures

Curvature, which is important property for an geometrical analysis, is defined
based on a given connection. A submanifold has both intrinsic and extrinsic
curvatures. The latter describes how the submanifold is placed in the whole
manifold, and called an embedding curvature or the second fundamental
form. (The first fundamental form is the metric.)

In this section, we observe the embedding curvatures of M and A for
the analysis of the distribution (I, H). Specifically we consider the following
embedding curvatures;

1. Embedding curvature of M with respect to e-connection or m-connection.
Its components w.r.t the spectral coordinate are given by

Hab st)— <V8aab,a >7 Hab st)— <vaaabﬂa >7 (15>

e
where V5,0, is the covariant derivative of 9, in the direction of 9, with respect

to e-connection. %aﬁb is similarly defined.
2. Embedding curvature of A with respect to m-connection. Its compo-
nents w.r.t the spectral coordinate are given by

His e (Vg D) 0a), (16)
where %Ma(w) is the covariant derivative of J4) in the direction of J,y)

with respect to m-connection.
On these curvatures at the point (A, I'), we have the following results.

Proposition 2 For1 <a,b<p, 1 <s<t<p,
Hav(sy=H ab(s,5)= 0. (17)
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For1<a<p 1<s<t<p 1<u<wv<p,

A2\ —Na), ifs=u=a,t=v,
H(s,t)(u,v)a: )\72(/\5 - /\a)7 Zf s=u,l=v=a, (18>

a

0, otherwise.

Another expression of the embedding curvature of A is given by

m

flgls,t)(u,v)é Z H(s,t)(u,v)b gba’ (19)
b
With this notation, the orthogonal projection of the covariant derivative

Vo, Q)

onto the tangent space of M is given by

Z ;In(as,t)(u,v) Oa-

From Proposition 1, 2, we have
His o= 2M = A)d(s =u=a,t =v) +2(A\; = A)d(s =u, L =v = a),

hence

m 200 — Xs)O0s +2(Ag — N0y, i (s,t) = (u,v),
ZH@W@:{“ )0s 20 = M)dh, i (5.1) = (u,0)

otherwise.

Similarly another embedding curvature components ]__elc(gyf) is defined as

St)_ ZHabuv U’U(St) (21>
u<v
and actually it vanishes
HED=0, 1<ab<p 1<s<t<p. (22)

An embedding curvature has full information about the ”extrinsic curva-
ture” of the embedded submanifold in any direction. Sometimes it is con-
venient to compress it into a scalar measure of the curvature. ”Statistical
curvature” by Efron (see Efron [10], Murray and Rice [22]) is such a measure;
For A, it is defined by (see p.159 of Amari [2])

> > Hewwoe Hoepamy 97007 gt gob,

1<a,b<p s<t,u<v,0<p,q<r

which attains the following value at the point (X, I").
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Corollary 1

From these results, we notice that if S is endowed with m-connection,
then 1) the embedding curvatures and the statistical curvatures of A are in-
dependent of I', 2) any one-parameter curve (A, I'(u)) given by a parameter
Usp), 5 < t, where A and the other elements of u are fixed, is curved in the
direction of 0; — 0 and contained in a two-dimensional plane composed by
Ois,py and 0y — Os, 3) the statistical curvature of A could be quite large when
A are close to each other, while M is flat everywhere.

Here we introduce another submanifold A which is contrasting to A in
the sense that A is flat with respect to m-connection. For a point (A, I), let

ANT) 2{X eS| (I'ET); =\, 1 <Vi<p}.

We easily notice that A is the minimum distance points with respect to
Kullback-Leibler divergence. That is,

A\ ) ={X € S| argminy KL(X, [diag(\y, ..., \)I") = A},

where KL(X, X)) is the Kullback-Leibler divergence between N (0, %) and
N(0, X), which is specifically given by

tr(X X —log | XX~ —p

The minimum distance points with respect to the Kullback-Leibler diver-
gence consists of all the points on the m-geodesics which pass through the
point (A, I') and are orthogonal to M(I") at that point. (See Theorem in
A2 of Amari [1]).

We can visualize the structure of & endowed with m-connection for the
two dimensional case. See Figure 1, where M; & M(I}), i = 1,...,3,
A 2 AN), i =1,2 and A 2 fl()xl,l“l) are drawn. When p = 2, M is a
two-dimensional autoparallel submanifold with the affine coordinate (A1, \2),
while A is a one-dimensional submanifold with an coordmate u(1,2). As it is

seen in Proposition 1, all the tangent vectors d; (= ) Dy (= 8/\2) D12)(=

P
du(y 2

orthogonal to M. The arrow on M is the line {A|A; + Ay is constant}, and
the arrow head indicates the direction in which ¢ £ X, /A1 increases. The
statistical curvature turns out to be the increasing function of c¢ ;

) are orthogonal to each other. Ais a” stralght line which is also

1+
=2 .
We can analyze the bias of [; £ n_lll, 1 =1,...,p from the geometrical
structure of S. It is well known that E[l;] (i = 1,...,p) majorizes \; (i =

1,...,p), that is,

SEEEY A 1evispo1 SEL-Ya @
=1 =1 =1 =1
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Figure 1: Submanifolds of S when p =2, M, A and A

The bias E[l;] is quite large when n is small and );’s are close to each other
(see Lawley [17], Anderson [5]). For the case p = 2,

E[l_l]2>\1, E[Zg]é)\g, E[l_l]—FE[l_g]:)\l‘i‘)\Q (24)

Suppose a sample S £ n~'S takes the value at a point s € S. Let s; denote
the point on M(I") designated by the eigenvalues of S, namely I £ (I1,15).
The curve A(l) connects s and s;. If we define sy as the point on M(I")
designated by A £ (A, \y) £ (I'"'ST),y, (I'"ST)s,), then A(X, I') connects
s and sy. The three points s, s; and s, are on the same plane, and if we move
from s; in the direction to s,, then the statistical curvature of A increases
(see Figure 2). If we estimate (A1, A2) by I, then the estimate is the point s,
while for the unbiased estimator 5\, the estimate is the point s,. Since the
c-coordinate of s; is always smaller than that of sy, the estimator (l], l;) is
likely to estimate A\; and Ay too apart, which causes the bias (24). It is also
seen that the bias gets larger when ¢ approaches to one, that is, A\; and Ay
get closer to each other.

Though the exact magnitude of the bias E(l,)— ), is hard to evaluate, the
asymptotic bias can be evaluated. This can be also described with embedding

curvatures (see (5.4) of Amari [2]);
- 1
E o — _ (v —-3/2
(la — Aa) QnC +O(n/%),
where

= Z gd ng + Z Hgs,t)(u,v) g(s,t)(u,v),
c,d

s<t,u<v
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Figure 2: Horizontal perspective of A and A on the plane M when p = 2

m
and 1'% is a m-connection coefficients of M, which is defined by

m

I =L ¢ L= (VoD , 0. (25)

Since M is autoparallel in m-flat S,

m

ng:]m::db: 07 1 S a, b7 C, d S b. (26>

Hence we have the following equation from Proposition 1 and (20).

CUA) = 3" Hiwoyan 900 + 37 H o) g&9E

a<t s<a

Aahi
_Q;At_%. (27)

This bias was originally derived by the perturbation method in Lawley [17].

4 Estimation of A when I' is known

We consider an estimation problem when I' is known to be I'’. From a
practical point of view, the case when I' is known is not of much interest
compared to the general case where both I' and A are unknown. However
as we will show in this section, the asymptotic information loss caused by
discarding the sample eigenvectors (Section 4.2) are closely related to the
asymptotic variance difference between two certain estimators (Section 4.1).
Both asymptotic variance and information loss are described with geometrical
terms.

4.1 Asymptotic variance of the estimators of A

In a general term, the subfamily (submanifold) M(I'°)(£ {X € S|I'(X) =
I'’}) in S is a ”curved” exponential family, since it is a subfamily in an ex-
ponential family S. In a usual case, a subfamily is not "flat”, hence the term
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”curved” is used. However as you can see from (17), M(I'°) is autoparallel
in m(e)-flat S, and intrinsically m(e)-flat (see e.g. Theorem 1.1 in [3]).

We are supposed to estimate unknown coordinate A of M(I°) using an
estimator A = ()\1, e )\p) of some kind. An estimator A(S) is specified by

its inverse image A~ LX)
AN 2 XA ={Z e S|A(Z) = A} (28)

This is another submanifold in S, where we will use u as a coordinate system.

A consistent estimator A is called first-order (Fisher) efficient if the first
order term (i.e. O(n™') order term) w.r.t. the asymptotic expansion of
the variance (covariance) in n is minimized among all (regular) estimators.
Correct the bias of the first-order efficient estimator A up to the term of
order n1, and let it be denoted by A* £ (A%, .. )\*). Amari showed (see
e.g. Theorem 4.4 in [3]) that its asymptotic variance can be described by the
geometrical properties such as the metric and the embedding curvatures of
M(I) and A ; For 1 < a,b<p,

BIOG = A5 = M)] = g™ 5 (T30 4+ 2(H5 )™+ (HT)} + O (™)

2 2
(29)
where
(F]T\;)Zab — zz F gcegdf7
c,d.e,f
e \2a ¢ “(uw cd ea
(H3)** = Z HED HY 9w 97979,
c,de, f,s<t,u<v
(Hp = Y [ I et gue)(ar)
A (s,t)(u,v) “4(0,p)(g,r) )

s<t,u<v,0<p,q<r

ﬁa and ]_elc(:i) are already defined in the previous section as the connection
coefficients (see (25)) or the embedding curvature components (see (21)) of

M. They are defined independently of the particular estimator. H &) )

are the components of the embedding m-curvature of A, which differ among
the estimators.
We apply this formula to the following two estimators, I* = (I7,...,[;)

and X = (5\1, cee ;\p). The former is the bias-corrected sample eigenvalues,
which is given, using (27), by

. T 1 °(1) = loly
=Tt o) = zlt a=1l...p  (30)

and the latter is defined by
Ao =((I°)'SI)0,, a=1,...,p, (31)

which is (exactly) unbiased. In fact A is the maximum likelihood estimator
for the case I' is known. Notice that for I, A(A) = A(X) and that for
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A, AX) = AX, TY). The first-order efficiency of the both estimators are
guaranteed by the orthogonality to M(I'°) of A(X) and A(X, I').

The terms (I'7})?% and (H$,)?*, which are related to the submanifold
M, hence common to the both estimators, vanish, because of (22) and (26).
The term (HE)Q“I’ is different between the two estimators. As we observed in
the previous section, A(A) is not autoparallel in S (see (18) ). On the other
hand, A(X, I'°) is autoparallel in S, hence (HZ”)Q‘“’ vanishes. Consequently
the following results are gained.

Proposition 3 For1 <a,b <p,

E[(l; = Xa) (@ — W)= VW)

(2 2 A2)\2
_)\Z+_ ——l—On*S, ifa =0,
= (32)
2 A2\ 5
— = _Ta’h - ‘ b,
\ ngw_%)ﬁO(n ), if a #
E[(Aa = Aa) (X = M) (2 V(X))
2
%q3+0m*ﬂ% ifa="b,
= (33)

O(n=5/%), if a #b.

This result says that X is the second-order efficient (among the bias-corrected
first-order efficient estimators), but the bias-corrected sample eigenvalues
are not. The difference in the asymptotic performance between the two
estimators is due to the fact I* do not use the prior information I'" = ro
while X does. In contrast to l*, which does not use H, A incorporates the
information of H with the aid of the prior knowledge I' = I'°. In fact, as we
will see in the next subsection, the difference between (32) and (33) is closely
related to the asymptotic information loss caused by discarding H .

4.2 Asymptotic Information Loss

In this subsection, we consider the asymptotic information loss caused by
ignoring H for the estimation of A. Information loss matrix (Ag.(l)), 1 <
a,b < p at a fixed point X' = (X, I') is given by

Agar(l) £ Elgan(SI1)] = gab(S) — gan (1),

where g44(S), gap(1), gap(S|1) are the components of the metrics w.r.t. 9, and
0, based on respectively the distributions S, I and the conditional distribu-
tion of S given I, all of which are measured at the point X' = (X, I").

13



Amari [1] found that the asymptotic information loss can be expressed in
terms of the metric and the embedding curvatures;

s<t,u<v

+ Z Hac(s,t) Hbd(u,fu) ng g(S,t)(uﬂ;)

c,d,s<t,u<v

+(1/2) Y. Heowoe Hepan 9707 gtn

s<t,u<v,0<p,q<r

+O0(n™). (34)
Straightforward calculation leads us to the following result:

Proposition 4
Agap(l) = By +O(n™1),

where

! Z a1 ifa=10
2 o 27 -
B = 1285 =)

1
= M if a # .

By at the point (X, I') depends only on A. When the information loss
of a statistic has the order O(n™9"!), we call the statistic is the qth order
sufficient. Consequently the statistic I is the first order sufficient, but not
the second order sufficient.

By, the information loss in the second order term (O(1)) could be quite
large when the population eigenvalues are close to each other. Note that the
information carried by [ is given by the formula;

gab(l) = gab(S) - Agab(l)
= ngap(x) — Agap(l)
= (n/2)A\;%5(a = b) — Agap(1).

Since (gap(1)) is positive definite, diag(n27'A7%, ..., n27 A 2) > (Aga). This
holds true even in the neighborhood of a point A\; = --- = A, where By,
diverges. This indicates that the term of order O(n™') in Agy(l) is also
unbounded in such a neighborhood. Hence the expansion of the information
loss with respect to n is not useful when the population eigenvalues are close
to each other.

Except for the case where the population eigenvalues are close to each
other, Proposition 4 tells us approximately how much information is lost by
ignoring the sample eigenvectors for the inference on the population eigen-
values. If we contract Ag,.,, then we could get a scalar measure on the
information loss;

IL = ZgabAg b= Z 2A2B,, + O(n™') = Z R +O0(n™1)

a aaa ()\a _ >\b)2

a,b a a<b

14



Table 1: Simulate risk of I* when p = 2 as ¢ varies

¢ : Second Eigenvalue 1.0 08| 06| 04| 0.2
Simulated Risk of 1* 0.85 1 0.83 | 0.70 | 0.60 | 0.50
Standard Deviation 0.24 | 0.48 | 0.15 | 0.09 | 0.22
100x (Risk Difference/Risk of A) | 111 | 107 | 75| 49| 24

Asymptotic information loss is closely related to the asymptotic variance
of the two estimators I* and \ in the previous subsection. Actually if we
contract the asymptotic performance difference between the two estimators
Vab(1*) — Vab(}), then it equals n=2IL, that is,

S (V) = VX)) gab

=2 B[S (/A — 1P - 27 E[Y A/ A — D7)
— 2 Z (;‘:_;))\‘:)2 +0(n™?) =n?IL. (35)

As a numerical example, we made a simulation for the case p = 2, n = 20.
Taking the relationship (35) into account, we could measure an informa-
tion loss as the normalized quadratic risk difference between I* and . We
randomly generated a two-dimensional normal vector under the following
conditions, X = diag(1.0, ¢), ¢ = 0.2,0.4,0.6,0.8,1.0. We made 10® times
repetition and took the average for each condition. The Table 1 shows the
result. (Note: 1)The risk of A theoretically equals 0.4. 2)The simulated risk
of I* is quite unstable as its large s.d. shows.) We notice that information
loss is not negligible. The risk of I* is larger than that of A by 24-111 %.
The risk difference is quite large especially when the population eigenvalues
are close to each other.

5 Estimation of A when I' is unknown

In this section, we consider the more practical case where I' is unknown. The
derivation of a new estimator for this case will be done in view of the modi-
fication of the bias of I. Actually almost all the literature on the estimation
of A we mentioned in Section 1 modify the bias of I by so called ”shrinkage”
method, that is, decreasing the dispersion of I. Though the concrete meth-
ods of shrinkage differ for each estimator, they are proposed mainly from
analytical motivations. Here we consider another shrinkage estimator from
a geometrical point of view.

Suppose that we have a sample S £ n~1S§ which takes the point (X, I') in
S, that is, A =1, I' = H. (See Figure 3.) Take the orthogonal projection of
this point onto the submanifold M(I}) = M, (i = 1,2), where the projected

15



M

(A, I>)
(Ao, )

(A, )

(A1,11)
(A, )

M;

Figure 3: The shrinkage effect of the projection (A, I'") onto M;, i =1,2

point (A, I}) is given by A; = (I} ST))11, . .., (I1ST}),,). As we mentioned
in Section 3, (A;, I;) is the minimum distance point on M, from (A, I') with
respect to Kullback-Leibler divergence. It is clearly understood that this
projection has the shrinkage effect. If we have an appropriate probability
measure of I' on the group of p-dimensional orthogonal matrices O(p), the
expectation of (I'*ST);;,i = 1,...,p for that measure would give birth to a
natural shrinkage estimator.

We choose the conditional distribution of H when [ is given for the prob-
ability measure on O(p). Since S = HLH" is distributed as Wishart matrix
W,(n, X2), its density w.r.t. the uniform probability du(H) on O(p) equals

FHI:D) = K(1; )™ exp(—(l/Q)trHLHt2_1>, (36)
where normalizing constant K (I; X') is given by

K(; %) = /O . exp<—(1 /2)trHLHtE*1)dp(H).

This conditional distribution depends on X. If we substitute X' with an
estimator X (.S), it gives a distribution on O(p), whose density with respect

16



to du(I') is given by
FIN; ) = K(1; 8)! exp(—(l /2)tr1“LI‘tZA"1>, (37)

where

K1;%) = /O ; exp(—(l /z)trrLrtfrl)du(F).

Take the expectation of (I'*ST);; w.r.t. the density (37), then we have

AAK(S) / ()(I‘tS’F)Mexp(—(l/Q)trFLFti‘1>du([‘), i=1,....p
O(p

(38)
We propose A* £ (A1, ... 5\*) as a new estimator of A.
If 3 is given by an orthogonally invariant estimator (2), S\j can be more
specifically described. Let L denote diag(l). Because of the invariance of dy,
it turns out that

~

o= K() / (I“tHl_LHtF)”«exp(—(l/Q)trLI’tH@’lHtF>du(I‘)
O(p)

(2

= K™ /O ( )(I‘tif)iiexp(—(l/?)trLI’t@_lI‘>du(F), (39)

where

K1) 2 /O ( )exp(—(l /2)trLFt<I>_1F> du(I). (40)

The analytic evaluation of this estimator’s performance seems difficult even

for the large sample case. Instead we show the numerical result comparing
I, A* and Stein’s estimator (3). Our new estimator 5\;‘ is also equipped with
the same ¢’s in (3). We simulated the risks of three estimators for the case
p =2, n=10 w.r.t. K-L loss, which is given by

Xp: AT — Zp:log(jx ATH) —
i=1 =1

where 5\1 =1, 5\;* , ¢;, t=1,...,p. Since all the estimators are functions of [
and scale invariant, it is enough to measure the risks for X' = diag(1,¢), 0 <
¢ < 1. We varied ¢ from 0.04 to 1.00 by the increment 0.04, and for each
c we repeated the risk evaluation 10° times and took the average. For the
integral calculation of (39) and (40), we picked up 50 points from O(2) in an
equidistant manner. Figure 4 shows the result. The new estimator performs
better compared to I, especially X are close to each other, though it seems
that A* does not dominate I as Stein’s estimator does. Unfortunately we do
not have any theoretical explanation of the risk behavior of the new estimator.
We could only guess that the shrinkage effect works well when c is close to
one, while its effect is too strong elsewhere. We also simulated the risk of
the new estimator equipped with M.L.E. instead of Stein’s estimator. Since
its performance is almost the same as the above new estimator, we skip the
result.

17
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Figure 4: Risks of the three estimators as ¢ changes

Remark

. We treated the estimation problem of the eigenvalues A in the latter
half of the paper. The estimation on the eigenvectors I'" seems rather
untouched in the classical situation n > p. Corollary 1 on the statistical
curvatures of A or (27) on the asymptotic bias tells us that the point
where A has some multiplicity is a statistically singular point. Around
these points, inference on I' are considered to need subtle treatment.
Especially the eigenvectors are not well identified around the multiplic-
ity point, hence the information contained in H vanishes there (see
9(s,t)(uw) 1IN Proposition 1). This indicates that the inference using only
H is not appropriate.

. We proposed a new estimator for A in Section 5. However this belongs
to the same category as most estimators in the past literature in that
it uses sample eigenvalues A only. It is still unclear how we can use the
sample eigenvalues H for the inference of .
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7 Appendix

7.1 Proof of Proposition 1

As a base for the vector space of real symmetric matrices, we consider
E;; (1 <i<j<p) whichis ap x p matrix defined by

I, if i =7,
B, = o
L +1; ifi<j,
where I; (1 <14,j < p) is the p x p matrix whose (¢, j) element equals one,
and all the other elements are zero. The one to one correspondence

gives the component expression of (11)

o 1
(009, 00 = Etr(z-lEijz—lEM), 1<i<j<p 1<k<I<p

Since
00;; do;
£ — = E 4 E ” <a<
aa - (‘9)\ aO‘z] i< @ ! =4=h (41>
Doy 2 0 }:a"” E:a"”am 1<s<t<p (42)
(S’ ) aust 8ust 80—1] aust B -

we have the following relations

o=y (S ) (),
o= el (T )5 (2} o

o= {5 (D)2 (D))
k<l

where 1 <a,0<p, 1 <s<t<p 1<u<v<p.
For the first order derivative at u = 0, we only have to consider X' up to
the term to the first power w.r.t. u, hence we put X'(\, u) as

Y\ uw) =TI, +U)A(L,+U)'T + O(]|ul]?)
=T'ATl"+ TAU'T' + TUAT" + O(||ul]?). (46)

Therefore we have

Tij = Z%’k%‘k% + Z%k’m (Akulk + )\lukl> +O(|lull), 1<i<j<p,
k k1l
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where u; =0 (1 <4 <p), u; = —uy; (1 <j <i<p), which leads to

aO'ij .
8Aa u—o - 7107]07
and 3
(Y]
3 J = MYiVjs — AsVisVit + MeVis Vit — AsYitVjs-
Ust |y=0

From (47) and (48), we have the following results on tangent vectors;

Z@%E = YiaYiaBij = Va s

1<J i<j

where -y, is the ath column of I'; and

00
Z 8 J E )\ﬂﬂﬁ - )‘37sz + At’Ys’Yf - )‘S’Yt’Y;e

1<j

(50)

If we substitute (49) and (50) into (43), (44) and (45), we get the results as

follows;

29ab:tr<2 Yl X ’Yb’)’b>

tr{ (%E %) { (732’1717) }
tr()\ 15(a = b)A 15(a:b)>
=\, 25(a = 1),
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2Ga(st) = tr{2‘17a722 - (At'mi =AYV AV — A{Mﬁ) }
=M\ 0(a=s5=1)— A\, %6(a=5=1)
FAA20(a =5 =1) — AN, 20(a =5 =)
= (),
20(s.6) (u0) = tr{A‘T1 (At'mi = AV Ve MYV — Awﬁi)

X 271 <)‘v7v7qi - )\u%ﬁi + )‘v'yu’ﬁt) - )‘u'Vv'VfL) }
= M 0 (u = )A16(s = v) — MAN (v = )N T(s = u)

F AN (v =)A10(s = u) — M S (u =)Ao (s = v)
— A A0 = )Nt = 0) + AN 0 (s = 0)A T (E = w)
— A A A1 0(s = V)N O (E = ) + A 0 (u = 8)A 10t = v)
F AN 0 (u = 5)AES(t = v) — M AN TS (v = s)A T (t = )
F AN (v = )N 10(E = u) — A A TS (u = s)A 1o (t = )
— A A A0 = O)AT5(s = 0) + AN (v = AT (u = )
— A A A E5 (= )N P (u = 8) + A AN TS (u =)Ao (s = v)
THANT = T AN AN = T+ = 1)(s = u,t =v)

= (=

200 O = Xo) A OG = M) (s = u,t = 0)
=2N = AP = A Ne(s = u,t =)

2

7.2 Proof of Proposition 2
Note that X! = 'A~'TI", hence

= At i< g,

g — k
=27 RN =
k

This means M is an affine subspace of & w.r.t. an O, which is an affine
coordinate system of § with e-connection. Consequently M is e-flat, i.e.

H ab(s,H)= 0. H ab(s;y= 0 is similarly proved. See Theorem 1.1 in Amari and
Nagaoka [3].

Now we consider H (s.)(uv)a- Using (4.14) in Amari [2], it is calculated as
m 620'1' ; 60”
H(s t)(u,v)a !
;j OUgtOUyy |y ONa | y—o
Z O'z] aO’ij
o OOy | y—g ONa | yeo
= —2"'tr(AB),
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where p x p matrices A, B are given by

2
N

(A)i; =

folead
) (B);; £ o

1<4,75<p

austauuv u— 0

In order to calculate A, we only have to consider X' up to the terms powered
by two w.r.t. u;

t
> = F(Ip LU+ 2-1U2>A(Ip +U+ 2‘1U2) I+ o(|ulP)
=TATl" + T(UA + AUNT" +27'C(UA + AU + TUAU'T?
+O(||ulP).

Therefore o;; is expressed as

0i; =27 ) vk ((U2A+A(U2)t)kl+2(UAUt)k,> +Ry;+O(|[ulf’), (51)
k,l

where R =T'AT" + T'(UA + AUYT™. Since
(UA+ AU?) )y = (UA)y + (U?A) i
= Z Upgp U Ay + Z g Upk A,

UAUt =2 Z ukbulb)\b,

(51) truns out to be

045 = 2_1 Z ’yik'yﬂ(ukbubl)\l —+ ulbubk)\k + 2ukbulb)\b) -+ Rij + O<| ”U,H?)) (52)
k,l,b

From this we have

—afigz X 2= Z(ag) + a( )+ a(Z) + a@) + a( )+ a( )) (53)
where
aiy) = 0 {(k,0) = (5,8), (b,1) = (u,0), (s,1) # (u,0)}

— YuYjpAud{ (K, 0) = (t,5), (b,1) = (u,v), (s, 1) # (u,v)}

— YisVjuMO{ (K, 0) = (s,1), (b, 1) = (v, u), (s,t) # (u,v)}
+ YiYVjuad{ (k, 0) = (), (b, 1) = (v,u), (s, 1) # (u,v)}
+ YV { (k. 0) = (u,v), (b, 1) = (s,1), (s,1) # (u,v)}
— YVt M0{ (K, b) = (v, ), (b,1) = (s,1), (s, 1) # (u,v)}

— YiuVjsAs0{ (K, 0) = (u,0), (b, 1) = (L, ), (s, 1) # (u,v)}
+ YiwYjsAs0{ (K, b) = (v, u), (b,1) = (L, 5), (s,1) # (u,v)},



ag? = 2970 { (k,b) = (s,1), (b,1) = (5,1), (5, £) = (u,v)}
+ 297 A0 { (K, B) = (t,5), (b, 1) = (t,5), (5,8) = (u,v)}
— 290755 A0{ (K, D) = (5,1), (b,1) = (t,5), (5,1) = (u,v)}
— 2% 0 { (B, D) = (t,5), (b,1) = (5,1), (5,1) = (u,v)}
~ 295735 As0{ (k, b) = (5,8), (b,1) = (£, 5), (5,8) = (u,v)}
— 297 MO { (R, b) = (£, 5), (0,1) = (s,1), (5, 1) = (u,v)},
ol = 2970 { (k,b) = (s,2), (1,b) = (u,v), (5,8) # (u,v)}
2O (K, 0) = (£,5), (1,b) = (u,0), (s,2) # (u,v)}
— 297Nk, 0) = (5,1), (1,b) = (v,u), (s,1) # (u,v)}
+ 295 A0 (k, B) = (£, 5), (1,1) = (v,u), (s,2) # (u,v)}
+ 2% M0 { (K, b) = (u,0), (1,0) = (5,), (5,1) # (u,v)}
— 2973 M0k, 0) = (v,u), (1,b) = (s,2), (s,1) # (u,v)}
— 2950 (K, b) = (u,v), (1,b) = (£, 5), (s,2) # (u,v)}
+ 29750 (k, b) = (v,w), (1,b) = (£, 5), (s,1) # (u,v)},
af = 4y d{ (kD) = (1,b) = (5,8) = (u,0)}
+ 49y 0 { (k. b) = (1,b) = (¢, 5) = (v,u)}
— 4370 { (,b) = (5, 1), (1,0) = (¢, 5), (5,1) = (u,0)}
— 493 A0 (6, b) = (£, 5), (I,b) = (s,8), (5, 1) = (u,v)}
= 4y Me0{ (K, b) = (1,) = (5,1) = (u,v)}
+ 4yi7je A0 { (k, 0) = (1,b) = (t,5) = (v,u)}.

Furthermore we have
24 =AW 4
where

AL = Y YA (t = u) + Yy N (s = v)

+ 'yu'yt)\té(s =v)+ 'yvfys/\ d(u=1t)

— YV AO(s = u, b # v) — YV ad(t = v, 5 # u)

— VYA (u = 8,1 # V) — VYO (t = v, 5 # u),
AP = 2(vyIN (s = u,t = v) + Yy NS (s = u, t = v)),

A® = 2(75'75)\t5(t = 0,8 #u) + Y Y AO(s = u, t #v)
F VAN = b5 1) + Ry AD(w = 5t £ v))
— 2(’775’7;/\55(8 =) + VYNt = u) + Yy NS (u =

AW = 4(’)’5’7?\155(8 =u,t =) + Yy AI(s = u, t = U))

23
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Since
Oc B
O\ = _>‘a 271'&7]’(17

u=0
we have
B = -y (55)
From (54) and (55), we have

ﬁ(s,t)(u,’u)a - —471t1‘(2AB)
471tr{<A(1) + (A(l))t (A ) +A(3) (4))B}
= 4702t { (AW 4 (AW +A2 +(A®) + AP 4 AW)y AL}

The following equalities hold;

tr(AM~y,vt) = Xd(s =v=a,t = u) + N\d(t =u = a,s = v)
+ At =u=ua,s=v)+ N\d(s=v=a,t=u)
—db(t=v=a,s=u,t #v) — Ao(s=u=a,t =v,s # u)
—Ad(t=v=a,s=u,t #v) = Ad(s=u=a,t =v,s # u)

= 0.
0.
—2(N0(s =u = a, t
2\b(s=u=a,t=v)+Nd0(s =u,t =v=aqa)
=2{Nd(s=u=a)d(t =v,s #u) + \o(t =
t
v

tr((AD) e,
tr(A® .7,
tr((A®) v,
tr(A(3)'ya'ya

\_/\_/\_/\_/

+MO(s=u=a)d(t =v,s # u) + A\s(
—2{ 0t =u=a)i(s=v)+ \d(s =
+M0(s=v=a)i(t =u)+ A \o(u=t=0a)d(s =)}

=0.
tr(AW~,v) =4Nd(s =u=a,t =v) + 4\ (t =v = a,5 = u).

~—

Consequently

}—n[(syt)(ujv)a =-NY(s=u=at=v)-\'6(s=ut=v=a)
+ A 2M0(s=u=a,t =v)+ \,°A\S(t =v=1a,s=u)
A2\ —A), ifs=u=a,t=v
=<2 = N), if s=u, t =v=a,

0, otherwise.
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7.3 Proof of Corollary 1

As we will see in the next subsection,

Z H(Svt)(uﬂ")a H(O,p)(q,r)b g(87t)(0’p) g(

s<t,u<v,0<p,q<r
- g 5. ifa=0b,
/\a )\t
= t#a

— if b.
()\a_)\a) 5o 1 a #*

Combine this with Proposition 1, we have

7.4 Proof of Proposition 3

ab

u,0)(g;7)

We calculate each term in (29). ¢* = d(a = b)2)A2 from Proposition 1.

Because of (22) and (26),
(Fm)Zab (He )2(11) = 0.
For l* (Hm)2ab (Hm)Qab

m m
(H;Zl)?(lb — Z HEI&t)(u,U) H(b07p)(q7,,‘) g(s,t)(o,p)g(u,v)(q,r)

s<t,u<v,0<p,q<r

a b (a,t)(b,p)\2
> H, oy a) Hpy oy (9 )

t>a,p>b

™m m
a b (a,t)(p,b)\2
+ > He H, by (9 )

t>a,p<b

m m
. b (t.a) (bp) )2
D Hiuw Hhpyop )

t<a,p>b

m, m, (La)(pb)\2
+ D Hiew H, o) (9 )

t<a,p<b

If @ = b, then the r.h.s of (56) equals
m (a t)(a t) m. (t a)(t,a)
Z H (a)t)(a t) + Z t a)(t a) )

t>a t<a

t<a
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If a # b, then the r.h.s of (56) equals

rTa b (a,b)(a,b)\2
H{opyap) Hiab)(ap) (g )
Aab 2
= 4N — M) (Aa — ) (m)
_ o ANN
(Aa'_ Ab)2.

7.5 Proof of Proposition 4

The term of the order n in (34) vanishes since g,(s) equals zero for 1 < a <

p, 1 < s <t < p We consider the term of order O(1). Since H sy also
vanishes for 1 < a,c <p, 1 < s <t < p, we only have to consider the term

(1/2) D, Henwoe Hopao 900 gt)@n,

s<t,u<v,0<p,q<r

Because of (18), the above term equals

2_1 Z H(a’t)(avt)aH(b,p)(b,p)b (g(a"t)(b,P)>2

t>a,p>b

+270 ) HanenaHpneon (0000

t>a,p<b

T 2_1 Z H(tva)(t»a)aH(b,p)(b,p)b (g(t’a)(b,p))Q

t<a,p>b

+ 271 Z H (taytayaH o)y (g P0)? (57)

t<a,p<b

If @ = b, then (57) equals

271 (Hanana) (g )2 + 27> (Hpaytara) (9002
~a t<a
A )2 Aadi 2
_ o1 2 2 astt -2 ? =
—9 {Z(Aa (A — M) (m) + 20— M) <m> }
t>a t<a

A2

— 91 L
; A2(A, — Ap)?

If a < b, then (57) equals

2_1 H(a’b)(a7b)aH(a,b)(a7b)b (g(‘%b)(&,b))Q

s ) Ady )2
= 2720 — AN 2 — Ay) (m)
o
2N — )2
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